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LU 8.1 Euclid’s game
LU 8.1 3Y[saAsell ud

Overview
Ycdlldell

Here is a game that is based on the Euclidean algorithm to find the highest common factor of two
natural numbers. In this game, students not only play the game making moves that correspond to steps
of the Euclidean algorithm but also engage in doing mathematics by making conjectures, giving counter-
examples, refuting conjectures and proving some results.

Ul U, A Ys(As Avaudle] dJ3dH UHIR Accl (9. uL.) Aual Hi2ell YBEASse WelRuM (YAl /o
HER ol [[ad) UR AURA B. 2l UM, QaudlA 1A YsAsal Ranll atudl - ™l otell, uel ol
Ao Y, BU 3 wsgHlel collad, YA-GELSNL UG, WojHlots] Wiset $g ol URRUA WA s,
AARHL ULl Bl B.

An important idea is that we need to look for counter-examples to conclude that a statement is not true.
As a part of this unit, you should talk to the students and try to differentiate between a true prediction
and a mathematical result. Also discuss how in the case of establishing the correctness of a
mathematical result, giving examples is not enough; while in the case of proving a result wrong, counter-
examples are enough.

As Hecelyll [QAUR A B ¥ [AAeat WY otell A sy UR aaal 1R U YlA-Getswel uclell 32 8. Al
WsHoall ol 30, AR (QenelRA WA uUL 530 daul U VoMol Aal AR(As URRUH dRA dslad sclell
YA scl. AW uel YAl sA ¥ al@As uReuMell Actdl ol ustell sl dwad $5d GELeRWBN AUl YRdl otell;

uel uReuH wig Rg scloll (Bruul Asy yld-Gelgel ulnd dla .

Minimum time required: 3 sessions of 40 minutes.
ofolclH UHA: 40 AReat, 3 UAL

Type of Learning Unit: Classroom
AsHoll YSLR: cwdluis

Unit-specific objectives
Asuoll [ARle 3l

(i) To observe patterns in numbers and articulate the observed pattern clearly
AuALRAHL AU A Sl 59 Wl HAGL AU} RUR AGEIML s $

(i) Tolook for counter-examples to refute a conjecture
WojHlote] Visel sal HI2 YlA-Gelg00 2l

(iii) To understand that examples are not sufficient to prove a conjecture
UajHlol Rg sl HIZ GELeN YRl otell A UHxd

(iv) Tounderstand that just one counter-example is sufficient to disprove a conjecture
UoHlot WE Rg scll W2 As%y YA-GEle0L Ulltd B, A AHYg

(v) To come up with a logical argument (i.e. proof) in support of a conjecture
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WajHlotoll UHYAUL dllEs eclldd (Red ‘U(A’) Mucl

(vi) To understand the relation between taking successive differences and the Euclidean algorithm to
find the highest common factor (HCF) of two numbers
A AvAlell of L. Wucl H2 sMs dslald U YBEASe] WUONRUH A6 Aviua AHYd

Links to curriculum
AeAUSH U] AsEoal

NCERT Class 6 Mathematics NCERT Class 10 Mathematics

Aot &2l (NCERT) <ol 6 @ Aotflsuél (NCERT) adi 10 ol@ld
Chapter 3: Playing with numbers (Nov 2022) Chapter 1: Real numbers (Nov 2022)

The concept of factors, relatively prime (co-prime) numbers |Euclid’'s Lemma

and multiples Y50l 1: dlRc(As Al (sl 2022)
The concept of Highest Common Factor (HCF) YEAsel yl

YSM 3: vl A AU (AR 2022)

wcaAc, YHEML a@Qeuwat (UruR-udeurat) Avul AU
ojelis ofl UH

A3 AL WAl (. UL.) ofl UMY

Materials required: Blackboard, chalk and sheets of paper.
%331 WHA: 0As S, ALs Wal SOl

Introduction
uRu

Playing games is a lot of fun. Today you are going to play a game that involves numbers, and based on
these numbers you will find out a way to win the game, always!
RUA UG YOI UEELRAS B, WU AR As Al RUA Ml ¥ W@ Bl 5 Bl AvARNeN {HAA B, ua Al

AuARAAL UL AR el A 202l Botlell AR U SR ¥l 2s

Task 1: Play the Euclid's game
5121 1: YsAse{l U M

1. This is a two-player game.
Wl RHAHL A QaueRA eoL e s,

2. The rules of the game are as follows:
ucloll (20T u yd ®:

* You can decide who plays first. The first player, say Player 1, writes down a number that is between 1
and 100, including both. Let's call this number ‘A’. The second player, say Player 2, can write down

another number of his/her choice. Let's call this number ‘B'.
uct ofl AUl Sl 529, A dA olssl 530 a5 Ol yad Wasl, Weusl-1, 1 &l 100 Yol sleual As yislds

AuAL AW AL AL vl A s8R ollel A, Wetsl-2, Aol uieoll ol olly s18 dven dvll ad .
duala B’ 58l

* Now, the first player will write the number (A - B) or (B - A), whichever is positive. Let's call this number ‘C'.
8d, WALSl-1 (A-B) aal (B-A), Al A olle 5 ¥ sclloto(l vl "tot’ 8. U L dwUa 'C' 581,
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Next, it is the second player's turn. He/she has a choice. He/She can either write the difference between
C and A or the difference between C and B. However, if one of these differences is already written in
the list (i.e., if it is equal to A or B or C) then it cannot be written again. (All differences are to be taken
positive)

A NALSl-R oll A B. Aol WA 2 Uedl B. A sl Al C Wal A ol dslelcd wacll C el B clAall dslelcd
Al 23 B, % WHil A5 dslad AlElHl udAdl ¥ dAvldcl sl (Aed ¥, %l A dslad A wHdl B Al C

ol Anlet 8lal) Al A vl 25 oSl (oltll dstaldl Yot Aclleil 239).

Similarly, in subsequent turns, the players take turns to write a number which is the difference between

any two numbers written in the list, provided the number itself is not already present in the list.
A o A, NSl As Ul As, AR, Al Aval AU 3 B ALELHIL S8 ULl A AvARD cRAA dsleld

B, Ul A AvaAl udAU €L ot Slell W\ss.

The game ends when it is not possible to write any new number.
2R S olcll vl cvll ol ASLA, AU UA UHILA AU D,

The person who wrote the last number will be the winner.
B WASl Becll vl dl B, A L ™M Pl w1 B.

Let us look at a sample run of the game.
U Mol A otioll UR olXR s3I,

Suppose, the first player writes 12. The second player has 99 choices to choose his/her number. (as the
upper limit is 100).

WA %, Wetsl-1 12 AR B, NAlsl-2 WA Aol Avall urie sal H2 99 ueolll 8. (sikel ¥ Gucll Halel 100
}).

Suppose, the second player chooses 16, then the first player can only write 4, i.e. the difference
between 16 and 12.
YRl %, Wetldl-2 16 UE 52 8, dl WAsl-1 1ot 4 el 28 B, Aed ¥ 16 ua 12 AN dslald.

The second player then writes 8, the difference between 12 and 4. Note that the player could not have
written the difference between 16 and 4, as 12 is already in the list.
ugl Welsl-2 8 ¢l 8, 12 wal 4 Aol dstad. ol 5 ¥ Wellsl-2 16 U 4 AN dstald cull ot sl

Alet, slREL ¥ 12 UdAYL % ALEWHL slxR B.
Now there is no possibility of writing new numbers, so the game ends with the numbers 4, 8, 12, and 16

[12, 16, 4, 8 in the order of appearence].
8A oicfl vl dutcllell S sl otell, Aell RHA 4, 8, 12 A 16 [AEIHL 12, 16, 4, 8 Al sMs ARAH wA

D] AvA A AHA Ul O,
There are four numbers in the list, and here the second player is the winner, as he/she wrote the last

number 8.
ALEIHL UR AvARD B ol S Netsl-2 QB B, sRel ¥ Ad deell dvau 8 cull.

Play this game with your partner multiple times. Study the lists of numbers that you got for each game and
record your observations in the table below. For the last column, where you record the winner, mention
whether Player 1 (who chose the first number) won or Player 2 (who chose the second number) won.

AHIRL BSLER AU 3l U AYSs Ard 1AL Ul, €35 U HIRZ Andcll Avaullell alglall ueud $2A. ol Astl
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S sHL dAHRL A Satoll ol 5. Decll SIAH HIER, Al X Q% dlell ol 5 61, Al GeAw A ¥ Nelsl-1 (BQ
YUH AvAl UAE 531) Wl ¥ NElsl-2 (B ofly vl ude 31) ¥l

All numbers in a How many

Initial Numbers The smallest The largest sequence numbers are
U@s v | numberinthe | number the sequence . .
. ) (in ascending there in your Winner
list list order) the list? @B
Player 1 | Player 2 Ak .aTlaﬂ el ulié;ut.aﬁaﬂ Al€loll el dvaull| el decll
Wetsl-1 | weusl-2 weall Hiel vl (USL sHHL) AvAl B7?

The teacher can also make this table on the board. After all the students finish playing the game a few
times, collect some responses from the students to fill in the table. (It is fun to play the game the first
few times. However teacher should stop the game and start a discussion, when he/she feels that the
students are getting tired or bored of repeating the game.)

Qets wel 2 sles olls uR olottell 2y B, ottt [QenelA Al arRk 4t 2 clae ugl, st Qe wael

gcloll ANl AR 1§ URe] 5les Rl (Y AL allk :d Hclloll Hst A B, AR [@Qats A cdl ¥ (QeudllA
ude] Yoladet sauell asl olul ® wacl sauoll sl 8, dl Aual ud ol sl KA wal AUl 23 sl
ASA.)

Please see the section- ‘Mathematical and pedagogical explanations’ before recording students'
responses on the board. Ensure that a sufficient number of examples that help generate some
conjectures, are on the board.

slesul (QeudllA oll ol AWl UdAl auRUAS wa Llewersuzller dxyAlzl [Qewdt %32 ciAl. Wid3l sA ¥

oll§ UR UL HISUHE GELSRR B, % &l 32clls wajHlol dRAcHl HEEIU AUl

The teacher can then invite the students to look for patterns in the filled table. Ask the students to
generalize the patterns and make conjectures. Write down each conjecture on the board and encourage
students to examine whether it holds, by generating more examples, or it can be refuted it by generating
a counter-example. Help the students see that verifying the conjecture for any number of examples
does not amount to a proof, and that one counter-example is sufficient to disprove a conjecture.
Encourage students to come up with proofs of their conjectures.

Qets ugl (QaudlRA kel slwesHl w3 Aol HIZ UHAA 5 U AHal a3Ule] UHIASL SRl WA

WajHlol dotlaall 581, €35 WojHlotal ol UR AWl A [Qaefplal ay GelsN WA dal dudal H2 Yl
53, wUcdl YQ-Getgwl Ul Agj visat 53 astal, A uxsaAl. QeneRAA A Alatdl HeE 5A ¥ BofHlatell
Ul UslAAl dwd 2R decll GelgNN UMl AU, A Yd atell, URd BofHiotal WG WA scl M2 1A
As % YA-GelgNl Y la 8. [QenllAa Anoll BofHiatal UAd scll DU 53

Some of the conjectures that the students might come up with, and the ways to handle them are
discussed in the section 'Mathematical and pedagogical explanations'. However, it is possible that
students come up with conjectures that are not listed here. In this case, take the conjectures one-by-one,
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verify, refute or prove the conjecture as the case may be, and familiarise students with these processes.

(QenellA WAl 3eclls uojHioll wicll AF B, Wal A WofHloll WA sk sclell Adloll UUL 2uCUAs A
Llaecudllar 241y AlAl Qoo srami vl ®. ol ¥, asel B ¥ (QanellRA A sl declls ool YR of
St Al (BUML, €35 BojHlollal Ws-As 53 AL, BojHlotal USIA, visel 5 Wl A 5A wa [QeuelAa
Ul Yl uRRA 5.

Task 2: Predict the numbers in the list
512 2: YRHIoll Avaulle] vejHlol 5A

Let us assume that following are the initial numbers in the game. Based on these, can you predict the
numbers that you will arrive at, while playing the game?
YR 3 UAHL 230 coll AvauR o{lA Yol B. 9 AR Bojilot 531 A5l 6L ¥ A AR L AvARDL AU U 1 A

AHIRL YRHUL 58 Avau WU ?
[Hint: If you are stuck, look at the table you just made. See if there is any relationship between the initial

numbers and the numbers in the list.]
RBc: B AR L dudl A8l A, Al dR dellddt Sles . A3ulctoll Avau A YRM Avaull

Sl ol B 3, d )
1. Predict all the numbers in the list if:
YRMIAL M AvAule] BofHlat 5A A

i. The initial numbers are 9 and 15.
A3Ulctoll AvWAL 9 Aal 15 V.

ii. The initial numbers are 20 and 9.
A3l cdoll RAvAA 20 WA 9 BD.

iii. The initial numbers are 13 and 17.
A3l ctoll vl 13 W 17 B.

iv. The initial numbers are 7 and 35.
A3l cdoll AuuRA 7 Wal 35 BD.

2. How did you predict the numbers for each example? Did you notice any patterns across the examples?

dA ¥l A wofHlot 53 ¥ €35 GELSRQ HIR2 5& AvaA WAA? 9 A Al GELGPNHL 51¢ AW 3l ©1?

The teacher then can engage students in a discussion on how can they justify that their strategy for
finding the numbers in the list will always work. Please study the section ‘Mathematical and pedagogical
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3.

explanations’ for suggesstions/ideas on how to lead this discussion.
(QawelRAA aElMi AvauRAl el HIR 58 gUtilol UL sl B, A sRA SRR UA ¥ I, A [Anaell

AU (Qets ugl 53 ad B, UA URall dects QURA ulAs U LleerauBiol dAxY A2l vl UL qlcl B.
AHoll weAL™ 3R 5.

Now that you know the strategy for finding the list, can you predict the strategy that will ensure that one

of the players will always win the game? (Which player can adopt this strategy and always win?)

8, dA el ¥l ¥ Al Aodal MR 58 jgUolloll GUAL $cl. g A Al ygUall [AAR] A8 € ¥ As

WSl R AL RHA BA? (AL @fgRUotloll GUAL 53 52 Weusl sRa Hl 2f B?)

Mathematical and pedagogical explanations

ARAs wuA Qatauzla Ayl

The activity helps the students engage in some fundamental practices of mathematics, such as
observing patterns, making conjectures, verifying or refuting the conjectures, and so on. The novelty of
the activity is to see how mathematical ideas emerge in the context of the game. The game begins with a
simple task such as subtraction of two numbers. At the end of one or two games the student begins to
grasp that the process leads to a finite sequence of numbers. Moreover, one starts figuring out that the
numbers that emerge in each game depend on the choice of the initial pair of numbers. After looking for
patterns, the students will realize the connection between the HCF of the initial pair of numbers with the
list of numbers obtained.

Ul Yg[ [QarelRla a@dsll ¥eclls yaed yaull WA Sscldl HEE 52 B, BH ¥ w3 St 5,
UojHlel Aolleld, WajHlollal UslAG adall A2 WU, dIR. M dlotl AealHl a@(As QR 3cll A Gedl 2
8 A ¥g AUl YgRell acllotcdl B. ul U A Avauloll clectsl Bal AR sl 23 aa B, As ¥ A dlR ™
20 ugl Qe vauet w1 ® ¥ Auoll aglul s Avau el 43 8. auy Qeaiella vaud wUA 8 3 €35
AUAHL QA dvARA, Hdoll w3vUAHl ube 53 AvARA{l AL U WwWRd B, 3W w2l uddl,
(QenelRA AUAHT URE s Avulloll M Slof o UL, Wl AEIHL ARl Avaull dell Aoit (A ol uel

WAL WA D,

To understand the mathematical significance of the students' responses, we consider different ways of
thinking that students might exhibit and propose some conjectures that they might come up with. In the
pedagogical discussion column, we provide explanations for some of the conjectures, and suggestions to
lead the discussion.

(Qael2Aett ylQeudstt a@As Hsca dxal M@, wWud @QaeflAsRl Yelld Quralel @Ay A uR
QR 53N YA U d2cls wofHiol % 531 AslA B % (Aauel[RA WALl 2l a3 ®. ezt Qvas wAT

SlAHH, AR F2ALSs BofMlol MR UMYl ol AUA 23 sall HZotl YUl 1A ¢l

Students’ observations Possible Pedagogical Discussion
Qeutel206ll AUcASA Rawtewt Qs uul

The largest number in the list is the|® Ask for the reason why the larger initial number remains
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same as the largest number in the
initial pair of numbers.

ML el WA dvan A Avaydlell
yR@s Al Al Q8 2iven Recll o
89l

the largest number in the list till the end.

ALELHL vict Yol W3 yRlels dva o w2 Well A2 vau @
® Ad slR0L Yol

Explanation: As we are subtracting numbers in consecutive
steps within the set of positive integers, the numbers
obtained will always be smaller than the largest number in
the initial pair of numbers.
YAl BH-BH WU sHAR et ypislew  wyeHidl
AuARAA olte s3A GlA, Al Uit AvARD gL AvAuAle(l

yR@s ASHl Al 8| dval sl otiell 89

The list contains only the multiples of
the smallest number in the final list.

ol A HOAl alel Wl ool
Avlletl oRlisall % AtelMl 8.

Ask to verify with other examples in the table.
sl sHloll Wol GELSAA A UslUal HIR2 58l

Ask whether they can come up with a counter-example.
Yol 3 9 A uld-Gelswel ll o B.

Ask for the reason why this is the case.

ulg FH AU B Aof s10L Yol

In the initial pair of numbers, if one
of the numbers is a multiple of the
other, then the list contains only the

multiples of the smaller initial
number.
dualell  yrR@s oSl A

Avuidl As BoAall oJulis S, A
YRAUL ottell YRES Avaulell dfRlisall %
AHLA ALA B,

E.g. For the initial numbers 7 and 35,
the list obtained contains only
multiples of 7.

el UR[@s Avalzll 7 waA 35 MR,

YLt ALELHL 1AL 7 ol dfRLisl % &4

Ask to take a few more initials pairs of numbers, where
one is a multiple of the other and verify that it works every
time.

Alst dy YR@s dvaullell RSl Aal 12 58, ¥ As ollxtall
oJalls Sl U USR5 A €2 Ard s 52 B.

Look for a counter-example—a set of two numbers which
will refute the above conjecture. This is an oppourtunity to
discuss whether not finding a counter-example amounts to
a proof of the conjecture.

Y(A-GelsRel M2 Y3l - A AvARNA AHs B GURASc WojHlots]
uisat 523, YlA-GELSRRL of UG A WajHlotall YRAAl UMl B

%, A {0l AU sclloll AL W5 AR AU .

If the initial pair of numbers are co-
prime (i.e.,, 1 is the only common
factor), then the list consists of all the
numbers from 1 to the larger initial
number.

ol dualdlell yrRlls RSl uruz-
wQewrl sl (Ae@ ¥, 1 A AsHA
UHLRL vceel B), dl el 1 ol el

CC-BY-SA 4.0 license, HBCSE. October, 2024.

Ask to take a few more initial pairs of co-prime numbers
and verify that it works every time.
WRAUR-(Aeuwa Avalell Al ay yR@s sl Adle 58l

Ul USIA ¥ A €2 AW SIH 52 D.

Look for a counter-example—a set of two numbers which

will refute the above conjecture. This is an oppourtunity to
discuss whether not finding a counter-example amounts to
a proof of the conjecture.
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WE yR(els ivaul Yellofl dxid Avauzd

slR 89l

uisat 5. YlA-GELSRRL of HNG A WojHlotoll YRLAl UMl B
%5, A I UUL sclloll L A AUARAR D.

If the initial pair of numbers has a
common factor, d, then the smallest
number in the list is d.

ol Avaldle(l urRl@ls ASlHl AWML
wcacd, d 8, A adldl Wl ool
quul d 89

Note that students may not consider 1 as a common
factor, and therefore while testing this conjecture they
might not have co-prime numbers as the initial pair.

Al 5A ¥ (QanelRA 1 A UM A 3 [QARAL otell,
U Al ul waHlole] ulawal sl ard Axell WA u@s

RS ARy wRruR -l AuARA o SlES .

Ask to take a few more examples of similar kind and verify
that it works every time.
UMt YslRall AlsL dy GeleM Aclle] 58l U AR 5 A €

aud siH 52 B.

Ask whether the two numbers in the pair have any other
common factor. Ask them whether they want to modify
the conjecture. (Note that the conjecture in this particular
form is not true. When we start with initial numbers 12 and
16, 2 is the common factor in both the numbers but does
not appear in the final list.)

QauellRA A Yol 3 9 A Hicll A AvARDHL Wod S UM
A B, Al YBl ¥ g Al BgjHIHl 3812 sall Hidl ©.
(olth 5 ¥ 4l RAIUML ojHlot WY olell. 22AR WU YR[@s
duapll 12 A 16 Al 23 530A G, AR 2 A olal AvARAHI
UM AcA B URd vilAr gl A vl otell.)

Ask them if there is anything special about the common
factor that is the smallest number in the list.

Yol ¥ 9 AHle wcacd B AElM Wl otioll Ava B Aot [@QA
565 wlA B?

Think about why the smallest number in the list is this
particular factor.
Alglul Aell ool Avaul W HER 2 AssU v B A (@

QR

If the last three conjectures above have been articulated by the students, encourage students to
come up with one conjecture that will include all these three conjectures.
%l GUAS Dl 2Rl WafHiot [QaueRAl il casd saHl vl alat, dl [Qauzla As il WafHist U

lelall WSt 5 Bul L AU wofiiolloll HHAAL L.

common factor of the initial pair of
numbers.

CC-BY-SA 4.0 license, HBCSE. October, 2024.
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@QReLA B.

¢ Refine, verify, or refute the conjecture.
UojHlotal ay AR 53, UsIA Al A2 L.

LML Al ool v A dvauled

YlR(As ASloll AHLeA vcllel B,

The smallest number in the list is the | Find out if this includes or contradicts any of the above

HCF of the initial pair of numbers. conjectures.
ALEHl Al otloll dAverl A AvarAoll| WA ¥ HL GUAS SlEURL WojHlotoll UMAA 22 B ¥ Aol
YR@s B3l o UL, B. @QAUeLA B.

Note: When students come up with observations and conjectures, these might not be articulated clearly
enough. The teacher may need to rephrase these, and ask clarifying questions to make the conjectures
precise. There cannot be a standard instruction for this, and the teacher will have to think of ways of
clarifying. Once a conjecture is formed, ask students to verify, refute or refine it. The next step is to think
of a proof.

olltl: AR ([QaueAl UAA s WA Boilol AUA WA B, AR A Uit Id 1w casd o uel 8 ad. Rlad

el g3l cvtatoll %32 Usl A3 B, WA WofHlollal AssU Glotlalall HIZ JURAL $cll Ysll Yool HSA. ul 1R
yreleld YRl Al oell, vuell Qe ruedl sralell QU A QA [Qurg us. AsclR Bajilsl vlsilell
ugl, QenellzAa Aal ustal, ATA wucl Wl U sl 58l wWL0g] WLy Aell WA QA (QuRald] ®.

Task 3: Looking for proofs of some conjectures
sl 3: B2clls vlofHlolell HISall YLal Slal

Some students made these interesting observations after playing a few rounds of the game:
$eclls (Qane[RAA A8l alR 2l ULl ul RUYE AU sal sl

Observation 1: The smallest number in the final list is the HCF of the initial pair of numbers.

A 1: v AUl Well otioll Aval A YREs Avaullsll RSl o). AL, B,

Observation 2: All and only the multiples of this smallest number up to the largest number appear in the
list.

WS 2 Wl oltoll Avauell, Aell A vl Yellotl AHIH Bl MR 2fRlisl €11 Buiad B.

1. Can you figure out why this happened with every pair of numbers?

9 A Rl A8l ¥ Avauoll €35 WS A Blg FH U?

Let us look at the two observations.
QA A AAlSe S,

» Observation 1 says the following:
a) The smallest number in the list divides both the initial numbers.

b) The smallest number is not just any common factor, but the HCF of the two initial numbers.
UdA St 1 YHIA:

a) Al Wl ool dvall ol yR@s dvArda QeuBd 52 .
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b) Wl olloll vl AW $5c AHIA B o], URq A YRGS duauiAlell o AL, B.

* Observation 2 says the following:
a) All the numbers in the list are multiples of the smallest number in the list.

b) All the multiples of the smallest number up to the largest number appear in the list.
Uccllset 2 YHA:

c) AtelMioll M Avan at€lui Alell otioll Avulstl dRlis B.
d) Aell oltell Avauell, Al 1NE Aval Yellotl AMIH B HIA dfRlisl aelHl Buwia B.

2. We need to prove or justify these observations. Can you think about the ways of doing this?
UURL L AUAA SR AR sRcll wacl clwoll daclofl %32 B. 9 dR ul scllell Al [QA (Qudl ws 812

The teacher could use the reasoning given below to guide the discussion with the students and to help
them arrive at a proof.
@Qets oA UL bl Gualol [QanefA Wwoll UUlA Hdledotl U WA AHA YRl dRalcllHl MEE $cll

HR2 53 93 ®.

Observation 1a: The smallest number in the list divides both the initial numbers.
VAol 1a: ALELHL AL ottoll vl ol YR(@ls qvwla QeuBd s .

Proof for Observation 1a: For positive numbers, whenever we subtract a number A from another (larger)
number B, the result is less than B. Given that we start with two initial numbers, and form subsequent

numbers by subtracting the smaller from the larger, all the numbers will be smaller than the largest
number in the initial pair.
Ucclsel 1a Hdell YAAL tot AvARA HIR, AR UL AU As {EL vl Buidl dotiell ool vl A site

53, AR URRUH B sl Y A B, Ul A YRAls vl A3uld 533 €l sl Q3L dvaiell
sllo{lal olle 53l wofoul Avaull olottclA SlA. drid Aval yR(@s Aol dell W2 Avaul sl atisll
4.

Since we are not allowing negative numbers, the game has to stop at some stage. So there exists a
smallest number in the list, which may be 1 or a number greater than 1.
UUAL BRL AvARAA GUAL 5l of lattel, U UYs sy ol A wcl AU, Al aelui Aell otioll Avul

UA B, B 1 AUl 1 5l WL & A .
Let us call this smallest number S. If we call the initial numbers as A and B, A being the larger of the two

numbers, ovservation 1a claims that S divides A and S divides B.
AA AUR AL UL otioll dual S 581, %1 AUUR YR(AS vl A Al B s8I, el Al A AuAAHil A

HE B, AdClSet 1a £l 52 D ¥ A Al B tialal S il D.

Lets us first prove that S divides B.
YA Udcl WA s3A 3 S A B oA Qe 52 .

Let us assume S does not divide B.

AUA WA ¥ S A B o [QewlBd s otell.
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Then B=nS +k, with k<S ........ By applying the division algorithm with k as the remainder.
Al B=nS + k, ®AL k < S ...... AOUSR ol (M ol 2R, »ul k AN B,

But S belongs to the list. So B - nS, which is k will also belong to the list... we get this by subtracting S 'n
times' from B.
UWRd S ALl WAA B, AL B —nS, ¥ k & A uel aeldl aad..® Ul B Higl S A 'n auld’ olle s3lal

AadlA Sl

But k < S, which contradicts the fact that S is the smallest number in the list.
WRd k < S, B A s8lsctoll QAU 52 B ¥ S A A€Ml Alell otloll v B.

That means our assumption that S does not divide B was wrong, so S divides B.

Aoll el A ¥ auell wRkel 3 S A B A (e 54 otell A Wi &d, Al B A S [Qeuld 52 .

Similarly, we can show that S divides A as well.

A o A, AU olctlell AR A A uat S QewBd 52 ?.

So, S is a common factor of A and B.
AYl, S A A A B oll AlHLeAU A2 D.

Observation 1b: The smallest number is not just any common factor, but the HCF of the two initial

numbers.
wcASel 1h: Aell oitell Avaul A A WML A olefl, U A YRES Avallell oL uLu. B.

Proof for Observation 1b: Let us prove a statement before we proceed with the proof of observation 1b.
wclAsel 1h Mol YRAA: AU AUdEASel 1boll YA scll USEl A5 @AAEsial A s3A.

Statement (I): A common factor of two numbers also divides their difference.
ALA UUA AcASel 1b oll YRlall A AU dLflA A udcl As AAeat Alld s<1.

i.e. If g divides C and D, and C > D, then g divides C - D
WeAZ AN CAHAD A g RAUBA ST D UAC > D, A C—D A Ul q QewBd 29\

Proof of Statement (I): q divides C and D would mean,
RAEatall YAA (1): g A C ol D ol [QellBd 53 B, wiloll wel a),

Let C=rgand D =tq for some integersrand t>0
C=rqua D =tqg... (A4s yalislrauat >0 HR)

SoC-D=rg-tg=(r-t)xq
AAC-D=rg-tg=(r—-t)xq

So, q divides C - D and hence is a common factor of the difference between C and D.
C-Dal g QeulBc 52 B wal Aell C UA D ARl d$lelcle] UMl Al q B,

Coming back to observation 1b
U cElsel 1b UR UL AL

Thus, if we start with two initial numbvers and q is a common factor for both, it is also a common factor
of their difference. This ensures that q is a common factor of all the three numbers in the list after the
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first step of the game. At every subsequent step, a pair of numbers is taken from the list and the
difference written down as a new number. Thus, if g is a common factor of the existing pair of numbers,
it is also a factor of the new number. This ensures that is a number is a common factor of the initial
numbers A and B, it is a common factor of all the numbers in the list, including the smallest number in
the list S.That is, any common factor of A and B, divides S.

UM, B WU A YREs Avauledll A3uld 53RN UA g A slal W2 WS AHIA WA B, dl A AHell dsleldo]

Ws UM el URL BD. ul YRl 52 B ¥ udcdoll YauH Uolcll Ul g A at€luisoll AU Avullell UM
waac B, €35 afouHl woletHl, atgldiell Avauloll Bl Acumi wA B WA AMell dstada ocl Aval 33
AVCAHL AUA B, v, A g A AvAAlell stetell RSloll UHIA vaed B, dl A otcl Auallell ULl Waaud B, ull
YRR 52 B ¥ Aval A YR(Als A A el B oll As UM wdd B, A AElell dHid A As
UM AdAd O, FHL S % Al atloll vl B, Aoll ULl AHAA A B, Aed ¥, A ol B oll SlFuRl Ml
wudAd, S A [QeuBd 52 B.

So, if the HCF of initial numbers A and B is d, then d divides S and d < S. However, we know that S is also
a factor of A and B (Observation 1a). Hence S < d. Therefore, we have S =d.
Ael, % yR(els Aval A el B ol oL ALA. d B, LS A d [QeulBd 52 ® wal d < S. % ¥, 2ud el

Sl 3 S A A WA B (UAASeL 1a) oll URl A B, AU S = d. A, 2wl WA S = d 2 D,

Observation 2a: All the numbers in the list are multiples of the smallest number in the list.
UclASel 2a: ALEMIoll dHim vl ALl Aell otiell Auauotl ojRlis B.

Proof for Observation 2a: Using the same argument used in the proof of Observation 1a, we get that the
smallest number, S, divides any number in the list.
UASl 2a Hizell YAAl: AUdAASs 1a ol Y_AcHl aURRAA qMlst ecdladall Gualol s3la, uud AnclA ¢l

3 el oltell v, S, aElHicll Slunl dua [QeulBd 52 ®.

Observation 2b: All the multiples of the smallest number up to the largest number appear in the list.
cACASsel 2b: Al oltofl vau Alell W] v Yellotl M deiisl aElui B,

Proof for Observation 2b: S belongs to the list, and A is a multiple of S.
wcclsel 2b MRl YA S ALELHL B, sl A A S <l JJulis B.

So, A=fS

adl, A = fS

Now S and A = fS are both already in the list.

AS Ul A = S ool usALl % €Ul V.

So, fS-S=(f-1)Sis also in the list.

Adl, fS - S = (f—1)S wal Al .

Similarly, (f- 1)S-S = (f - 2)Siis also in the list.

A % 3d, (F-1)S-S = (f-2)S uel AlElHl .

Continuing like this we can see that,

UL A Ay Al U A aslA A 3,

(f-1)S, (f-2)S, (f - 3)S......, 3S, 2S also belong to the list.
(F—1)S, (F— 2)S, (F— 3)S,....., 35, 2S ULl A€M D.
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Relation to the Euclidean algorithm
YEA st WeolRY WA ol doin

Imagine you change the rules of the game in this way:
sCUoll 5 3 Al ol R0 L 3l wecl 8l:

Instead of subtracting the smaller number from the largest, you could subtract a multiple of the smaller
number from the larger. And then in the next step do the same with the multiple used and the number
remaining after the subtraction. This, then, is the Euclidean algorithm for you! So, can you see why the
game and therefore the Eucledian algorithm works?

Alell WEL Avauniell otioll vl clle sRal ole@, R HEL AvauHiel otiofl 2ivauetl JJRlisa oie 531 wsl O
Aol UL AUl UWILAHL auRAA wglde e siteotsl ugl sl _cll diva A A sl sA. A uedl 2wy

YA 2ot UNRUH B dl, g AR A A5l O ¥ 565 A U U Al YsASaot UONRUH 511 52 B?

Points to Ponder
t2llotHl Acll Bl sttt

Do all pairs of numbers allow for a winning strategy? If not, what kinds of numbers will allow for a
winning strategy?
9] Avaullell oltll ML Wctal HR2 AUl asta? B oldl, Al Wctal HR AvAuRllell 58 Aslell Gualol 3l asiaA?

What happens if you allow for first three numbers to be random? Say, by making it a three player game?
UL 5 2Rl LSl AL M A5 AUA A D ol AR vl AUUA 5 B, Al g UA?

Terms to discuss
AUL sl W AcEAHI

Process of mathematics, conjecture, counter example, reporting a conjecture, etc.
ol ctoll ulsau, wofHiet, Ul GeleR0L, UajHiotoll L sl adl?.

Suggested Readings
auR W e

1. Euclid's Algorithm I: https://nrich.maths.org/1357/index
2. Euclid's Algorithm II: https://nrich.maths.org/1728
3. Euclid's Algorithm IlI: https://www.cut-the-knot.org/blue/Euclid.shtml
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