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LU 8.1. Euclid’'s game

RENEEIRES]

Introduction

oD

Playing games is a lot of fun. Today you are going to play a game that involves numbers, and based on

these numbers you will find out a way to win the game, always!
T THT T5d HSIGR BT 8 | ST 3T Toh Tl T ST TR & fore Seard It &, 370 3 Seansil o STTHR W 319 g 36
©E I ST 3T qlieht @ien |

Materials required: Blackboard, chalk and sheets of paper.
TTHIT: SAFaITS, T1eh 3T HITS hl IM1< |

Task 1: Play the Euclid’'s game
HIAHATT 1: AT, kTS T T WA
1. This is a two-player game.

7z 31 faefedi wrea 2 |

2. The rules of the game are as follows:

T & FIH g IR

You can decide who plays first. The first player, say Player 1, writes down a number that is between
1 and 100, including both. Let's call this number ‘A'. The second player, say Player 2, can write down
another number of his/her choice. Let’s call this number ‘B'.

HTY TF L HR € Toh shiT Tt & w01 | veelt Raerrgl, TS &0 Raargl 1 o @k &, 1 371 100 o s 2l =I5 dean
forardt & TSt 2 ST Sy oft it 1 wehell € | ATSY BH 36 HEA1 1 “A' Fed & | ot e, o & et 2
e €, IHhT TET T Tk ST e forg Tewdl € | 3TTed 3 HEA B FEd ¢ |

Now, the first player will write the number (A - B) or (B - A), whichever is positive. Let's call this
number ‘'C'.

31, Yt Raerret €%t (4 - B) A1 (B - A) for@hy, st oft 598 § ereneh 21 | 3178T 36 G i C e ¢ |

Next, it is the second player's turn. He/She has a choice. He/She can either write the difference
between C and A or the difference between C and B. However, if one of these differences is already
written in the list (i.e., if it is equal to A or B or C) then it cannot be written again. (All differences are
to be taken positive)

THeh S1E, 37 o RICATS! sht oI € | SHeh U Ueh fefehed & | € AT Al C 37 A4 o sf=l =6, AT T C AR B o6 fter bt
H T a1/ Fehdt & | Al AT S | 15 WA et 8 & gl § § (giq, AR Tw@ A AW B A C 7)) 36!
SIS Tt fora ST Tehar (39 TR foa e weft S7aii 3 emTenss A fu S )

Similarly, in subsequent turns, the players take turns to write a number which is the difference

between any two numbers written in the list, provided the number itself is not already present in
the list.
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6T e, A1Q T ATl H, Yook Raeirel 7ot ordh ox & 77 gt # & foreeh +ff < e o sty SieR forard! & v foh
I8 EEHT G H uee | E HISE A |

The game ends when it is not possible to write any new number.

T T HTH BT & el S 73 T fofg1 wiel 7t g 2 |

The person who wrote the last number will be the winner.

T flgere fSrem sifay g foreh, o= fosmar anft |

Let us look at a sample run of the game.
TS, T 36 Yo T Toh Tl el L aEd &

Suppose, the first player writes 12. The second player has 99 choices to choose his/her number. (as
the upper limit is 100).

AT AT, et Reergt 12 foree @ | 3at Raeirst ok are Aot s I o 1w 99 fersheq € (Fifen el wensl it
SR | 100 A TER) |

Suppose, the second player chooses 16, then the first player can only write 4, i.e. the difference
between 16 and 12.

AT AT, o REeet 16 el 2, A1 weett Raetrel e 4 forg @ehet 2, ST AT 16 37 12 o off=r o1 Aqe e |

The second player then writes 8, the difference between 12 and 4. Note that the player could not
have written the difference between 16 and 4, as 12 is already in the list.

37 GHU EetrSt AT 8 forarar &, St 12 371 4 o sfter 7 3 & | 12 AT foh qaar Raetrel 16 37 4 o sff=r 1 it
Tt forg wha o, iR 12 Tee € & g H 6NE 2 |

Now there is no possibility of writing new numbers, so the game ends with the numbers 4, 8, 12,
and 16 appearing in the list (12, 16, 4, 8 in the order of appearance).

S 7T A foFE T 1E HWTEHT T2 &, FAITE T FHTH BT © | HE&ATE 4, 8, 12, 3T 16 T # fowms < W 8 (9
FHEATFS AN 12, 16,4,8) |

There are four numbers in the list, and here the second player is the winner, as he/she wrote the
last number 8.

et o = e, 31K e Raerng farsian 2, iifer se sifom e 8 foreft 2 |

Play this game with your partner multiple times. Study the lists of numbers that you got for each game and
record your observations in the table below. For the last column, where you record the winner, mention
whether Player 1 (who chose the first number) won or Player 2 (who chose the second number) won.

39 TS I U WAl 6 W FE AR WA | I G A Glerwi 1 T S AT AT T @ § I A & 3R I8
et 2t 778 aTforeRt 7 o | A e |, Stet ST forsir s A fored €, 7 Seor i o Raeet 1 s (e veelt e i
oft) a1 Rereret 2 Sfrar (e gadt dean <+ of) |
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Initial Numbers | the smallest The largest | Allnumbersina | How many
TR HEET number in number in sequence numbers are
your sequence your (in ascending | thereinyour | Winner
. sequence order) sequence? e

Player 1 | Player 2 | ¥[=it # 9a® Bt . . R :

y y ST et § ag ot | Tt A vt deard | e o Tt
Raeret 1 | Raest 2 qEqt . . . o

: i AT (RIS v W) HEAUE ?
Table 1

Task 2: Predict the sequence
HTIAHATT 2: AT THA hl WIS R

Let us assume that following are the initial numbers in the game. Based on these, can you predict the
numbers that you will arrive at, while playing the game?

3TST, B W Td & 1o FHATeTRa SeTd Tt ohl J[ESATAT HEATd € | $7eF STET T T AT 3 HEATHT T ST T Hhdl ©
S 7o W Werd g AT a5t 2

(Hint: If you are stuck, look at the table you just made. See if there is any relationship between the initial
numbers and the numbers in the list.)

(ERer: AT 1T ST T 0 R &, A A S aferenn sneft-oned s ¥ 3% 39 | I for g H vk s oiv o
HEATST o i T IS Heie 7)
1. Predict all the numbers in the list if :
aeft i et et 1 fersraoft st
i. The initial numbers are 9 and 15.

TRfirers = 9 315 7 |

ii. The initial numbers are 20 and 9.

e G 20 A9 B |

iii. The initial numbers are 13 and 17.

TRfes gt 13 3T 17 2 |

iv. The initial numbers are 7 and 35.

grifireh et 7 3352 |

2. How did you predict the numbers for each example? Did you notice any patterns across the examples?
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AT YA IS0 & oAU Gt i wfosgamofl 8 hi ? #7939 39w § foret oft famme o g 2

The teacher then can engage students in a discussion on how can they justify that their strategy for finding
the numbers in the list will always work. Please study the section ‘Mathematical and pedagogical
explanations’ for suggestions/ideas on how to lead this discussion.

fRrereh T ST & 50 0 =it ot wehd € Toh o =it o <Y 175 Weand @IS oht 7ot Ot <6t g grell T et s frg shat
| 39 <= T 3T A F8 TSI 36wt § gera/ Foram & g o g 1o Sk Rian-fagm @ wefea e &5
T H |

3. Now that you know the strategy for finding the list, can you predict the strategy that will ensure that one
of the players will always win the game? (Which player can adopt this strategy and always win?)

S S AT Gl HT HGATSAT 1 TAT T HT TEhIel S <ok & Al FT 19 TF UET Thiel b1 QAIIH T Tl & ST 98
giferd st o Raenfeai © & vk a9 Raciret gaem 56 Wet 1 Sftaw 2 (HH-a1 Raere! 36 WHt shi 3T Jehar @ ST gHem
SiqEhar g 2)

Task 3: Looking for proofs of some conjectures

HIAHEATT 3: HS FTHATT o THTUT hY AT

Some students made these interesting observations after playing a few rounds of the game:

B BT 4 T h F NI T o a1 3 feretered stareiier eqa fofe :

Observation 1: The smallest number in the final list is the HCF of the initial pair of numbers.

SAAATRA 1: 3iferm Tt & Hord DI Hea weanstt Y e S T Head wHTgades (HCF) @

Observation 2: All and only the multiples of this smallest number up to the largest number appear in the
list.

TR 2: 36 Godl BIET G o ¥ OIS, F=ft oh ol TSt Hea o, gl # eemrg 2 & |

1. Can you figure out why this happened with every pair of numbers?

AT Y T IT T Fehdl & Toh Tedieh GEATST ohl STt o foTu UHT i BT ? 2

Let us look at the two observations.

13T EH 39 1 ATATRAT T {3TTE ST |
* Observation 1 says the following:
Jraciie 1 feferfaa sear 2
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a) The smallest number in the list divides both the initial numbers.
Tl o TSI HeAT ST TR el s forrord st @ |

b) The smallest number is not just any common factor, but the HCF of the two initial numbers.
HeH DI HEAT s Wt WA TUHEE T &, 3 7€ & Th Sl 1 Hewd @HIeden (HCF) 2 |

* Observation 2 says the following:
TR 2 T qread freforfiaa 2:

a) All the numbers in the list are multiples of the smallest number in the list,
et B et s e e we S e o

b) All the multiples of the smallest number up to the largest number appear in the list.
et i B HE 5 A e T e 6w e fard 2

2. We need to prove or justify these observations. Can you think about the ways of doing this?

B T SAIATHRAT ! GTTed il AT I S hl STTTIRAT & | AT T UHT FT o ekl o S H G ehd & ?

Points to Ponder
1. Do all pairs of numbers allow for a winning strategy? If not, what kinds of numbers will allow for a
winning strategy?
I wEst ot wft sifeat forft wRitfr stma et 8 2 afe =72, @ fore werm ot st forsreft worfifar stwa it 2
2. What happens if you allow for first three numbers to be random? Say, by making it a three player
game?
T B AT 3T T8 o1 ol bl SAAfHA (random) B4 sht 1wl I & 2 38160 & g 38 afe i Raenrfeat 1
T THTH GAT ST T Frsehed s & 2
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