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LU 8.1. Euclid’'s game
RIENEEIRER

Overview

Rovrec))

Here is a game that is based on the Euclidean algorithm to find the highest common factor of two natural
numbers. In this game, students not only play the game making moves that correspond to steps of the
Euclidean algorithm but also engage in doing mathematics by making conjectures, giving counter-
examples, refuting conjectures and proving some results.

An important idea is that we need to look for counter-examples to conclude that a statement is not true. As
a part of this unit, you should talk to the students and try to differentiate between a true prediction and a
mathematical result. Also discuss how in the case of establishing the correctness of a mathematical result,
giving examples is not enough; while in the case of proving a result wrong, counter-examples (even one)
are enough.

TET T U WA W, SiT 3T AThfdeh ST il HeaH GHTTade J1q i o Jforaiea Teiien T STeid 2 | 36 O § 31
T hae AT THTITA o =0 oh HTET ST =T e, Sfeeh SFIH THIHT, HTd-ITTEX0N <1, SITHH 3 ST HEAT IR
aforTe @ferd ST St T dfshamd oft i |

7 T HeeaqYl foem 7% # o6 o9 a8 war o % fore 56 TS sher T e R, i SaTeRolt ot e SR T ATl gl @
| 39 SIS o Teh 9T o &9 H, ATeh! ST T o1 hiA] AT 3T T HET =0T foh o uer F=<ft wirsgaoft i it
qRoT o s 3T o Heh | Ig == oft 3R Tk S Tl aitorre SRt Fremefar s s 3 foTe a1 3teh Sereter e ot ute
T2 BraT ], STifer TR 1 Terd diferd Y % foTT Sharet wes gid-3ereer 3T waig BT § |

Minimum time required: 3 sessions of 40 minutes
TAAH T : 40-40 e o A7 7

Type of Learning Unit: Classroom
SATEATH ZhTS ohT TehTT : HaTT-SATHTHG

Unit-specific objectives:
ToRTS-TafoTe S
(i) To observe patterns in numbers and articulate the observed pattern clearly
T H fom=mdt (V) o sTaaieh ST Aferd fomamer o6t 0 &9 O =<k hT
(ii) To look for counter-examples to refute a conjecture
foreft 7T BT e S ok fore wftr-Sareeett Y aeTeT s
(iii) To understand that examples are not sufficient to prove a conjecture
I8 FHFT foh fopelt STTHH oAl wel |rford s o foIg S1eh 3aTeter <1 i uarte =&l et @
(iv) To understand that just one counter-example is sufficient to disprove a conjecture

1 T fob foRet ST 1 TTeTr |fora et 3 For At weh STfr-3areor € 3T vt e &

(v) To come up with a logical argument (i.e. proof) in support of a conjecture
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foprelt 1T o wwele 1 byl aefier (S1fd SHToT) S T
(vi) To understand the relation between taking successive differences and the Euclidean algorithm to find
the highest common factor (HCF) of two numbers

2 HEATSAT T HETH FHTIad (HCF) I 3 o fTg shfeh 3t o 3R Ifattea Teniiien o sff=r o dsie sl angT

Links to curriculum

TGATHA Y Tt
NCERT Class 6 Mathematics NCERT Class 10 Mathematics
NCERT TI{UTa et 6 NCERT TIfota et 10
Chapter 3: Playing with numbers (Nov 2022) Chapter 1: Real numbers (Nov 2022)
The concept of factors, relatively prime (co-prime) | Euclid’'s Lemma
numbers and multiples ST 1: FTEATIh T (T 2022)
LA 3: HEATHAT T WA (T 2022) TfereTE HT oET
UGS Sl TR, STUETHA AU (FHEHTSY) HEATd
I T
The concept of Highest Common Factor (HCF)
ey GHTIEde (.9.) 3l STaLIo

Introduction

i

Playing games is a lot of fun. Today you are going to play a game that involves numbers, and based on
these numbers you will find out a way to win the game, always!

T ETHT Fgd FSER BT € | 37T 319 T Tt T ST T8 & Sre e it &, 7R 3 §eAreil o SATER 0 319 SHR 36
e I ST T qLiehT @rei |

Materials required: Blackboard, chalk and sheets of paper.
ATt scRale, =iTeh 3T AT il ¥fie |

Task 1: Play the Euclid’'s game
FHRAHATT 1: AT, TforeTS T WA Wt
1. This is a two-player game.
T 3 Raanfeai A Ea 2 |
2. The rules of the game are as follows:
A F FRH 3T ThR 2
* You can decide who plays first. The first player, say Player 1, writes down a number that is between
1 and 100, including both. Let's call this number ‘A'. The second player, say Player 2, can write down
another number of his/her choice. Let’s call this number ‘B'.
HTY T T T @ 1o i W & it | Tt Raarret, et g7 Raerel | 8 ed &, 1 31 100 & o= 1 15 e
forerdt & e 2 ST Sy oft wrTferet &1 wehell € | S115T &9 36 AT 0l “A' Fed © | g8l faetrel, e e faetret 2
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FE 8, IThT TET T T S Fo o Tehell & | ST 30 T B! FEA B |

Now, the first player will write the number (A - B) or (B - A), whichever is positive. Let's call this
number ‘C'.

31, Ut Raetrdt €T (4 - B) A1 (B - A) forghy, < oft 578 @ eTeneh 21 | 3173U 36 G i C FEd © |

Next, it is the second player's turn. He/She has a choice. He/She can either write the difference
between C and A or the difference between C and B. However, if one of these differences is already

written in the list (i.e., if it is equal to A or B or C) then it cannot be written again. (All differences are
to be taken positive)

TH% 18, 37el GHL RIS hl ST 2 | 36k U1 Ueh forehed & | 918 A1 1 C SR A o sfter 61, A1 T C 3R B ok off=r bt
HT T Feha1/ Wehdt € | Al AT ST | 15 6edm ueel 9 & el § 8 (31iq, A a8 4 A B AT C 7)) d 36l
ST TET foraT ST TehdT (39 TR AT e et 37wl 3 eFTers I fg S §)

Similarly, in subsequent turns, the players take turns to write a number which is the difference

between any two numbers written in the list, provided the number itself is not already present in
the list.

36T e, AE T ATl H, Weeh Raeirel 7ot ordh ox & 77 gt 7 & foreet +ff < e o st SieR forard! @ v foh
TE U el H Tecd § & AN T2 |

The game ends when it is not possible to write any new number.

Tl 79 FUTH BT @ 5ol hIg T8 WA fore=T woye Fef eran 2 |

The person who wrote the last number will be the winner.

T e frem sifay g foeh, o= fosmar anft |

Let us look at a sample run of the game.
T3V, T 39 TR T Ueh Tl T L o &

Suppose, the first player writes 12. The second player has 99 choices to choose his/her number. (as
the upper limit is 100).

A1 AT, et Reeret 12 fore @ | 3at Raeirgt o are ot s I o o 99 o € (ifer et deanstt it
S EHWT 100 A TER) |

Suppose, the second player chooses 16, then the first player can only write 4, i.e. the difference
between 16 and 12.

AT AT, TH REATEY 16 AT 2, AT Teelt Raetret sae 4 fora weret 2, ST ahT 16 37 12 o off=r ot SAqe e |

The second player then writes 8, the difference between 12 and 4. Note that the player could not
have written the difference between 16 and 4, as 12 is already in the list.

3 GO aeTel Tt 8 fefrel ?, ST 12 A1 4 o sfier =i AT R | 71 RIS o g0 faretrel 16 31T 4 o6 sfter 7 e
T forg whaT o, iR 12 Tee € & gl H ASE 2 |

Now there is no possibility of writing new numbers, so the game ends with the numbers 4, 8, 12,
and 16 appearing in the list (12, 16, 4, 8 in the order of appearance).

S T A foFE T 1S WIS TEH &, FAITE T FHTH BT © | HE&ATE 4, 8, 12, 3T 16 T ¥ fowng S W 8 (5
FHEATFS A 12, 16,4, 8) |

There are four numbers in the list, and here the second player is the winner, as he/she wrote the
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last number 8.
et o = e, 3R e Raere forsian 2, iifer su sifom e  foeft 2 |
Play this game with your partner multiple times. Study the lists of numbers that you got for each game and

record your observations in the table below. For the last column, where you record the winner, mention
whether Player 1 (who chose the first number) won or Player 2 (who chose the second number) won.

39 WS I I WAl F W FE AR WA | I HEAAT T Glerai 1 AL L A AT T TR @ § T B 8 3R 378
frer & 7€ qforert 7 ¥ | Sifaw e H, STt ST fosiar 6 A forad €, 78 3o Y ok Raerret 1 St (e aeet de
oft) 21 Rererret 2 Sfrar (e gudt dean <+ of) |

Initial Numbers | the smallest The largest | Allnumbersina | How many
ffres TheaT number in number in sequence numbers are
your sequence your (in ascending | thereinyour | Winner
. sequence order) sequence? f&rar
Player 1 | Player 2 | ¥[=it # 9a® BEt ) . L. :
Y y ST Tt ¥ v ot | et WAt aeany | et o et

Raeret 1 | Raest 2 qEat . . . .

' ' = (3T R W) HEATE S ?

Table 1

The teacher can also make this table on the board. After all the students finish playing the game a few
times, collect some responses from the students to fill in the table. (It is fun to play the game the first few
times. However teacher should stop the game and start a discussion, when he/she feels that the students
are getting tired of bored of repeating the game.)

TRrere 3@ qTfcrent 1 d1E 0T ot 1 Fehdl € | ST Al B F AR Wt T Foh &1, Al OB § ITeh! F Adfhard T L 3R
qTfcreRt § W | (WS T UE 5 SR et H HS{T ST € qTi STef o7 fRreer bl ol foh @t 2l Sretid gU BT 9o T E, AT I
T & Al T sig T = S el I HTHA =M | )

Please see the section- ‘Mathematical and pedagogical explanations’ before recording students' responses
on the board. Ensure that a sufficient number of examples that help generate some conjectures, are on
the board.

FAT 1S R ST 1 iATRATE RepiS el § et 71107q SR R1&7-fasr 6 Graifeia Tqgienor Tgam ad | gHiE {6 5o
FFHT TR TR TRITH HEAT 1 3ETe 9IS WHNE § |

The teacher can then invite the students to look for patterns in the filled table. Ask the students to
generalize the patterns and make conjectures. Write down each conjecture on the board and encourage
students to examine whether it holds, by generating more examples, or it can be refuted by generating a
counter-example. Help the students see that verifying the conjecture for any number of examples does not
amount to a proof, and that one counter-example is sufficient to disprove a conjecture. Encourage
students to come up with proofs of their conjectures.
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e fR1ereh ST 0t ¥ g3 ATferert & 7R o A9 § Faier (Formamer) G 31 ST ST o foTe, ST o what 2 | BT 1
Tt T BTHTRITERT Sk ST T o 1T e | Seish 3T SIS W [Tl 3T ST 1 98 SAfe o [oTg SiedTied &L
FT ST IS T e SHh! MY T ST Tl & ST Toh TIT-3ATET0T ST $ TN ST Tl & | ST h1 390 Tk
g 7 Hag F foh forelt of a1 % wmed § g fopa +ft SaTetor STaE h wentid s 3 fore wate T € € s A
T WTI-3STeX0T U STTH ohl FohTA o o TATH 2 | BT ohi 3ok STTHHT o THIVT S A o for Siewtied ahi |

Some of the conjectures that the students might come up with, and the ways to handle them are discussed

in the section 'Mathematical and pedagogical explanations'. However, it is possible that students come up
with conjectures that are not listed here. In this case, take the conjectures one-by-one, verify, refute or

prove the conjecture as the case may be, and familiarise students with these processes.

B B IFIAM T F Thd &, 3T aN H FohE T ==l ol ST W & 39 Fw W 71forq 7R Riafr-fag & gwaiferd
T AT | A1 1 TS & | T, T €9 @ T BT F© U ST & |y AT St I8t geiers e | | 39 feufa
FTAHT T Th-Ueh hloh o, Iv0 AeATIUd b, TS sl AT SHTIO sk St ot feerfa 81, 3 57 Wfskarmstl § s s aitfra g |

Task 2: Predict the sequence

HTIAHATT 2: AT ThA <hT AiAr=IaToi Y

Let us assume that following are the initial numbers in the game. Based on these, can you predict the
numbers that you will arrive at, while playing the game?

TS, B WM &t @ fob FreferRaa Eeams wer i [eaTTt St § | 3o STTER ot T 3179 3 TeTail b1 STA ol 6ohd &
TS e @t Eetd T AT Tge ?

(Hint: If you are stuck, look at the table you just made. See if there is any relationship between the initial
numbers and the numbers in the list.)

(Gt AR ST SR T O T TR ¥, 1 ST S tiereRr snft-ant w3 99 3 | 39 o g i i s st o
T % off T RIS Ty R)
1. Predict all the numbers in the list if :
et et et o seferreo a6t R
i. The initial numbers are 9 and 15.

TTifireh Gt 9 3 15 7 |

ii. The initial numbers are 20 and 9.

R fyes gt 20 39 |

iii. The initial numbers are 13 and 17.

TRy gEard 13 3T 17 2

iv. The initial numbers are 7 and 35.

TrfieR Gt 7 3T 35 7 |

2. How did you predict the numbers for each example? Did you notice any patterns across the examples?
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AT YA IS0 & oAU Gt i wfosgamofl 8 hi ? #7939 39w § foret oft famme o g 2

The teacher then can engage students in a discussion on how can they justify that their strategy for finding
the numbers in the list will always work. Please study the section ‘Mathematical and pedagogical
explanations’ for suggestions/ideas on how to lead this discussion.

fRrereh T ST & 50 0 =it ot wehd € Tob o =it o <Y 775 Weand @IS oht 7ot Ot <6t g gofrell T et s frg shat
| 39 <= T 3T A F8 TG 36 Hatg § gera/ Forem & g o g 1o ik Rian-fagm @ wafea e &5
STETT |

3. Now that you know the strategy for finding the list, can you predict the strategy that will ensure that one
of the players will always win the game? (Which player can adopt this strategy and always win?)

S S AT Gl HT HGATSAT 1 TAT T HT Tl ST <ok & Al FT 79 TF UET Thiel b1 GAIH T Tl & ST 98
gifard st fo Raenfeai § & ueh a9 Racirst gaem 56 Wet i Sftaw 2 (HH-a1 Raerel 36 Wt shi ST Jehar @ ST gHem
SiqEhar g 2)

Mathematical and pedagogical explanations
Trfore 3 forenfasma & wrefaa wadieor

The activity helps the students engage in some fundamental practices of mathematics, such as observing
patterns, making conjectures, verifying or refuting the conjectures, and so on. The novelty of the activity is
to see how mathematical ideas emerge in the context of the game. The game begins with a simple task
such as subtraction of two numbers. At the end of one or two games the student begins to grasp that the
process leads to a finite sequence of numbers. Moreover, one starts figuring out that the numbers that
emerge in each game depend on the choice of the initial pair of numbers. After looking for patterns, the
students will realize the connection between the HCF of the initial pair of numbers with the list of numbers
obtained.

36 ToRATRAITT & ST i 0T 3 5 HeAvd SR, S 9e 1 STl T, STTA TTHT, ST T Gt a1 TS
LT, TR T TG hT 3T FTRATN/IG T § G g+ H Hag ! 8 | 36 Tidrarer sht Tei-ar 98 <@ | § fon i fomm
A % Hewl H o Toh 3w € | Wl Toh i 1l © Y& BIAT @ SiH &1 §EATAl hl BT | Ueh AT a1 o) Wl T & o ol1a,
BT GHHT I[E L AT & Toh T8 oA STl oh o I STTpRH oh1 3T o SITAT & | $60eh ST, BT 36 s T uge aitd
2 Tor 9o i e IR T SWRA oTefl ST, T3l sht TRINTeR STiel o =9 9T (¥t it & | fa=ame o 375997 & oie, 91 i
AT %1 AT S1ST o Ao FHTIade (HCF) T STH §eTsl 3 el o< deie T Tgamd g |

To understand the mathematical significance of the students' responses, we consider different ways of

thinking that students might exhibit and propose some conjectures that they might come up with. In the
pedagogical discussion column, we provide explanations for some of the conjectures, and suggestions to
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lead the discussion.

B ot afdfsrared & Tt Aecd sl @HeH o fTg, gq 31 gred o 39 fofir= adient 9t forem sl fSent gevie o o ehd
& 3R B ST TEA HUT S ST AT Fehd @ | RreT-Toq ==t e #, 89 %5 AT o (T8 TSR0 e i, 3 ==
T S TG o6 ToTe gema il |

Students’ observations

BTAT % FTATHT

Possible Pedagogical Discussion

grtera foren-famm ==t

The largest number in the list is the same
as the largest number in the initial pair of
numbers.

FTHA H T ST WEAT e B S el b
SR ST H off |

Ask for the reason why the larger initial number
remains the largest number in the list till the end.
FTT G5 o e S 1w wer 37 oo g A e
FEt dE I o el § 2

Explanation: As we are subtracting numbers in
consecutive steps within the set of positive
integers, the numbers obtained will always be
smaller than the largest number in the initial pair
of numbers.
TAHOT: iR BH ShiHeh =N H & qUIehi o dH=ad %
YR TR T ! 5127 ) 8, 37d: ITH ST gH TRiH
AT I ST H ol TSt HE&AT § DI W& |

The list contains only the multiples of the
smallest number in the final list.

gl # At ifon g= § T weE B ded %
TUTeRT ShT T |

Ask to verify with other examples in the table.

AT & A= ITELT AR 39 A7 ohl FeATUd hid o oI
;e |

Ask whether they can come up with a counter-
example.

U o6 T o IS Wfd-SaTetor drel T o1dl Heh € |

Ask for the reason why this is the case.

T %S foh TR 1 © 2

In the initial pair of numbers, if one of the
numbers is a multiple of the other, then
the list contains only the multiples of the
smaller initial number.

HEArel o Wi g H, A uh de a5
Uk & <t Fel 7 sheret WAl hl g et |
Y BT AT o 0T M € |

E.g. For the initial numbers 7 and 35, the
list obtained contains only multiples of 7.

CC-BY-SA 4.0 license, HBCSE. February, 2025.

Ask to take a few more initials pairs of numbers,
where one is a multiple of the other and verify that
it works every time.

T % FB 3R AR Sie o & fog 8, w9t e qu
OIS & STR FeATTUd i foh T8 T AL HH FLAT 2 |

Look for a counter-example—a set of two numbers
which will refute the above conjecture. This is an
opportunity to discuss whether not finding a
counter-example amounts to a proof of the
conjecture.
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IR o foT, Jrfewe Eeaadl 7 3 35 & forg
SATPRH T et 7 % T[T MMHA BT |

Th fe-Sareor sterfq & Geansl % gqeed & U U
JETELT AT L ST STUTH STA BT TS HAdT & | T8T I8
=t L T ST 8 T Afe Wi-3aTetor T e T 8 @t
IE U qLE § SATAM 6 T T b SHTOT & AT 2 |

If the initial pair of numbers are co-prime
(i.e., 1is the only common factor), then the
list consists of all the numbers from 1 to
the larger initial number.

1 8 ST A UGS ©), A TR e w1 W
TR TS TR et Y A e ae A
Fuft dTd T i |

Ask to take a few more initial pairs of co-prime
numbers and verify that it works every time.

RIS TS % F 3 IR SIS o % foe
R AT . foF 7€ T2 AL AN BT & |

Look for a counter-example—a set of two numbers
which will refute the above conjecture. This is an
opportunity to discuss whether not finding a
counter-example amounts to a proof of the
conjecture.

T Wid-3TEW0 GG q WA % qead T UH THT
IETELT AT L ST STIH STA b1 TS AT 2 | TeT I8
==t G 1 IR § R At ufa seew & i wr g @
FIT I8 TS TE © STAM % Hed & 1 10T 8 47 78] |

If the initial
common factor, d, then the smallest
number in the list is d.

afe Hersl hi Ui SIS 7 T 9 UEES
d 2 a1 T gl 7 vt Bid e d 8

pair of numbers has a

CC-BY-SA 4.0 license, HBCSE. February, 2025.

Note that students may not consider 1 as a
common factor, and therefore while testing this
conjecture they might not have co-prime numbers
as the initial pair.

=M 3 o 81 wohaT 6 BT 1 %1 A UGS T 7 8
HR FEITY, STTHM T 0T Fd THT Tl hi T
SIS ¥ SreRTSd §EATd 7 & |

Ask to take a few more examples of similar kind
and verify that it works every time.

THT T8 o T SN IATEN o ST ATl L foh 1 &L AR
7 fgi AT 2 |

Ask whether the two numbers in the pair have any
other common factor. Ask them whether they
want to modify the conjecture. (Note that the
conjecture in this particular form is not true. When
we start with initial numbers 12 and 16, 2 is the
common factor in both the numbers but does not
appear in the final list.)

U Toh e ig o1y uelt W @ i St oht 1wl
(IFATE) TGS & ? I IS Toh I I 30 A H
HYNTrd T =Ted 8 | (A1 s foh 39 fofere &9 & srgam
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T T ® | S g TR Senst 12 3 16 § YT
W%?ﬁ2$‘fﬁ¢ﬁﬁ@3ﬁaﬂ3ﬂ'ﬂﬁ'§(common)?ﬁ'@i€
& forrq 712 3ifcm &=t o fowms T wea 2 1)

* Ask them if there is anything special about the

common factor that is the smallest number in the
list.

3T qfsT o @ gt # foeme go@ i de |, S
SIS UG i 7, e foreiy o1 fewrs vedi R |

» Think about why the smallest number in the list is

this particular factor.
form hifS for g=ht =t wadt 1T wean 7% fafe rds
HEeiEd

If the last three conjectures above have been articulated by the students, encourage students to

come up with one conjecture that will include all these three conjectures.
afe T faw e sifem T STTAT S ST g S foRa T R, A 3 U QT ST Sk O o forg Sieefed
ot & i otem it < |

* Find out if this includes or contradicts any of the
The smallest number in the list is a above conjectures.
;Zr;r;:rz factor of the initial pair of 7% gar e fR g e S W i et @
ot A R G e TR @ e | T o g |
o — . Refin(?, verify, or refute the conjectu're.
N HAT o1 T, SeATIUd AT SFellehd |
The smallest number in the list is the HCF | « Find out if this includes or contradicts any of the
of the initial pair of numbers. above conjectures.
et 1 g S we R S w1 wew | 9 A e el S st i @ R
gHedes (HCF) © | eI 37 feiemTe 2T 2 |

Table T1

Note: When students come up with observations and conjectures, these might not be articulated clearly
enough. The teacher may need to rephrase these, and ask clarifying questions to make the conjectures
precise. There cannot be a standard instruction for this, and the teacher will have to think of ways of
clarifying. Once a conjecture is formed, ask students to verify, refute or refine it. The next step is to think of
a proof.

e T BT ST SR SFTIHH T F © AT & GohelT & 1o o IH TATH STEAT § Sk 7 L I | STTAAT h1 TN SAEAfh
% foru &t wehaT & foF Rrereh =1 38 7T 7k & B ST SRR Fef T T STTIwhaT &1 | 36 o shig wreh fder =eff
1 TehaT I TR1e1eh 1 T8 T % qeh! o S H a1 ST | T SR SAFAH A1 i o 18 ST § 36 HATUd i, TS i
T 3 IR A o6 ToTT e | STIAT HgH Tk Feld o S H A1 2 |
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Task 3: Looking for proofs of some conjectures

AT 3: THS FTATAL ok THTT T T

Some students made these interesting observations after playing a few rounds of the game:

S B! A T ohl T TTAT W o 18 J foeT=ed 3faretieh Teqd fhy :

Observation 1: The smallest number in the final list is the HCF of the initial pair of numbers.

TR 1: 3ifem gt § Hed B we wenstt it e S i Head anTades (HCF) @

Observation 2: All and only the multiples of this smallest number up to the largest number appear in the
list.

SATCTR 2: 36 ol BIET T o ¥l 0TS, Tl oh1 ol TSt e o, el H eerg ad € |

1. Can you figure out why this happened with every pair of numbers?

AT 31T IE T AT Gohd & foh Tcdieh Geanrail <t Sl o forg wam 41 grar e 2

Let us look at the two observations.

JTST T 37 &1 STFcTeh1 T 1 2l |
* Observation 1 says the following:
Tt 1 frefaftad e 2:

a) The smallest number in the list divides both the initial numbers.
et 3 T BT HEAT a1 YR STl #hi forTiord e € |
b) The smallest number is not just any common factor, but the HCF of the two initial numbers.

HeTH DI HEAT S Wi WH TUHEE T &, 3 7€ & TRh HeA1AT 1 HewH @Hdeden (HCF) 2 |

* Observation 2 says the following:
IR 2 T qreqd fFreforfia 2:
a) All the numbers in the list are multiples of the smallest number in the list,
et ot sl st e FrereT wr B s 3 o
b) All the multiples of the smallest number up to the largest number appear in the list.

Tt H Tl B AT o Tew Sl §E ae o et e s ad |

2. We need to prove or justify these observations. Can you think about the ways of doing this?

B 5 3T ol HToId i IT S ST hY STl & | AT AT THT o oh qiiehi oh s H H Hohl 8 2

The teacher could use the reasoning given below to guide the discussion with the students and to help
them arrive at a proof.

CC-BY-SA 4.0 license, HBCSE. February, 2025. 10
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TRverer BT o wTer ==t & ARTERTE o 37 3 Teh SHTOT O Uge H 7eg G o foTg it I T ek ST STRNT o T € |
Observation 1a: The smallest number in the list divides both the initial numbers.

ATATHA 1a : Tl H TTH BIET AGAT AT AR ATt ohi forariora st 2 |

Proof for Observation 1a:

ATATHA 1a o o aaa:

For positive numbers, whenever we subtract a number A from another (larger) number B, the result is less
than B. Given that we start with two initial numbers, and form subsequent numbers by subtracting the
smaller from the larger, all the numbers will be smaller than the largest number in the initial pair.

& qUITehi o o1, Sfe +ff &1 Ush HEAT A shi o (1<) 9edm B 0 BI2rd € ol 9RomT B %hH 14T € | I€ awd §U foh &9 a1 Wi
HEATST ¥ IEIATT HLd & SN 1S hl HEATE ST EeA H 8 BIE AT bl ¥T L AW 6T A €, 1 bl gl weamd grifiveh
St o e oSt EEaT ¥ Bt gt |

Since we are not allowing negative numbers, the game has to stop at some stage. So there exists a smallest
number in the list, which may be 1 or a number greater than 1.

=ifeh B9 FOTCHe HEATHT hT FFAIT T & T €, THITT WA T Toh & O 5= L TeheAT ST | 37: Gl H U DI HeAT Wisg
GRS EERIRINEES A el

Let us call this smallest number S. If we call the initial numbers as A and B, A being the larger of the two
numbers, observation 1a claims that S divides A and S divides B.

TTET, BH 36 o DI HEAT T S hed ¢ | A g0 SNk Tt 1 A 37 B &d & 3 370 A ot §&a 2 f 19 1a
el ¢ foh e S e A sy off fvfor snoft ofi e B =t oft favfora it |

Lets us first prove that S divides B.

T3, et oH e g o foF e S s 8wt foarnfor et 7 |

Let us assume S does not divide B.

A & 8 foF S, B a1 forrfora et et 7 |

Then B=nS + k, with k<S ........ By applying the division algorithm with k as the remainder.

T, B=nS + kST&T k < S (I forToi Tiees A foram T & ST k7w 2) |

But S belongs to the list. So B - nS, which is k will also belong to the list --- we get this by subtracting S “n
times” from B.

AR T S Gl o ST SATH 8 | AT B - nS, Sk &, ot Gt & wferq St - ¥ 61 81 B H S FY “n T TR T Bt
gl

But k < S, which contradicts the fact that S is the smallest number in the list.

AR k<S, ST 38 T 1 T el @ foh S Geft 7 word) it g g |

That means our assumption that S does not divide B was wrong, so S divides B.

TEeRT AT & foh gt o amon o S, B ferrfore 2 et @ Tera € | 974: S, B 3Rt frfSia war 7

Similarly, we can show that S divides A as well.

3oft atg, & fow Terd § foR S, A ot oft ferrifora shear 2

So, S is a common factor of A and B.

FARIT S, A 3R B IHT T IHAME TPHES € |
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Observation 1b: The smallest number is not just any common factor, but the HCF of the two initial
numbers.

ATATHA 1b: TEH BIET HEAT AT Ueh AT TUHES T ¢, S TE a1 TRIMEH HEATeT 1 Hgaw GuTISh (HCF)
gl

Proof for Observation 1b: Let us prove a statement before we proceed with the proof of observation 1b.
HATATRT 1b o FoT7 T ST 1b % T H T8t TS TH Toh 3T Hef 48 FLd ¢ |

Statement (I): A common factor of two numbers also divides their difference.

A (1): Y HGATSHY T Teh IS UGS I e ht ot froiora swear 7

i.e. If g divides Cand D, and C > D, then g divides C - D.

gt afe g, ¢ 3t p =t forfSIa ST 3R C> D, @1 g, C - D 1 oft oS ST 2

Proof of Statement (l): g divides C and D would mean,

AT (1) ST IHIT: g, C 3T D 1 forarfora s & g@enr 31k g,

Let C=rg and D = tq for some integers rand t >0

W o, %@ qUITeRT r Xt > 0 fATG, C=rq 3D = tq

SoC-D=rg-tg=(r-t)xq

@A, C-D=rq-tq=(r-t) xq

So, g divides C - D and hence is a common factor of the difference between C and D.

HA: g, C- D TSI ST € STR 3aTT € 3T D 3 o= o ST 1 T IHAMHE THES § |

Coming back to observation 1b
TR 1b T ATIH AT §Y

Thus, if we start with two initial numbers and q is a common factor for both, it is also a common factor of
their difference. This ensures that g is a common factor of all the three numbers in the list after the first
step of the game. At every subsequent step, a pair of numbers is taken from the list and the difference
written down as a new number. Thus, if g is a common factor of the existing pair of numbers, it is also a
factor of the new number. This ensures that if a number is a common factor of the initial numbers A and B,
it is a common factor of all the numbers in the list, including the smallest number in the list S. That is, any
common factor of A and B, divides S.

39 TR, (S T 31 TR Teatl 8 & Fd & 3R g IHT 1 Th SHAME UGS 2, T I8 Ik ST 1 ot T s 2 |
7T GHTET T 8 o ¢ T % Tect <7 o 1S Gl # ST T A sl 1 A OGS @ | 918 o 8 o § e
TS Y T ST T o ST € SR 3o ST T U T8 W o w9 § foran S € | 36 R Al g et A wiNe
SISt T Tk AT UGS &, 1 98 73 ST 1 Al T TUEE € | I8 T2 LdT @ foh afe shis dean gl §enstl A 31K
B T T AT IMES § A1 I8 Tad SIS T S Tied Feil # i il §emstl &1 Es ¢ | 3797d, A T B 1 %S off
I UGS S 1 forTisig T 2 |

So, if the HCF of initial numbers A and B is d, then d divides S and d < S. However, we know that S is also a
factor of A and B (Observation 1a). Hence S < d. Therefore, we have S =d.

CC-BY-SA 4.0 license, HBCSE. February, 2025. 12
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gafery, afe TRfires ST A 3R B 1 7| GHYede (HCF), d 8, @1 d, S o fasifSa star @ 3t o < S | qenfy, g9 sia & fo6
S, A 3R B 31 il T TUMES € (el 1a) | 3T S < d | S8fTY, BH AW B e S = d |

Observation 2a: All the numbers in the list are multiples of the smallest number in the list.

TR 2a: Tl 1 Tt HEaTd it 7 forem™ wad B §em & U 3 |

Proof for Observation 2a: Using the same argument used in the proof of Observation 1a, we get that
the smallest number, S, divides any number in the list.

HTATHA 2a o ToTq TA: TR 1a o THTUT H JUANT {ohT 7T qeh T & ITANT S 5T B 36 Tohd W ugerd &
for Tt & T Bt e S, weit i fet ot wear @ i st 7

Observation 2b: All the multiples of the smallest number up to the largest number appear in the list.
TR 2b: Tl T Tl BIET AT o Teldl TSI T T o T T[0T feemg 3 & |
Proof for Observation 2b: S belongs to the list, and A is a multiple of S.
ATATERA 2b % TeTg Taa: S Tl 1 3T 2, HWA, SH TH A ¢ |

So,A=fS

a,A=fS

Now S and A = fS are both already in the list.

HT S IRA = fS I gl H veet 9 & foremm € |

So, fS-S=(f-1)Sis also in the list.

HA:, fS-S=(f- 1) SHgFR

Similarly, (f- 71)S-S=(f- 2)S is also in the list.

IR, (f- 1) S-S=(F2)sHg=fag|

Continuing like this we can see that,

6! TR, ok ST T §U W 9 TR ¢ T4,

(f-1S, (f-2)S, (f- 3)S, ....., 35, 25 also belong to the list.

(f- 1)S, (f-2)s, (f-3)S, ....., 3, 25, %ﬂaﬁ% ATE|

Relation to the Euclidean algorithm
FfFATSa TR & Haryr
Imagine you change the rules of the game in this way:

T HIfSTT for 3119 @t o 1T Al 39 TehR e 29 &

Instead of subtracting the smaller number from the largest, you could subtract a multiple of the smaller
number from the larger. And then in the next step do the same with the multiple used and the number
remaining after the subtraction. This, then, is the Euclidean algorithm for you! So, can you see why the
game and therefore the Euclidean algorithm works?

B T TR St HAT & & 1T 3 S S S e i & S W o5 S e wer wehet # | Re 1 <ror v
OIS ST ST % 1S el T 3 arer off A oA S S Wkt 2 | qet et 31 o for afefen ueifen 21 @, w@w o
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G T 8 oh 78 T TR Fforfea Tiite i s ar @ ?

Points to Ponder

1. Do all pairs of numbers allow for a winning strategy? If not, what kinds of numbers will allow for a
winning strategy?
a1 G i wlt S Rt T st e 3 2 af T, it e e i g e e s e 2

2. What happens if you allow for first three numbers to be random? Say, by making it a three player
game?
FAT BRI A 3T T 1 il T AR (random) &1 shT AR 3 8 2 ITTET o g 39 afe i Raenfeat &
Y SR AT ST T sk s 2T 2

Terms to discuss
=t o foTg 7ea vieg
Process of mathematics, conjecture, counter example, reporting a conjecture, etc.

IO 26 STshAT, ST, Wid- ITTET0T, Teh ST shi R, 31 |

Suggested Readings
AR LTI 3G G
» Euclid's Algorithm I: https://nrich.maths.org/1357/index
* Euclid's Algorithm II: https://nrich.maths.org/1728
» Euclid's Algorithm III: https://www.cut-the-knot.org/blue/Euclid.shtml

References
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» Euclid's Game: https://www.cut-the-knot.org/blue/EuclidAlg.shtml
* The optimal strategy in Euclid's game: https://math.stackexchange.com/questions/754461/optimal-

strategy-in-euclids-game
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