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8.1. gfcRTed @

Euclid’s Game

HlaldT
Overview

S QT HATE A91d HIRUIANITSIAT idore driaaiar (Euclid’s Algorithm) 8T e SMURGS] TR, AT WdTd,
fereneil Yfasedl Hratae! aruRad Haw Wed TR, a- R HRUIT=AT HfhdT ST AT (conjecture) BT, Hid-
IETERT (counter example) FUI, FHTT ATHRU ATVT By Rig HROT ST BIRIASIS STHATT BN

Here is a game that is based on the Euclidean algorithm to find the highest common factor of two natural numbers.
In this game, students not only play the game making moves that correspond to steps of the Euclidean algorithm, but
also engage in doing mathematics by making conjectures, giving counter-examples, refuting conjectures, and proving
the results.

HE<dTd! a9 B B YT [G8 TR el 8 ISAievaRiTd] AedTe Uid-SaTexvl M€ SR, AT AT gehral
HRT U AT [tz gl HR1e! SRIes M7 ‘SRIGR Sfarst JATfO1 Ty g’ ATiies B e faenegi=r we
PRI ST, T ORI FIETTE AT AU Hard S&T8R0T 01 IR T ; TR I8 gablal SRadl $de
An important idea is that we need to look for counter-examples to find out that a statement is not true. As a part of this
unit, you should talk to the students and try to differentiate between a true prediction and a mathematical result. Also
discuss how in the case of establishing the correctness of a mathematical result, giving examples is not enough; while
in the case of proving a result wrong, counter-examples are enough.

3T "eehrt IeS

Unit-specific objectives

S ~ . .
* NIHY[SS ATPIAIT UTe Ul 3 0T GBS A JTHITIY TE AT HTSTI

To observe patterns in numbers and articulate the observed pattern clearly
*  IITHM AHRUITS! HfT-ISTE0T 2107

To look for counter-examples to refute a conjecture

+ IgAM g BRUYTAIST S&T8R0T YR3N AN, & A ol

To understand that examples are not sufficient to prove a conjecture

* YA ABRUYNIS! B U Uil -S&T8R0 YR 3T, & FHO Hol

To understand that just one counter-example is sufficient to disprove a conjecture

« ST S o, 31 difdhes gfakrare ol
To come up with a logical argument (i.e. a proof) in support of a conjecture

+ S WIS AT HIGUITAIS! S shHad] aoldId! (successive subtraction) 3T JfFsdl HrITde]
INICISEEESESEREL|
To understand the relation between taking successive differences and the Euclidean algorithm to find the
highest common factor (HCF) of two numbers
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foRaT Srmasye 9= @ Y YT UchIR
Minimum time required Type of learning unit
40 faferd 9 w3 A HRIGAT eI TCh
Three sessions of 40 mins each Classroom-based
STTshATRM gar
Links to curriculum
Class 6 Mathematics Class 10 Mathematics
Chapter 3 : Playing with numbers (Nov, 2022)
The concept of factors, relatively prime Chapter 1 : Real numbers (Nov, 2022)
(co-prime) numbers and multiples Euclid’s Lemma
The concept of Highest Common Factor (HCF)

JFar 71
Table T1

MNed

Introduction

SMAATSHT WSITT G ST A, 3T ATV ST WS WBUIR 3MME N, S Tdhs Jabt forer ot gt w1t aienes |

Playing games is a lot of fun. Today you are going to play a game that involves numbers, and you will find a way to win the
game, always!

>

Task 1: Play the Euclid’s game Materials
. AT G &I faemedi 9HT 8, Ahdrd. el EEs
. Blackboard, chalk and
This is a two-player game.
sheets of paper
. W T gEayTT 3.

et 1: Qo1 g D & T

The rules of the game are as follows:

o (ad L]

© YDA GoaId Y BV SRR, & Jre! 679 3], AT Walg-1 1 100 BT HIvie! U e dwn fograe

31T, IT ARG IV ‘A’ Y], AR WB[G -2 AT IMAS T 11 100 TDHT A BIViE! He fosfees. an dedian
3T B’ ¥R,

You can decide who plays first. The first player, say Player 1, writes down a number that is between 1 and 100,
including both. Let us call this number ‘A’. The second player, say Player 2, can write down another number of his/
her choice. Let’s call this number ‘B’

3T fqeneii-1 (A - B) fdhar (B — A) 3131 A ISIaTd! BRes, ST IR 6 AT A5 AT AR AU “C’ ¥,
Now, the first player will write the number (A — B) or (B — A), whichever is positive. Let's call this number ‘C.
3rrar faenef 2 o, foares yaly smed. Y € 31for A i aiTaTdh! B 3 fhaT C 3TfOT B AT aoTaTdh! &

3. HTH 3MTe5es IR ATRI RN (SR A, B fobar €), faremeli=i < Tz gea1 fo5g IR 18T (Fd SN a9
I B4, § elTd odT).
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Next, it is the second player's turn. He/she has a choice. He/She can either write the difference between C and A or
the difference between C and B. However, if one of these differences is already in the list (i.e., if it is A or B or C)
then it cannot be written again. (All differences are taken to be positive.)

© Yo IFTE Y& ATy SAAT Wodlg ATOIUTeS ! AT DIVTTE! &1 G qSTdTeh! BYart ASTers] 8 ARl
fesfeeiies. iy <t wieam ar<ied sy A1), & feneif areciies.

Similarly, in subsequent turns, the players take turns to write a number which is the difference between any two
numbers in the list, provided the number itself is not already present in the list.

« g DIAIE! A9 I SR 3/ A9, I 81 Wb Ju .

The game ends when it is not possible to write any new number.

. S Warg 2acd! I fofes, i We Rids.
The person who writes the last number will be the winner.

ST 3AT9VT BT Wes Yebal Weg UTE.

Let us look at a sample run of the game.

A, Wadlg-1 12 B WA S, TR Walg-2 B Ixesed] 99 WRATHYT AT fFag 2rehdl.
Suppose, the first player writes 12. The second player has 99 choices to choose his/her number (as the upper limit is
100).

AT WG -2 7 16 B AT Faee], TR Warg-1 8l 4 81 AT f3fees, BIROT 16 307 12 Y TSIEres! 4 Al

Suppose, the second player chooses 16, then the first player can only write 4, i.e. the difference between 16 and 12.

TR WBIg-2 & 8 B W fo5fees. HIROT 12 M1 4 Ff=h aoTares! Bedrsd ST 8 Ud. SETd &1, WadTg-2 7 16 3107
4 T AT I AU 12 B AT f3fEered! ATe!, BIR0T 12 B e ST uRgTa AT ATe.

The second player then writes 8, the difference between 12 and 4. Note that the player could not have written the
difference between 16 and 4, as 12 is already in the list.

3T, AL PIVTATET T HRT 3 faad ). A 81 W 4, 8, 12, 16 AT TFTERISR WIS (ITEKd 12, 16, 4, 8
T SHHT T I,

Now there is no possibility of writing new numbers, so the game ends with the numbers 4, 8, 12, and 16 appearing in
the list (12, 16, 4, 8 in the order of appearance).

NI TSI AR AT 31 M WRTG-2 71 BT WS B s 31 3118, BRI 3acdl 8 €1 He for fosfaedt amme.

There are four numbers in the list, and the second player is the winner, as he/she wrote the last number 8.

T FAFRIER & W B8] Wl TP dob] WM TR STesed] ATSIET IRIATH DRI AT Joet (e géies

a1 fo5gl. Aae=an RBT=aTd o el fasieama A fosgtes, 7 WasTg -1 (ST ufes! S s al) fid e fehar werg-2

(ST go=ieT W=t fas ) Rraar, d foar.

Play this game with your partner multiple times. Study the lists of numbers that you got for each game and record your
observations in the table below. For the last column, where you record the winner, mention whether Player 1 (who chose the
first number) won or Player 2 (who chose the second number) won.

Foardiean Gt RIERI) RIEIRIE) RICIGRE |
Initial Numbers waid g J4qid |t . fpelt S
. , RICICICAER e -
i e (TS HAM) fasran
The smallest | The largest . How many .
-1 WQ All numbers in a sequence Winner
@R’T{( number number T numbers are
Player 1 Player 2 in your in your 8 there in your
sequence sequence sequence?
dadr 1
Table 1
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R1eTe BooaTeR 81 e fo5g 2AbTd. |d faeneaf adics We $1e! dol WecdT-iaR, e [qenefagd ST et oy
oI TIR<IT AT WRT (FLaTH 31 BTe! I Wba =T Aol Adl. SieeT feneff T=Ty=1 W SHes 37T fhal dhelwdes
3ITEd 3R ATC e, e e W ATaqT =l Ha AB).

The teacher can also make this table on the board. After all the students finish playing the game a few times, collect
some responses from the students and fill in the table (It is fun to play the game the first few times. However, the teacher
should stop the game and start a discussion, when she feels that the students are getting tired or bored of repeating the
game).

foremeai Aoy ST dacaTd RT3 HudT ORI S7IOT AT YId: FEIHR0] (Mathematical and Pedagogical
explanations ) BT W aTeITal. fAemea =T STe! STAM YAvAATS] haodTdRies SaTex v HRel YR 3fTed T, Tl I3l 1.
Please see the section ‘Mathematical and pedagogical explanations’ before recording students' responses on the board.
Ensure that a sufficient number of examples that help generate some conjectures, are on the board.

ThoATaR e dadTd HRA3T ASIHE HTe! i fawadl &1, g Rierai= faemeafHn faemrmd, anfdr a1 srgfodara
TSRO B3 AT ATSIIAT A, TR AFAT HoodTaR fe5gT SMOT IS STl U fqenedi=r e
AT TUTAIRIAT AT el TfT-SaTER0 S d ATBRAT AS S B, & [IaRT. TEren SIgAmT Gl quraar] fadie!
IR ISt T o g 81 AT, IR ST BRI $a% Tehd Hiel-SITER0 R 31, B femeafar qevamare
Rrerepi=It fremea =T wad SRl RO 3178, e i=T @i AT Rig BRuATHTS! HicaTad Hel.

The teacher can then invite the students to look for patterns in the filled table. Ask the students to generalize the
patterns and make conjectures. Write down each conjecture on the board and encourage the students to examine
whether it holds, by generating more examples, or can be refuted by generating a counter-example. Help the students
see that verifying the conjecture for any number of examples does not amount to a proof, and that one counter-example
is sufficient to disprove a conjecture. Encourage the students to come up with proofs of their conjectures.

feremmelt ST B3 AT SMOT SIFATHIAT B BTG & ORI SATOT SeATIA oI TSR AT WRII Fi o5
e, |13 faemedl srie! SIgH Hig b, ST ATSI TSI, 37T ol Udbeh STHI BT, ATd! Al TS<ile Fell,
Some of the conjectures that the students might come up with, and the ways to handle these are discussed in the section
‘Mathematical and pedagogical explanations'. However, it is possible that students come up with conjectures that are
not listed here. In this case, take the conjectures one-by-one, verify, refute or prove the conjecture as the case may be,
and familiarise the students with these processes.

S el 2: TTEYI Tgian sigrT givol
Task 2: Predict the numbers in the list

FHOT YR FodTdi ] AT YETSIHTO] 37Ted. AT AT WS WA T T4 BV T Adies, Tl JfaTot

IR AT IS B2
Let us assume that the following are the initial numbers in the game. Based on these, can you predict the numbers that you
will arrive at, while playing the game?

(FAT: IR ST ST el AT T TBT. Goard el HeT 0T AT Icies el JiedTd Hle! Hae ATe B, < T&T).
(Hint: If you are stuck, look at the table you just made. See if there is any relationship between the initial numbers and the
numbers in the list.)

1. GRS | R 3T ST Ok

Predict all the numbers in the list if:

. goariredn AT 9 3107 15 3Aciles

The initial numbers are 9 and 15
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i goariiedn AT 20 30T 9 ciies

The initial numbers are 20 and 9

iii. goaTciredT AT 13 01 17 3¥Aclies

The initial numbers are 13 and 17

iv. godIcred] A 7 AT 35 i

The initial numbers are 7 and 35

2. YU ISTBRUMITST Bl T AcHIes, AT Jral SISl T GieTes] ? AT SSTERVITHE J¥BTes] Dlal 3picrad fades H1?
How did you predict the numbers for each example? Did you notice any patterns across the examples?

AR e AT HReT AT (e =l DI GRYT IR S, AT TR T Ha AT, TAATS! DIal Hodl
TOTCTRT STOT eI A WEIHRY ' HeY [SFedT 3MTed. HUAT I ARATH D1
The teacher then can engage students in a discussion on how they can justify that their strategy for finding the numbers

in the list will always work. Please study the section *Mathematical and pedagogical explanations’ for suggestions/ideas
on how to lead this discussion.

3. 3T, AT FASUITTST BV GIRT ATIRTI 31T, B el hodes T8, J¥e! I BRI IAPTSH B, ST IT e[ T84
Uehd WRTG A FThe3 ? (DI WRTG & HIRYT ATaRa T84 7 3l ?)
Now that you know the strategy for finding the list, can you predict a strategy that will ensure that one of the players will
always win this game? (Which player can adopt this strategy and always win?)

O RT STTfOT STeATU-Ifaych TqIcheul

Mathematical and pedagogical explanations

fhar AR ST TAgT ST, Wt AEHIGA TR Hheds] SSTeyl, § AT i IR 3me. a1
WS oI &I AT qTdIDI B, Wb Yehal fhdl SI-aT WebedT-aR [Aenei=T e Jrald Pl Heel
I BN, T SEI AS BIN. TR UTeN [Aeneaied] S8l Sard A B T WK AT AT AT WebTe]
FodTi] MaScred] A=l SISIaR e . P iaae MY ARTedaR, Fodle el H&edl Sirerdl
TG 31T AT fosfacye SReuT IieaTd HIal <11 dle! Fde 3], Bl Tl SefTd Ad.

The activity helps the students engage in some fundamental practices of mathematics, such as observing patterns,
making conjectures, verifying or refuting the conjectures, and so on. The novelty of the activity is in seeing how
mathematical ideas emerge in the context of the game. The game begins with a simple task such as subtraction of two
numbers. At the end of one or two games, the student begins to grasp that the process leads to a finite sequence of
numbers. Moreover, one starts figuring out that the numbers that emerge in each game depend on the choice of the
initial pair of numbers. After looking for patterns, the students will realize the connection between the HCF of the
initial pair of numbers with the list of numbers obtained.
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fremeiean geiqT ge smoyear Mg MR Hetd SrRaquarre!, faeneil 8 e e faaR 6 AbhdI
ST T STHT BT 37 bl & Yo faesod 38, T Jegfawyeh gl (Possible pedagogical discussion)” aT
I B8] JFATS TIEIHROT HRITes 3. T ToATS! B! FaTe! bored] ATed.

To understand the mathematical significance of the students' responses, we consider below the different ways of
thinking that students might exhibit and propose some conjectures that they might come up with. In the pedagogical

discussion column, we provide explanations for some of the conjectures, and suggestions to lead the discussion.

faremeat=h e

Students’ observations

YT JHIAATAD =t

Possible pedagogical discussion

o

AT Faid A3t W ST W= SIS e
AIS! TR, Sle el AR 31Ted.

The largest number in the sequence is the same as
the largest number in the initial pair of numbers.

* GRARIT SIS iTe AST WA &1 acudd e iies daid Aot
T BT RTE, © foemeain fawmy.
Ask for the reason why the larger initial number remains the
largest number in the list till the end.

« TR T: feoyed 1 R SITI0T thek doTTaTeh! el TSI
S [HBTeses STR YoaT <] HRRYET T8H I B8l 31
Explanation: As we are subtracting numbers in consecutive
steps within the set of positive integers, the numbers obtained
will always be smaller than the largest number in the initial pair
of numbers.

AT Ad AT AT TS AT ST A
ST S,

The list contains only the multiples of the smallest
number in the final list.

GERIIRI ) SR F<TeNU dURYT UleTd ol .
Ask to verify with other examples in the table.

« TETS Ui -SSTex GRTdT I &I, o faamrRT.
Ask whether they can come up with a counter-example.

« 7 PRI Tl FqEIHRl B 31 b3, o =T

Ask for the reason why this is the case.

iR GRedId el SiTSid, SR Uh el ga=dl
TR U 3N, AR TSI T AT SIS Ielies
G IR U id .

In the initial pair of numbers, if one of the
numbers is a multiple of the other, then the list
contains only the multiples of the smaller initial
number.

Te1., Goariredl SIS 7 30 35 3T,
TS AT 7 =1 Ueid fag T A

E.g.: For the initial numbers, 7 and 35, the
sequence obtained contains only multiples of 7.

- [remeaf, v A gERT WA UC BIsG RM HIE
AT WG S ST FiT 31 URid dodl 31
e P, J TSI TSI i
Ask to take a few more initial pairs of numbers, where one is a
multiple of the other and verify that it works every time.

* YfI-JQEROT NG AT [TAMIAT AThRAIS, MM e
NI AT, ATS I T AT TfT-ITERT 7 ST o
Rrg T 99aT I T, I faeneaiaRiar gt Hrogrard)
&1 Ueb el 3w
Look for a counter-example — a set of two numbers which will
refute the above conjecture. This is an opportunity to discuss
whether not finding a counter-example amounts to a proof of
the conjecture.
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feremeat=h frdteror

Students’ observations

[T eAIAfATIS Tt

Possible pedagogical discussion

SR godiredl G 9e-q (co-prime; Tl
AMTS S [AHTSTE 1 3RTAT) AT AT I e
1 I oAl SSkiles AiceT Hqdd |d
AT A

If the initial numbers are co-prime (i.e., 1 is the
only common factor), then the list consists of all
the numbers from 1 to the larger number in the
initial pair of numbers

* GoATiTeAl SIS 8 -Hes HRAT 3AiIe3 32T BIel SiTSAT T
3IOT TP ol 3T TSl I, o UEl.
Ask to take a few more initial pairs of co-prime numbers and
verify that it works every time.

* YfT-JQIER0T I AT SITAMIAT AThReIS, MM S
2AMETTST AT, AT S5l AFATIGT Tcl-ISTERI 7 fesTedrd o
Rrg SITeaTa 99T A5 T, I faemeafaRiaR gt Hruarars
EAGIECIS IS
Look for a counter-example —a set of two numbers which will refute
the above conjecture. This is an opportunity to discuss whether not
finding a counter-example amounts to a proof of the conjecture.

SR Geai T SIS Ides A&ATal AHTgd [HTSTd
d 3N, TR TSNS Fald SaT AT d 3T

If the initial pair of numbers has a common
factor, d, then the smallest number in the list is d.

- ST =1, 1 B AHIEd fqueid shie © (et sera
ASHd, ™ ATl UM AT JAGAMMET Fraon o fene
GoaTird! Sire! FeU[ WE-Hod HeeAT HUIR T8l
Note that students may not consider 1 as a common factor, and
therefore while testing this conjecture they might not have co-
prime numbers as the initial pair.

* ITd FebIRH! SATURT BTET TR0 BT M FAD debl 3R
TS B, J Tel.
Ask to take a few more examples of a similar kind and verify
that it works every time.

« SITSKNE SIFel AT TS DIVl AHTS D [JHTSTS 31 B,
d AR, SAFTHE BIET 986 HRIAET 31T B, I faemeaia
feraRT (3&TTdl BT, & STgAT e A8, Y] GaTciiesl 12 o7
16 T AT ITT, T Qe ! AT AHTS D [UTSTd 2 BT S
3MTe. UNq B e 3ffe A fead Are).

Ask whether the two numbers in the pair have any other
common factor. Ask them whether they want to modify the
conjecture. (Note that the conjecture in this particular form is
not true. When we start with the initial numbers 12 and 16, 2 is

a common factor of both numbers, but does not appear in the
final list.)

- faemegier, Iidies Haid oe 9l & Sieikia Il
AT S TSI SRIA BT T T TS BTal WY FiTdT
I3 BT, I feneafHn foam.

Ask them if there is anything special about the common factor
that is the smallest number in the list.

* YIS Fatd SeT A1 81 Ueh W ATHTs & [I9ToTdh 61 378,
T foamR &R,
Think about why the smallest number in the list is this particular
factor.

RIS 2Age < STFAT faeneaf+ f&e! R et srgAm e Ued SrgaT Aisvarare! faeneaian aieariad &x1.

If the last three conjectures above have been articulated by the students, encourage them to come up with one
conjecture that will include all these three conjectures.
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feremeat=h fdteror

Students’ observations

[T eAIAfATIS Tt

Possible pedagogical discussion

« 2 g 9201 JIFATIRN Sd Bl a1 SIFHATIAT gabid 3,

The smallest number of the sequence is a

o . o & NI d Tl
9"_"1'?'”:'5 ‘H‘“f' (;'ﬁ\SH ST =l gedidi Find out if this includes or contradicts any of the above
YT HTHIg D [JHTSTD Gﬂﬁ conjectures.

common factor of the initial two numbers.
AThIRT.

* STFHIT JITY Asald "IiSl, 6-IjHI"II‘C|hI AT TS dTesl fehal STFHTA

Refine, verify, or refute the conjecture.

IIeliles qaid S AT B goariredl &l | « & A oz ST Sobd B ax=aT AT gasd 3vad,

RESIEIGRIEECKEE < Ug.
The smallest number of the sequence is the HCF | Find out if this includes or contradicts any of the above
of the initial pair of numbers. conjectures.
dFIT T2
Table T2

e : SieeT ferenefl wrie fFReror febam SrgaT ArS T de@T a=ITaa] ATy AT Hied T8I, AT JFHT WE BIVITS!
feremea = e v faaRa d I T e HiS Ul IR 3. JTATS! BIVRITE! (MR Ugd 18], 31T WY A& |

HiSuITATS! RIeThiTa Afdd T PRI SIS, YHal JFAT WEU Jiscs Bl [emeaf Qe qaar qurarae!
fhar O g PlerIa! fhal Iy =TT AISHST T, ATged! TR 8 31 ‘Rig’ &4 axal 3, IR faar

HRUITT 3.

Note: When students come up with observations and conjectures, these may not be articulated clearly enough. The
teacher may need to rephrase, and ask clarifying questions to make the conjectures precise. There cannot be a standard
instruction for this, and the teacher will have to think of ways of clarifying. Once a conjecture is formed, ask the

students to verify, refute, or refine it. The next step is to think of a proof.

pelt 3: T AT Rigen argot

I> Task 3: Looking for proofs of some conjectures
BIE! faeneai= 81 We Woed R BIe! Jad FR1ero) Aigach! 3.

Some students made these interesting observations after playing a few rounds of the game:

FYeror 1: AT Aald S W §1 GRARIT SIS e HReTe! JRAT(d 3T

Observation 1: The smallest number in the final list is the HCF of the initial pair of numbers.

frfieror 2: Freiciles 4 v a1 A fa SeT He] uc ATed. T YT e ST AU AIeT S el e

REEEELCICEIENE

Observation 2: All and only the multiples of this smallest number up to the largest number appear in the list.

1. AT YD SIISITS! 31 BT B, ATHG JRBTAT BIal AR IS Pl7?

Can you figure out why this happens for every pair of numbers?
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91 S fFRIeTvTiaTad <l Bl
Let us look at the two observations.

«  fderor 1 3 AT,

Observation 1 says the following:

a. RIS Gaid e IR Goari =T SIe! TRFHT 1T Sl Il
The smallest number in the list divides both the initial numbers.

b. HaAld BB AT &l B AHTS S [AHTSTD ATe!, IR Fodli el &9 Al J1d 3.
The smallest number is not just any common factor, but the HCF of the two initial numbers.

«  fderor 2 3 AT

Observation 2 implies the following:

a. IIEKiTe Fd AT T Gl S AT 4T AFT.
All the numbers in the list are multiples of the smallest number in the list.

b. ATEIITes Td HRAT T Fald ST W] ST L. T AT e T AU HIS] GRATRI e A=l

Td gl 3red.

All the multiples of the smallest number up to the largest number appear in the list.

AIATHT &1 FR1eT0] Rig BRI JATed. JreTeT Blel A1 Gadrd 1, o (58l

We need to prove or justify these observations. Can you think of the ways of doing this?

et faeneaferiar ==l Hroarrd] 4o faoses b a1uxa arebdid AT faem g droarard] #ad $a .

The teacher could use the reasoning given below to guide the discussion with the students and to help them arrive at
a proof.

frteror 1 o1 : At wala G WA o<l Sivel A1 WRT o1 A4,

Observation 1a: The smallest number in the list divides both the initial numbers.

ferdteror 1 31 = Rigan :

Proof for Observation 1a:

& TRTATCT, STET TV TS AT A GO AIST H=AT B 7Y T (B - A) BRI, A1 (HBTe5 o] AT B Uell SeT
ST, JATIVT S AT TS+ GoaTd Bl AT HAISHT HRYT GeT TN Ioll R AT H&AT ST, AT
AR e R GHARIT SIS k3 AIGHT ARIUETT BET AT,

For positive numbers, whenever we subtract a number A from another (larger) number B, the result is less than B.
Given that we start with two initial numbers, and form subsequent numbers by subtracting the smaller from the larger,
all the numbers will be smaller than the largest number in the initial pair.

T WTA MYV F 0T HeAT fIaRTe O TR, Yol TR W JATIRMIT fdal. e e afd S e
STUT 3D 3T MMIOT <1 HAT 1 317 2l fham 1 Uedl AIST 31 2l

Since we are not allowing negative numbers, the game has to stop at some stage. So there exists a smallest number in
the list, which may be 1 or a number greater than 1.

ATeeiies Hald SeT W S A1, FIRIT07 1 37) TH10, S AT W A ATMOT B AT SIS! HRI T 91T <l Al

Let us call this the smallest number S. If we call the initial numbers as A and B, A being the larger of the two numbers,
observation la claims that S divides A and S divides B.

T2 YT § 7 AT B &1 9 S & Rig .
Let us first prove that S divides B.
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o

ST I &RT, S IT W& B BT | ST AATe!, M1 B BT S 7 AT (ST k 1! el
Let assume S does not divide B.

TWRB=nS+k;k<S ---—-- YRR I aTIRa JATehes THIBRUT, AT k B ITh! 313,
Then B=nS + kwithk<S§  ------ By applying the division algorithm with k as the remainder.

TR S B AT T AR, U B — 1S IR H@Toses! AT ATEN 3RS --- S AT HRIST ‘n AT U 3MMeses] AT B
HYA TN HeITIR ATTATHT aXTes FHIDBRUT s
But S belongs to the list. So B - nS will also belong to the list --- we get this by subtracting S “n times” from B.

UM B - nS = k &1 AR o] UTSol, TR k < S AT § & AT ald ST HeAT 3MTe.

So B - nS = k also belongs to the list, but k < S and S is the smallest number in the list.

T 312, S 7T B BT 9 S 81, & 3MTUe3 JeIdd gobld 3178, FUreid S IT W& B &1 W1 <l Idl.
That means our assumption that S does not divide B was wrong so, S divides B.

ATIHATN, S IT AR A BT | <1 1, T IMMIATS] SRIIT U, T8 S BT A 3707 B I AHIS & (AT 3718,
Similarly, we can show that S divides A as well. So S is a common factor of A and B.

fieror 1 9: wata e S € Bad AMs S [AVeTe A1El, IR Geariie g9 G A9 .

Observation 1b: The smallest number is not just any common factor, but the HCF of the two initial numbers.

ferdteror 1 9 =t Rigam:

Proof for Observation 1b:

g HRUIYE! 90T Y&ies e Rig &<,

Let us prove a statement before we proceed with the proof of Observation 1b.

e (1): IF S A S RveTs 14 A duEagE Mato e S@eT e,

Statement (I): A common factor of two numbers also divides their difference.

TS, SR g AT WA C 307 D AT S8 WA W 1 I S AT C > D, TR C - D AT RS g 7 9T STl
i. e. If g divides C and D and C > D, then g divides C - D.

faremamen Rigar (1): ¢ =1 =1 C AT D A1 /I S # [,

Proof of Statement (I): g divides C and D would mean,

SR, C=rq M D = tg; v t & YOI MM AM 7T £ > 0

WNC-D=rq-tq=(r-t) X q

Let C = rq and D = tq for some integers r and ¢ > 0
So,C-D=rg-tq=(r-t) x q

3T g 1 C - D ST 91T <l A<l fhdT d¥TeoT 2T C 3107 D Jiea BRebIATE] g BT AHISD [JHIST 3ATe.
So, g divides C - D and hence is a common factor of the difference between C and D.
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Coming back to observation 1b

ST HBTY, ATYUT G I HAT TS+ FodTd o] 0T AT S Ive ] A AFTS D [GHTSTD g S, TR ¢ -1 AT ISETD I
3MesedT TS W Sl A1, AN & 919 Rig Bl &) Worea ufeen o ks o) dweatan amEs
fa4TSTeh g 3T, I UTRIRTER, ATS IS DIV <)) Qe TR SIS aTuRes! STl SATOT AT aSTTaTeh I T HeT
A, SR g B AT A1 W] SIS 1 AHIS D [GHISTD IS, TR g B T4 AT [THISTS 1. ATaRa Goari <l
A 37T B T AT TETEIT AR W] STTd 315, ) T I+ AT, INTST S Weld, d A¥ei=T Wi STidT, ary
gsT el T 312, A 37107 B AT WS & [A9TSTd S ATel f[aTsTd 19l

Thus, if we start with two initial numbers and g is a common factor of both, it is also a common factor of their
difference. This ensures that g is a common factor of all the three numbers in the list after the first step of the game.
At every subsequent step, a pair of numbers is taken from the list and the difference written down as a new number.
Thus if q is a common factor of the existing pair of numbers, it is also a factor of the new number. This ensures that if a
number is a common factor of the initial numbers A and B, it is a factor of all the numbers in the list, including S. That
is, any common factor of A and B, divides S.

U, AT A AT B AT AT FH1d d G d 1 S BT 9N STl B d < S. |/, ST A AT B ATARE S
TS D [GHTSTD 3TTE, B ST HTE I 3Te (FR1ETor 1.37). = S < d Iramd 31 § = d.

So, if the HCF of the initial numbers A and B is d, then d divides S and d < S. However, we know that S also is a factor
of A and B (Observation 1a). Hence S < d. Therefore, we have S = d.

ferdteror 2 31 : ITNS Hd AT AT HATd S G IS 3.

Observation 2a: All the multiples of the smallest number up to the largest number appear in the list.

ferdteror 2 31 =ht Rige : § 3 A arive 3R 3nfor A 8 S = ue 3.

Proof for Observation 2a: S belongs to the list, and A is a multiple of S.

WA, A = fxS
So, A = xS

ST, S AT A = fxS, Ielel JTaId L.

Now S and A = fxS§ are both already in the list.

AT fxS - S = (f - 1)S G&T TSI 3ATR.

So, fxS -8 = (f- 1)S is also in the list.

AT (f- 1)S - S = (f - 2)S G&T TSI 37TS.

Similarly, (f- 1)S - S = (f- 2)S is also in the list.

SRR (F- 1)S, (- 2)S, (f- 3)S, ..., 38, 28 GET ATGIA MG

Continuing like this we can see that, (f- 1)S, (f- 2)S, (f- 3)S, ..., 3S, 28 also belong to the list.

Fteror 2 9 : IS AT SRUAT GET W<l |d Ue! (g Jard.

Observation 2b: All the numbers in the list are multiples of the smallest number in the list

Frteror 2 3 ATt Rig et « FReroT 12 =01 RAETE aTuReses feTT aTu=ee STIcATeT S Bl Haid el HeeT f¥asc 3ffor
RIRICINICERIEASICIGIRERIR N

Proof for Observation 2b: Using the same argument used in the proof of Observation la, we get that the smallest
number, S divides any number in the list.
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8.1. Jlared @®

gfFeTSAT hrdfaeliar Jeey
Relation to the Euclidean algorithm

A, A0 W H 98603, AIGa] AT Bl W] ol HRUAGSH, A0 AIST AT S H&d]
BIVRIE! UC TSIl b 3bal AOT =T YRIRIER, ST UT qTR eS| 3ATe AT STIaTebi ST Hee fHesTedT JiTed, iak
< fopar v arddl. TS Jfasedl BRIde! TN, AT 81 W A Jfdssdl drIas) B2l HH HRd, o
HTIATEHT AHTe3 D17

Imagine you change the rules of the game:

Instead of subtracting the smaller number from the largest, you could subtract a multiple of the smaller number
from the larger. And then in the next step do the same with the multiple used and the number remaining after the
subtraction. This, then, is the Euclidean algorithm for you! So, can you see why the game and therefore the Euclidean
algorithm works?

fa=meTa duar=ar arelt

Points to ponder

1. AT BIOCHS! STre! aTaa RThdT A B17? TAUT, AT BI0TT STl aTIR STdhdl A5ch ?
Do all pairs of numbers allow for a winning strategy? If not, what kinds of numbers will allow for a winning strategy?

2. AT BT W I ST a3 WSS SATVT A1 AT B GodTd Bhodl IR B BlS e ?
What happens if you allow for the first three numbers to be random? Say, by making it a three-player game?

5 PARKEICICEISSIC
Terms to discuss

Process of mathematics, conjecture, counter example, reporting a conjecture, etc.

o TICEECIERISI]
& Suggested Readings

« Euclid's Algorithm I: https://nrich.maths.org/1357/index
« Euclid's Algorithm II: https://nrich.maths.org/1728
« Eudlid's Algorithm III: https://www.cut-the-knot.org/blue/Euclid.shtml

deof
References

o Euclid's Game: https://www.cut-the-knot.org/blue/EuclidAlg.shtml
o The optimal strategy in Euclid's game: https://math.stackexchange.com/questions/754461/optimal-strategy-in-euclids-game
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