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Euclid’s Game

Introduction
SITICATHT BT U ST A<l TS AT 3T WS WRUIR TR, Sl TP Aol [SThuATATST Joel AT 2ATeTes |

Playing games is a lot of fun. Today you are going to play a game that involves numbers, and you will find a way to win the
game, always!

s T 1: For T B e

Task 1: Play the Euclid’s game
1. AT WS & faemefl 9T O 3. P, W, PII

This is a two-player game.

2. WoTd am qESHHATY 31T,

Materials

Blackboard, chalk and
sheets of paper

The rules of the game are as follows:

YoTesT FoeTd Y&H DIV PRUMR, B I 3 b, T WG -1 11 100 el HIUIHE Teb aiTeh Hee fossraret
3ITE. AT RIS IV ‘A’ T U], AR Woblg-2 TN TGS 17 100 Yl G HIUie! G fo3fees. a1 ddes
3T ‘B W

You can decide who plays first. The first player, say Player 1, writes down a number that is between 1 and 100,
including both. Let us call this number ‘A’. The second player, say Player 2, can write down another number of his/
her choice. Let’s call this number ‘B’

31T farermedi-1 (A — B) fobaT (B — A) 3121 i ITTTeh! R es, ST IR G AT A565. AT AT AT C w0
Now, the first player will write the number (A — B) or (B — A), whichever is positive. Let's call this number ‘C.

317t ferermelt 2 Woves. Rrearers gyt ared. <ff C 31for A I asTraTes] e 2rehd fehar C 3TIfOT B A= qoiiaTeh! e
3l HIH ATeres IR TTa I AN (SR A, B fobd1 ©), freneii=i & dear g1 fo5g A0 ATe (e S o
AT BN, & &I odT).

Next, it is the second player's turn. He/she has a choice. He/She can either write the difference between C and A or
the difference between C and B. However, if one of these differences is already in the list (i.e., if it is A or B or C)
then it cannot be written again. (All differences are taken to be positive.)

Y5 3T Y Fleg ST WRTG ATSITOM T Iies DIVIATE QI HRATH ISTaTes BRa [Haleses! o Al
fosfeies. A= <Y <ive ArdiHed sneflurga ATe), © faenef uredie.

Similarly, in subsequent turns, the players take turns to write a number which is the difference between any two
numbers in the list, provided the number itself is not already present in the list.

ST IR T T {301 7Ry TS, I8l 81 Wad HUe.

The game ends when it is not possible to write any new number.

ST YT gl T [o3fe e, <t Wes T
The person who writes the last number will be the winner.



ST SATAVT BT Wes Yehal Weg UTE.

Let us look at a sample run of the game.

HHS, Walg-1 12 B WA [S5Eed, TR Walg-2 8 Iesed] 99 WRATHYT AT g 1.
Suppose, the first player writes 12. The second player has 99 choices to choose his/her number (as the upper limit is
100).

AT WG -2 7 16 B AT aea!, TR WRTrg-121 4 8 AT f3fees, BRI 16 307 12 I TSIEres! 4 A

Suppose, the second player chooses 16, then the first player can only write 4, i.e. the difference between 16 and 12.

TR W@lg-2 B 8 Bl AT (57803, PRI 12 AT 4 ATl SSTETDT o™y SR 8 Ucl. SHE BT, WebTg-2 7 16 AT07
4 T ASTETe I AVIRY 12 &1 T fesfEoyes! e, IRl 12 B e Sefurg< a1 e,

The second player then writes 8, the difference between 12 and 4. Note that the player could not have written the
difference between 16 and 4, as 12 is already in the list.

ST, 2 DIUTITET T AT AT [SHT ATE]. AT B WS 4, 8, 12, 16 T AATERIGR UG (TT&Id 12, 16, 4, 8
T B T I,

Now there is no possibility of writing new numbers, so the game ends with the numbers 4, 8, 12, and 16 appearing in
the list (12, 16, 4, 8 in the order of appearance).

NI ATEIT IR AT AT ANV WRG-2 7 BT Wb (b I 8. BRI Aae] 8 B Fe&T I (e el a1rs.

There are four numbers in the list, and the second player is the winner, as he/she wrote the last number 8.

e FAFTERIER 81 W Y8l Wal. AP do] Wd I TAR SATesed] ATardl ATH BT 10T g FRIerr gl

T fo5gT. Aae=ar RBT=aTd ofe) el fasiedma A fosgtes, 7 WasTg -1 (ST ufes! S Fasal) fida fihar werg-2

(ST g=ieT W fas ) Rraet, I foer.

Play this game with your partner multiple times. Study the lists of numbers that you got for each game and record your
observations in the table below. For the last column, where you record the winner, mention whether Player 1 (who chose the
first number) won or Player 2 (who chose the second number) won.

>

e RICIGi RICIGi AT THT
Initial Numbers Wald @M | |aid Jet N forett
|| Rre || (eagear gy JTe? -
The smallest | The largest . How many .
-1 @ET?'Q All numbers in a sequence Winner
@Fﬂi number number Fresgahaal) numbers are
Player 1 Player 2 in your in your § there in your
sequence sequence sequence?
dagdr 1
Table 1

el 2: TEYAI Hegian sigr divo

Task 2: Predict the numbers in the list

FHYT YR GodTd ] AT YISO 3Te. AT AT Wod W™ JHedT ATa Il HIvTed el ciles, rel SHaTo]

T qiEdT IS H17
Let us assume that the following are the initial numbers in the game. Based on these, can you predict the numbers that you
will arrive at, while playing the game?
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(AT STR QAT ASAT Je! IG5 AT AT UBT. Tl e AT 10T AT i Tes HRT AT bIe] Hae TS I, < UeT).

(Hint: If you are stuck, look at the table you just made. See if there is any relationship between the initial numbers and the
numbers in the list.)

1. GRS | T 3TSl ST Ok :

Predict all the numbers in the list if:

i, godrirel AT 9 M7 15 3Aches

The initial numbers are 9 and 15

i, goariredn AT 20 30T 9 <ies

The initial numbers are 20 and 9

iii. goarciredT AT 13 TfO1 17 3¥Aclies

The initial numbers are 13 and 17

iv. godTcirea] AT 7 AT 35 i

The initial numbers are 7 and 35

2. AP ITBRUIS] DIVIT R Acies, AT Jral QTS BT 3T ? T SQTERVITHE] JFaTa3l Blal i f&des B1?
How did you predict the numbers for each example? Did you notice any patterns across the examples?

3. 3T, AT THBUATATST BIVI HIRVT ATIRTI 312, B PRI Hedes T8, Jral 3 TR VT AT BT B, SR AT Wl 184!
Vg Wl T T3 ? (B0 WRTg & HIR0T ATIRa TH! 1 3l ?)
Now that you know the strategy for finding the list, can you predict a strategy that will ensure that one of the players will
always win this game? (Which player can adopt this strategy and always win?)

S el 3: AT AT g urgol
Task 3: Looking for proofs of some conjectures
PIE! femeai= 81 W Woed-aR BIal Iad (ARIeTr Aigde] .

Some students made these interesting observations after playing a few rounds of the game:

frieror 1: IS wala G W 8 geari =l SiTSkiie AeTal J91d 1.
Observation 1: The smallest number in the final list is the HCF of the initial pair of numbers.

et 2: AN |4 W A1 WAl ST ST U] ATed. THd ITe e ST AU AIeT SR GET AR

RER TG RIS A

Observation 2: All and only the multiples of this smallest number up to the largest number appear in the list.
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1. AT IS SISITS! 31 &1 i, ATHE JRBTAT Blal ATl IS BI?
Can you figure out why this happens for every pair of numbers?

IS QI FRIeToTiaread =4 B

Let us look at the two observations.

o fdteror 1 o AT,

Observation 1 says the following:

a. JTEKIS Hald BeM A& Foarii<al SI-e! Fegi=1 9 o7 Al
The smallest number in the list divides both the initial numbers.

b. AT BB W1 &1 e AHTS D [AHTSTD ATe!, TR GeaT =T &1 HReg i@ FHTfd 3.
The smallest number is not just any common factor, but the HCF of the two initial numbers.

o fderor 2 1Y AT

Observation 2 implies the following:

a. KT Td AT T G S A=T 4T AN
All the numbers in the list are multiples of the smallest number in the list.

b. JTaKiIes qd HRT T FA GBI HRI2T YS! ATed. T e e S8l AU HIS] TR B8l A<l

T g 3.

All the multiples of the smallest number up to the largest number appear in the list.

2. IS &1 RIET0r g BRI AT, JFeTT HIel A1 Gadid B, o (58l

We need to prove or justify these observations. Can you think of the ways of doing this?

fa=mera duar=ar arelt

Points to ponder

1. AT BIOCIS! STt aTaae R A B17? TAAT, AT BI0TT STl aTIw Tdhdl A5ch ?
Do all pairs of numbers allow for a winning strategy? If not, what kinds of numbers will allow for a winning strategy?

2. FHST BT W I ST a3 WS ATVT A1 AT B GoaTd Bhodl IR B Blg e ?
What happens if you allow for the first three numbers to be random? Say, by making it a three-player game?
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