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LU 8.1 Euclid’s game
LU 8.1 3Y[saAsell ud

Materials required: Blackboard, chalk and sheets of paper.
%33l A 0As oS, As Wal SL0LAN.

Introduction
uRu
Playing games is a lot of fun. Today you are going to play a game that involves numbers, and based on

these numbers you will find out a way to win the game, always!
RUA UG WO eleElAs B, W AR As Al RUA Ml ¥ @l Bl 5 Bl AvARNA {HAA B, ua Al

AuARAlell DU dR ALl At Ul Botlell AR U A2 Al 2sl

Task 1: Play the Euclid’'s game
513 1: YAl Ud A

1. This is a two-player game.
Wl RHAHL A QaueRA eol @ s,

2. The rules of the game are as follows:
R cloll (A2 2 Yyud B

® You can decide who plays first. The first player, say Player 1, writes down a number that is between 1
and 100, including both. Let's call this number ‘A’. The second player, say Player 2, can write down
another number of his/her choice. Let's call this number ‘B".

uct ol AU Sl 523, A dR olssl s30 A Ol yad Wasl, Weusl-1, 1 &l 100 Yol sual As wglds
Al AW A L A A sl ol Wetd], Retdl-2, Aol urieall ol olly Sl v cull o 8. w
dvaua B’ sl

* Now, the first player will write the number (A - B) or (B - A), whichever is positive. Let's call this number ‘C'.

8Q, WElSl-1 (A-B) Aucll (B-A), Al A olte 529 ¥ wcllolo{l vl "dol’ 3. U 2L Avllal 'C' slA.

* Next, itis the second player's turn. He/she has a choice. He/She can either write the difference between
C and A or the difference between C and B. However, if one of these differences is already written in
the list (i.e., if it is equal to A or B or C) then it cannot be written again. (All differences are to be taken
positive)

A NALSl-R oll A B. Aol WA 2 Ued B. A sl Al C Wal A Aol dslelcd Wecll C e B clAall dslelcd
Avll 23 . A WHiol As dslad AElHl udAdl ¥ AWAA sl (N2A ¥, %l A dslad A wdl B wdl C
ol AMlet ) Al A cAvll 2AsA oldl. (Ul dslalcdl tst Aclloll $3).

e Similarly, in subsequent turns, the players take turns to write a number which is the difference between

any two numbers written in the list, provided the number itself is not already present in the list.
A % A, NS As ugl As, AR, Al Avaul AU ¥ B AELHIL S8 UL A AvARD cRAA dsleld

B, ull A vl udAell el ot sl W8

®* The game ends when it is not possible to write any new number.
AR S atcl Aval cull of AL, RAUR M UHILA A B.
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® The person who wrote the last number will be the winner.
B Weltdl Becll vl AR B, A ul ™Mt Bl w2 B.

Let us look at a sample run of the game.
U WMol A5 otioll UR olxR s3I,

® Suppose, the first player writes 12. The second player has 99 choices to choose his/her number. (as the
upper limit is 100).
Rl F, Wetsl-1 12 Al B, Nettsl-2 WA dofl vl urie sal Wz 99 URied(lRA 8. (siral 3 Gucll Halel 100

}).

® Suppose, the second player chooses 16, then the first player can only write 4, i.e. the difference
between 16 and 12.
YRl %, Netldl-2 16 UE 52 8, dl WASl-1 1At 4 cull 23 B, Aed ¥ 16 w12 cRAN dslald.

® The second player then writes 8, the difference between 12 and 4. Note that the player could not have
written the difference between 16 and 4, as 12 is already in the list.
ugl Nesl-2 8 ¢l ©, 12 w4 Aol dslad. ol 5A ¥ Weldl-2 16 w4 AN dslald cull ot sl

Slct, slR0L ¥ 12 udAel » aElul slxR d.
* Now there is no possibility of writing new numbers, so the game ends with the numbers 4, 8, 12, and 16

[12, 16, 4, 8 in the order of appearence].
8 olcl vl cucllell S8 AsUAl otell, Al M 4, 8, 12 Bl 16 [ALEHL 12, 16, 4, 8 U sMs ArHl 2w

D] AvA AU AHA Ul .
® There are four numbers in the list, and here the second player is the winner, as he/she wrote the last

number 8.
ALEIHL AR AvURA B Wl AUl VEtsl-2 Q%L B, sl 3 Adl decll dvau 8 cul.

Play this game with your partner multiple times. Study the lists of numbers that you got for each game and
record your observations in the table below. For the last column, where you record the winner, mention
whether Player 1 (who chose the first number) won or Player 2 (who chose the second number) won.

AHIRL BSLER AU Bl U WY Ard 1AL Ul, €35 U HIRZ AnAcll Avaullell algloll ueud $2A. ol Aot

SR sHL AHRL WA Selo(l el 5. Dectl SletH HER, Ul dR @Bl ol 5 8, Ul GeAW A 3 VElsl-1 (A
YUH vl UdE $31) cll ¥ NElsl-2 (B ofly vl ude s31) ¥l

-, All numbersin a How man
Initial Numbers The smallest The largest y

YR(els divaydl number in the number the .sequenC('e numbgrs are
list list (in ascending there in your Winner
: ' order) the list? @B
Player 1 | Player 2 | 2 ,%Ml el ﬂl{-fél{-ll.%ﬂeﬂ Aloll oiell dveull| gl decll
Weldl-1 | weusl-2 el Hiel vl (USL sHHL) AvAAL B?
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Task 2: Predict the numbers in the list
512 2: YRHIoll Avaulle] vefHlot 5A

Let us assume that following are the initial numbers in the game. Based on these, can you predict the
numbers that you will arrive at, while playing the game?
YR 3 UAHL 230 coll AvauR o{lA Yol B. 9 AR Bojilot 53] A5l Bl ¥ A AR L AvARDL AU U 1 A

ARl YRUL 58 Avau wUad?
[Hint: If you are stuck, look at the table you just made. See if there is any relationship between the initial

numbers and the numbers in the list.]
RBc: A AR B dudl A8l A, A dR dellddt Sles . A3ulctoll Avau A YRM Avaull

S8 ol B 3, d )
1. Predict all the numbers in the list if:
YRMIAL M AvAuAle] BofHlat 5A A

i. The initial numbers are 9 and 15.
A3ulcdoll AuAuA 9 WA 15 B.

ii. The initial numbers are 20 and 9.
A3ulcdoll RAvAuA 20 WA 9 BD.

iii. The initial numbers are 13 and 17.
A3l ctoll v 13 WA 17 B.

iv. The initial numbers are 7 and 35.
A3Ulcdofl fuuA 7 e 35 D.

2. How did you predict the numbers for each example? Did you notice any patterns across the examples?

dA ¥l A wojHlot 53 ¥ €25 GELSQ HIR 5 AvaAl WAA? 9 A Al GELGONHL 518 AW Y3l ©1?

3. Now that you know the strategy for finding the list, can you predict the strategy that will ensure that one
of the players will always win the game? (Which player can adopt this strategy and always win?)
8a, dA el ¥l ¥ Al Aodal MR 58 jgUolloll UL $cl. g A Al ygUall [AARL As € ¥ As

WSl R AL RHA BA? (AL @fgRUotloll GUAL 53 52 Weusl sRa Hl 2f B?)
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Task 3: Looking for proofs of some conjectures
s121 3: 32Cls VlojHlotoll H2all Ylall %l

Some students made these interesting observations after playing a few rounds of the game:
$eclls (QaelRAN &8l alr 12Ul ULl ul RUYE UAAsal sl

Observation 1: The smallest number in the final list is the HCF of the initial pair of numbers.

WA 1: viAr aElHl Well otioll Aval A YREs Avaullell ARSIl o AL, B,

Observation 2: All and only the multiples of this smallest number up to the largest number appear in the
list.

A S0l 2 Wl olloll Avanell, Alell ML Avaul Yellotl dAHIH WA ML RISl ALElHL Buid .

1. Can you figure out why this happened with every pair of numbers?

9 A el 28l ¥ Avaulell €35 WL WA g FH 6?

Let us look at the two observations.
YA A AAAS S,

» Observation 1 says the following:
a) The smallest number in the list divides both the initial numbers.

b) The smallest number is not just any common factor, but the HCF of the two initial numbers.
UAA S 1 YHA:

a) AL Al sttoll vl ol YR(As vl @QeuRd s? .
b) Wl olloll vl W $5c AHIA v oefl, URq A YRGS duauiAlell o AL, D.

* Observation 2 says the following:
a) All the numbers in the list are multiples of the smallest number in the list.
b) All the multiples of the smallest number up to the largest number appear in the list.
Uccllset 2 YHA:
c) AtelMioll M Avau at€lui Alell otioll Avuletl dRlis B.
d) Aell oltell Avanell, Al E Aval Yellotl AMIH B HIA RSl aelHl 2w B.

2. We need to prove or justify these observations. Can you think about the ways of doing this?
WAL L AUAASAR AR sRcll wacl clwoll daclofl %32 B. 9 dR Al scllell Al [QA (Qudl as 812

Points to Ponder
o] Acll Bl el Al:

® Do all pairs of numbers allow for a winning strategy? If not, what kinds of numbers will allow for a
winning strategy?
9 Avaullell oltll RSl Wctal 1R ctul asta? B odl, Al Wctal H2 AvARlell 585 Aslall Guallol s3I asiaA?
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* What happens if you allow for first three numbers to be random? Say, by making it a three player game?
UL 5 2Rl LS AL M WS AUA A D Aol AR vl AUA 5 B, Al g UA?
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