Vigyan Pratibha Learning Unit Euclid's Game

LU 8.1 Euclid’s Game

e v

Overview

AlcIdl

Here is a game that is based on the Euclidean algorithm to find the highest common factor of two
natural numbers. In this game, students not only play the game making moves that correspond to

steps of the Euclidean algorithm, but also engage in doing mathematics by making conjectures,
giving counter-examples, refuting conjectures, and proving the results.

&I A TH AT HAIT BIEUIrRITS=l idss drIldeidar (Euclid’s Algorithm) BT W& JMIRG S 31Tz,
a1 Word, faenel gfdaedl draas! aued dae Wed AR, ) 01 Rravaren ufhar S/ STHe
(conjecture) BTGTT, TI-IETERYT (counter example) U1, ITTAT ATBRUT AT Fspy g BRI gearal

PRSI AT BT

An important idea is that we need to look for counter-examples to find out that a statement is not
true. As a part of this unit, you should talk to the students and try to differentiate between a true
prediction and a mathematical result. Also discuss how in the case of establishing the correctness
of a mathematical result, giving examples is not enough; while in the case of proving a result
wrong, counter-examples are enough.

TE<daTl 919 81 Bl ‘TGl fIge WX A8 8 TSAIUIRITS! Yoo Ui -SeTgNT 3NeTd ST, AT 1T
gehTal I T 3acdTe feneafzi g HR1El STiles for “SRIeR 3farel 3or il yRums” Ireiies
WS AT WE wR1ET SRIe. d9d TR g ST JurFar B Sa1exvl 9Ul Y T9d;
TS fIeT FdhId SRAAT hdes Udh Tiel-IaTev0T SUR! Q¥ SR, JTdl Tl HRIdT AN,

Minimum Time Required: Three sessions of 40 minutes each

Juférd fHa™ 9 : 40 Rifrei=h d9 w3

Type of Learning Unit: Classroom-based
ST YT hTd WRY : e HRIGAT AT TP

Unit-specific objectives:

Y HThTdl S

+ To observe patterns in numbers and articulate the observed pattern clearly
HEIHTS AR TS 0T TN ISBI ST AThcTee WE T HISUl

» To look for counter-examples to refute a conjecture
STJHTA ATHROITATS] Qﬁf'\iCQIENUI ATV

+ To understand that examples are not sufficient to prove a conjecture
AT G HRUYTTST ITERY YRl ATEId, & FHGA Ul

+ To understand that just one counter-example is sufficient to disprove a conjecture
AT ATHRUATATS] hefes Ueh Ufcl-SETER0T G 3T, & FHG &0

+ To come up with a logical argument (i.e. a proof) in support of a conjecture
AT QeI fYoses, STAT dlfdheh JfeRTars Brol
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» To understand the relation between taking successive differences and the Euclidean algorithm
to find the highest common factor (HCF) of two numbers

ST IR ciIes AT BISUITATS] HHAIT (successive) TSI 3TN Jfaedl BRI Ikilcs Hag
LENGREL

Links to Curriculum
RIRTHATN g

NCERT Maths Class 6 Chapter 3: The concepts of factors, relatively prime (co-prime) numbers and
multiples; The concept of Highest Common Factor (HCF)
NCERT Maths Class 10: Euclid’s Lemma (Chapter 1)

Introduction

Mo

Playing games is a lot of fun. Today you are going to play a game that involves numbers, and you
will find a way to win the game, always!

IMICITSHT WA GT 7SI Acl. 37T AT 3T WD WRUIR BN, Sl TAD Jos RTvarare! gwel dm
3MNeTes |
Materials Required : Blackboard, chalk and sheets of paper

AIfE: b1, &g, BIIG

Task 1: Play the Euclid’s game
gv_cﬂ 1: @WW@E

1. This is a two-player game.

AT GBI QI femefl Wi 9 3T,

2. The rules of the game are as follows:

WoTd 9 YA JATed.

I.  You can decide who plays first. The first player, say Player 1, writes down a number that is
between 1 and 100, including both. Let us call this number ‘A’. The second player, say
Player 2, can write down another number of his/her choice. Let’s call this number ‘B’.

GBS AT J2H DIV BRUMR, & el 8xq BT, I Weolg-1 7 1 100 U HIUATE! T
T wee s e, a1 AT T ‘A’ Y], IR WRTg-2 T s = 1 100 Tat
SR BIVIIET W fesgies. AT el 90T ‘B’ &,

Il. Now, the first player will write the number (A - B) or (B - A), whichever is positive. Let's call
this number ‘C'.
3T femedi-1 (A - B) fdhar (B - A) 31301 I aSlIard! Ve, ST SR G W1 Iged. Al
HEI ] A C’ F8 .

lll. Next, it is the second player's turn. He/she has a choice. He/She can either write the
difference between C and A or the difference between C and B. However, if one of these

differences is already in the list (i.e., if it is A or B or C) then it cannot be written again. (All
differences are taken to be positive.)

a1 faenell 2 Woves. for=arars Ui 3frgd. <t 'C” 3MMfOT ‘A” I TTaTeh! e 2rdbed fdhal “C” 3TfoT
"B’ Il ISTETah! da 31dhd. HIH 3Teses SR ATaId ST (SR A, B fdhar ©), femeli=i <t w=ar
g5 fo3g B UIR AT (Hd ST G RIS Bl B ST o).
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IV. Similarly, in subsequent turns, the players take turns to write a number which is the

difference between any two numbers in the list, provided the number itself is not already
present in the list.

W AT Y3 T Saa] WAG ST ATEII DIoedTal S HATH] aollaNed] Hea
ArwTeses! g Hee forgicles. A1 <l SR AT el JMETuRgT< 18!, & faenefl urgdies.

V. The game ends when it is not possible to write any new number.

SiegT BIIe! T GxeT fose ol 3/ o5, deg] 81 Woo U,

VI. The person who writes the last number will be the winner.

Si Warg 2Agedl W1 fogles, o) W ST,

Let us look at a sample run of the game.
3ATCT 3MYTT BT Wb Thal W3 UTg.

Suppose, the first player writes 12. The second player has 99 choices to choose his/her
number (as the upper limit is 100).

FHS, Woblg-17 12 B AT SIS, TR WD -2 B S5l 99 WAL HAT g el

Suppose, the second player chooses 16, then the first player can only write 4, i.e. the dif-
ference between 16 and 12.

FAG Walg-2 7 16 B A& Fassl, TR Werg-1 2l 4 8 A= f3dlss, BRT 16 A7 12 It
TSTETHT 4 .

The second player then writes 8, the difference between 12 and 4. Note that the player
could not have written the difference between 16 and 4, as 12 is already in the list.

TR Wlg-2 & 8 B AT fo38e. HIROT 12 AT 4 i TOIETD] BedT SR 8 Udl. ST =T,
YRrg-2 1 16 301 4 AT GOIETDBIG AR 12 & AT fFelores! A18l, SR 12 8 |
SILIEISEERICINECIES

Now there is no possibility of writing new numbers, so the game ends with the numbers 4,
8, 12, and 16 appearing in the list (12, 16, 4, 8 in the order of appearance).

3T, T PIVIATET T AR T (ST TR, TS BT WS 4, 8, 12, 16 IT AR IER HUSH
(TSN 12, 16, 4, 8 AT AT FEAT AT).

There are four numbers in the list, and the second player is the winner, as he/she wrote
the last number 8.

XY AT TR AT 3Tl MV Wedlg-2 7 B W [Tborest 2. BRI 2Aqel 8 & FeT o
fesgiell e,

Play this game with your partner multiple times. Study the lists of numbers that you got for each
game and record your observations in the table below. For the last column, where you record the
winner, mention whether Player 1 (who chose the first number) won or Player 2 (who chose the
second number) won.

T FAAERIER B W JBIYa] W, TP do] WM TAR ST ATS T RATH BT JATOT Tt
e gelles daana fossT. 2ige=ar Iab=urd i Jrel faoicdre A1d {38, 19 WasTg-1 (SAT Ulges! |
Faea!) Nide fha Terg-2 (S gaiel 4@ Fase!) e, o foer.

Initial Numbers The smallest|{The largest| All the numbers in|How many | Winner
*i*’q'dn'w' ] |number in the|number in the|the list (in|numbers are | faordr
list list ascending order) [there in the list?

Player 1 |Player 2 \qrdicies  |afd|ITaidles  |ald | ITaidies 9d WRegT| A€ Qpor  fabedl

LB[g-1 [HBTg-2

FEA T IS A=A (TET HHT) RECHEC IS
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The teacher can also make this table on the board. After all the students finish playing the game a
few times, collect some responses from the students and fill in the table (It is fun to play the game
the first few times. However, the teacher should stop the game and start a discussion, when she
feels that the students are getting tired or bored of repeating the game).

31eTeh BoodTeR BT T (58 2AbeId. W [dermedi=l a¥ies Wa HIe! dob] WBTR, BIel [denedihg T IR
fAresa ATfOT BeogTaR=aT TedTe HRT (FLaTdIAT BTl ddT Wedel 1 Fl Udl. Sieg] faerell g=1g-ar We

SHO) TR fhdl SheTaes 3MTed 314 d1c e, deg] RIeTehi Wes ATaq Fal B AD).

Please see the section ‘Mathematical and pedagogical explanations’ before recording students' re-
sponses on the board. Ensure that a sufficient number of examples that help generate some con-
jectures, are on the board.

et faores! ST dacama wRugTaedt ST ORI 37O Srearuifayae WEIhIU (Mathematical and
Pedagogical explanations) BT WIRT AT2Td. fqeei=T BTl STTHT FAVARITC! hooddRles SETaxvIidl Hedl
N AT A1, AT AT BRI,

The teacher can then invite the students to look for patterns in the filled table. Ask the students to
generalize the patterns and make conjectures. Write down each conjecture on the board and en-
courage the students to examine whether it holds, by generating more examples, or can be re-
futed by generating a counter-example. Help the students see that verifying the conjecture for any
number of examples does not amount to a proof, and that one counter-example is sufficient to dis-
prove a conjecture. Encourage the students to come up with proofs of their conjectures.

HoodTaRl e daedTe ARy HISIHEN BTl repicray fawdl &1, g Rierei=il faemeafHr feemrd, afor ar
3P ITEET AR B A AISIIS] ARG, T AFAT HaodTdR (58T AT S I&Texul
TS foeneaiar A I TUraR—IST AR fhar I -[eTexor 98 d ARl s B, B faaRT. vEren
AT FFAT TATHAT foheliel Iarevyl &l a1 o g 81 181, U 319 AThRIIBT Hdd UHd
TfT-IETeR R 34, & fqemeair gevaraet Rierew = fqeneafer #aa wrul, TRoid a1re. faenegfr
T AT g OIS ATt o,

Some of the conjectures that the students might come up with, and the ways to handle these are
discussed in the section 'Mathematical and pedagogical explanations'. However, it is possible that
students come up with conjectures that are not listed here. In this case, take the conjectures one-
by-one, verify, refute or prove the conjecture as the case may be, and familiarise the students with
these processes.

fremell ST gAT S AeATd JATOT JAFATTIAT B BIATSAT & ORI SO SyeATIA TS T BROT IT AT
Hifircres arme. A3 faenefl aiiel srgar Alg 2B, St ATald B, 372l do! Ybdh AFATT BT, T
A TSl 9T, DRI fhdl Rig &1, 3130 Uishdiaes faeneafi =i o
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Task 2: Predict the numbers in the list

Pelt 2: AT eiTes AT TSI Tieqol

Let us assume that the following are the initial numbers in the game. Based on these, can you
predict the numbers that you will arrive at, while playing the game?

HAGT WA FodTe T H&] ﬂEﬂWSTI%H T AR Wes WesedTd Il ITaid HIored] HT
Acies, T ST el dierdl A5 D17

(Hint: If you are stuck, look at the table you just made. See if there is any relationship between
the initial numbers and the numbers in the list.)

(GAT: W W ST JRe| Sxdesedl el UeT. JodTciredl WAl 0T AT Icies AT T Hre!
HeY TR BT, o UBT).
Predict all the numbers in the list if:

A3 Td W TS ATl SR

1. The initial numbers are 9 and 15
GoaTde] HT 9 AMM0T 15 AT

1. The initial numbers are 20 and 9
GO HT 20 AT0T 9 ST

2. The initial numbers are 13 and 17
GO HT 13 3107 17 AT

3. The initial numbers are 7 and 35
godTcired] AT 7 JAM0T 35 AT

4. How did you predict the numbers for each example? Did you notice any patterns across the ex-
amples?
JAD SETERVITATS] DI T Aciles, YT Gl SIS BT diEfed] ? AT SExUHe JwTe] Bie)

AP iaay fades H17?

The teacher then can engage students in a discussion on how they can justify that their strategy
for finding the numbers in the list will always work. Please study the section "Mathematical and
pedagogical explanations’ for suggestions/ideas on how to lead this discussion.

IR et Ireicdies ¥n g faenedi= SIvd gk 9uRe, AT JeTdR Il B Adhdld. dadre!
BIEN BT ' TIOIAI SATfOT SeTg7iayaes W<yl ' 9] faosedT iTed. U1 T 3R 6.

5. Now that you know the strategy for finding the list, can you predict a strategy that will ensure

that one of the players will always win this game? (Which player can adopt this strategy and
always win?)

3T, AT A TTRATST I SR 0T ATaRTI 318, & eI Daves T8, Tl 34 LRI HiY DTS B,
ST AT YR 84! Ueohd WeoTg Aeldl foTher ? (PIVIT Walg & HIRUT gTu<a 841 fofgp 2rehall ?)
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Mathematical and pedagogical explanations

Tforch 3nfor sreamafasTe wEtwwor

The activity helps the students engage in some fundamental practices of mathematics, such as
observing patterns, making conjectures, verifying or refuting the conjectures, and so on. The nov-
elty of the activity is in seeing how mathematical ideas emerge in the context of the game. The
game begins with a simple task such as subtraction of two numbers. At the end of one or two
games, the student begins to grasp that the process leads to a finite sequence of numbers. More-
over, one starts figuring out that the numbers that emerge in each game depend on the choice of
the initial pair of numbers. After looking for patterns, the students will realize the connection be-
tween the HCF of the initial pair of numbers with the list of numbers obtained.

aRIes el faerrei= M= Yoy Uish e SaTexvnef JThirae SNEul, JFHI Sigol, AT Fegdl
AT fehdT ATHRUN ST e g Sadld. Wl AT O] HheddT IS, B IT Pl
ARree 3Te. I Weard! YA QIF Gl TSETbI Bld. Wb Yhal fhdl SIal WeedTaR faermei=r
T AT BIOTT AT AS BT, B ST A S, T8 UgTe f[Iemedi=ar 28! S&rd Ad &l T H
Woord W= W& I Wered] GRaiiial Maseied] Aeiied] Sielar Jdag . bl
NS FIRTAITIR, oI AT Sre T A1 0T AT (SfEeredn HRT AT<aTd Brel 1 blel
T AT, BB T ST d.

To understand the mathematical significance of the students' responses, we consider below the
different ways of thinking that students might exhibit and propose some conjectures that they
might come up with. In the pedagogical discussion column, we provide explanations for some of
the conjectures, and suggestions to lead the discussion.

frenegt=a =g ge arroyean fleron iRl Hewa srgquarrdt, faenefl &3 deatear ger R w@
FehITe SATIOT T STTAT BT MY ABI, & o [aosed 8. “HHI FegIawae =4l (Possible peda-
gogical discussion)” IT T HIal JATATTI TETHRYT HiRTcTes AT, THY TAAIS] BIEl GaTe! dhosed]

3.

Students’ observations Possible pedagogical discussion

feremeat=h fArdteror AT JFI ITID ==l

The largest number in the sequence is|l. Ask for the reason why the larger initial number
the same as the largest number in the remains the largest number in the list till the end.

initial pair Of_numbers-_ _ FEAI=T SIeiile AISl |l 81 Aacudd Jeiiie
Al Falq A1 W S | qafq A we o1 v, § et R,

SISl AIST AT, Siels! AR 8.

Il. Explanation: As we are subtracting numbers in
consecutive steps within the set of positive
integers, the numbers obtained will always be
smaller than the largest number in the initial pair
of numbers.

WHIHROT: fderedT o= F&ATE] 390 B aofTdTeh!
B ATEI. IS HBTIer IR GodTei el AIUEl

TEHd &aTd .
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The list contains only the multiples of the
smallest number in the final list.

Ireldles gd AT A1 Ml gdid e

AT g AT,

lll. Ask to verify with other examples in the table.
SERINI LAX dalexUl dUIX{d Yleld ol SIS

IV. Ask whether they can come up with a counter-
example.
TS UfT-SETER0 AiTdl I3 &, o faamRT.

V. Ask for the reason why this is the case.

T RISV QT WETHR B 31 b e, o (@,

In the initial pair of numbers, if one of the
numbers is a multiple of the other, then
the list contains only the multiples of the
smaller initial number.

U1 Wl UC 3@, dR ARKIG dd
E.g.: For the initial numbers, 7 and 35,

the sequence obtained contains only
multiples of 7.

3., GodIirdl SIrSId 7 3701 35 3T,
ST T 7 21 ueid fayg I,

VI. Ask to take a few more initial pairs of numbers,
where one is a multiple of the other and verify that
it works every time.

foeneian, ve dw ga-a1 Sl ue 2SS IR el
oI ATl SITSAT ST il 3AT01 Jddh dodt

AT T DI, d TSR UTSTISAT .

VII. Look for a counter-example — a set of two
numbers which will refute the above conjecture.
This is an opportunity to discuss whether not
finding a counter-example amounts to a proof of
the conjecture.

I -IETERT 3NET: AT JFAMIST ATBRATSS, F2AT SIS
AYRIAT T, ARSI AFAFIST TT-ISTeR0T A
oo 7 g s 99dr Isa BI, Il
faremeafaRIaR o=t HRUITST B Ue el 3re.

If the initial numbers are co-prime (i.e., 1
is the only common factor), then the list
consists of all the numbers from 1 to the
larger number in the initial pair of num-
bers.

SR gedldidl A&l Hg-Ja  (co-prime;

AT A D [THTSTR Had 1 31d) A=l

IAN AR 1 UG godrdr]

CC-BY-SA 4.0 license, HBCSE, January 2024

VIII. Ask to take a few more initial pairs of co-prime
numbers and verify that it works every time.

AT SIS He-qo A&l AdIes A3 Plal
STr=T =7 3101 U das! 39 Ts<l I, o Ugl.

IX. Look for a counter-example — a set of two
numbers which will refute the above conjecture.
This is an opportunity to discuss whether not
finding a counter-example amounts to a proof of
the conjecture.

TfcT-SETERUT 2MT: AT AFATIS] ATBRATeS, AT ST

MAIST AT, ASST FTAMTAT UfT-IETER0T 7
oo 7 g s 9Fdr s BI, Il

feneaieRIar =t HRUATATS! B U el 31Te.
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If the initial pair of numbers has a com-
mon factor, d, then the smallest number
in the list is d.

SR Goardrdl SiSkiles WG AHsd
faHSTed o 3 e, IR Takile |did Ber
T o 3.

X. Note that students may not consider 1 as a
common factor, and therefore while testing this
conjecture they might not have co-prime numbers
as the initial pair.

eI B0, 1 B AMIsd [q9ISTe e © faernearr
SeNd Aserd, AW AL FWUH AT AT Araol]
a1 faenedl goariEl St T Je-Ho Jl UuR
eI

XI. Ask to take a few more examples of a similar kind
and verify that it works every time.

I THRT! AT Blal SSIER0N &7 AT UAH dbt
INT Tsd BT, I IgT.

XIl. Ask whether the two numbers in the pair have
any other common factor. Ask them whether they
want to modify the conjecture (Note that the
conjecture in this particular form is not true. When
we start with the initial numbers 12 and 16, 2 is a
common factor of both numbers, but does not
appear in the final list)

SISIdes Sl AT 315 BV AMTgDh TSI
3 T, I fIaRI. SITAMMEY BTE! 9463 BRI 378
BT, J I fTART (SE &1, 8 [ qI AR
3MI0T FHaTIST 12 37T 16 AT AT U1, AT Qal
ATET IS [JHISTH 2 BTl T8, UNY B Al
aiferd I faa ).

XIlll. Ask them if there is anything special about the
common factor that is the smallest number in the
list.

foemeat=r, ardiaear wafd J8@ 9= & SekS
IR IS d QYIS STTd BT MM AT IRAIE S
BTl WY I s BT, o foarT.

XIV. Think about why the smallest number in the list
is this particular factor.

I Faid S8 AT 8 Uh W ATHTsd [d9ToTh

BT 31T, IraT faaR B,

If the last three conjectures above have been articulated by the students, encourage them to
come up with one conjecture that will include all these three conjectures.

RGB! gl i A faenegi fae! av el srgam A U AT Aievarard! faeneaian
EIRSHEN )
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The smallest number of the sequence is a|XV. Find out if this includes or contradicts any of the
common factor of the initial two num-| above conjectures.

bers. T UM aR=ar TRl Jod & avel SIHA]
AT Faid BeT AT B Goard =T g1 B ST, J e,

NI CIRIE ?355 fHTST 31T XVI. Refine, verify, or refute the conjecture.
SIFHTT YT Asq]d Hisl, &jHldlﬂ‘\l AT Ysdlool
IEEICHEIEEICINS

The smallest number of the sequence is|XVII. Find out if this includes or contradicts any of the
the HCF of the initial pair of numbers. above conjectures.

YIS Faid e AT 81 goari=ar - | 7 [der avedl gAriRn Jad Bl avedl TgHHI]
HET AT 37 gabId SR, < gl

Table T1 dddT T1

Note: When students come up with observations and conjectures, these may not be articulated
clearly enough. The teacher may need to rephrase, and ask clarifying questions to make the con-
jectures precise. There cannot be a standard instruction for this, and the teacher will have to think
of ways of clarifying. Once a conjecture is formed, ask the students to verify, refute, or refine it.
The next step is to think of a proof.

iq: SieeT faenedi @i el fdhar srgar Jiedrd et sTaaT Y1y AT Hisd ATl Ao AFAT
W BIYrrd] faemeai gad we faaRd d Ay FiHed AUl IR 3. 16! DIvRire! i
Ugd T8l A WE AR AL HSUIrRITS Riereh=ra Afeies YT BRI SHdIer. Yebal A WEI0]
HiSes B! fenegi=r el Aeaar JUrRIS fhdl o Wigd SIerde] fdhar A1y AreaTd AISIe] AT, Arged!
IR B A RIg H HRAT U565, TR fIaR HRUITET 37l

Task 3: Looking for proofs of some conjectures

Fell 3: BIEL STTAMTE Rigar urevr

Some students made these interesting observations after playing a few rounds of the game:

Pre! faeneai 81 Uo Waed ax dlel dd FRIET0l Aiqdcs! 3.

Observation 1: The smallest number in the final list is the HCF of the initial pair of numbers.
rgor 1: IS Gaid e A1 81 o el SIS dies S&aTdl HATd 3.

Observation 2: All and only the multiples of this smallest number up to the largest number ap-
pear in the list.

rfteror 2: Idiles @d A a1 Hald @8 A= Ul AR, aHd AR BB AU HIST

1. Can you figure out why this happens for every pair of numbers?

AT AR SITSIATST 31 B e, ATHGH] TBIG] BIe! AR IS D17

Let us look at the two observations.
9Tes &I FRIEvTiaTed =) S,

I. Observation 1 says the following:

fYetor 1 3Ty A,

CC-BY-SA 4.0 license, HBCSE, January 2024 9
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a. The smallest number in the list divides both the initial numbers.
TSI AT GBI WA AT T QIve! AT 41T ST Ul
b. The smallest number is not just any common factor, but the HCF of the two initial numbers.
Hald S AT &1 Had AHTgD [AHISTdh 181, TR GdTi el &I Heedial HATd T4,
Il. Observation 2 implies the following:
N GNPERESIEGE
a. All the numbers in the list are multiples of the smallest number in the list.
AT Ad AT T HaTd BeT &2l ye! rdrd
b. All the multiples of the smallest number up to the largest number appear in the list
ATEIeiIes |qd W1 T [l & A<l USh 3ed. ddd AEHE FeM ARG HIo]
RIS A 9d Ueiedles 3Med
2. We need to prove or justify these observations. Can you think of the ways of doing this?
IS 81 FFR1eT0r g BRII 318 d. JFaTal dIel AT Geadrd &, d fosr.

The teacher could use the reasoning given below to guide the discussion with the students and to
help them arrive at a proof.
Rieres faeneaiaRIer Tl HRuAe! 4e fSoies T aruss ardbdrd S A g HRuarme! Aqd &%

QAhdld.

Observation l1la: The smallest number in the list divides both the initial numbers.
frteror 1 31: IS FaTq ST AR Gardi =T SI=e! AT 9T <ol Adl.

Proof for Observation la:
fordYeror 1 o1 <t Rrga:

For positive numbers, whenever we subtract a number A from another (larger) number B, the re-
sult is less than B. Given that we start with two initial numbers, and form subsequent numbers by
subtracting the smaller from the larger, all the numbers will be smaller than the largest number in
the initial pair.

& IS, STeg] AT el W&l ‘A” GaRI HIS! |1 ‘B’ HYH o1l (B - A) BRI, JeaT [HToresl Wl
‘B’ U&Tl BB 3. 3MUU SN AT UHd FodId DRl MMM HAISAT ARG SB[ HRAT IOl HRd
SNMIITAT HRT AT . TS R e] Hd AT GLaTi =T e lies Ao AIYET SaT .

Since we are not allowing negative numbers, the game has to stop at some stage. So there exists
a smallest number in the list, which may be 1 or a number greater than 1.

T WA 3ATAVT HVT W& [TaRIT O THR, Tl TWITaR Wed IMUIRNIE Aiqal]. R JraHed Faid
BT TN T2 AT JATIOT <1 T 1 31 FTehl el 1 UelT AIST 31 FTehel.

Let us call this the smallest number s. If we call the initial numbers as A and B, A being the larger
of the two numbers, observation 1a claims that s divides A and s divides B.

e Idios Adid oval AT s AT N, s AT gl G adl Idl.
16107 1 1) I, s T AR A 70T B AT AT

Let us first prove that s divides B.
YT ST s = T ‘B’ BT I STl B Rig 3.

Let assume s does not divide B.

ST EId &RT, s AT AR ‘B’ ST HRT ST ATE1, AT B BT s 7 W (ST k 1! [Howdl.

ThenB =ns + kwithk<s  ---—-- By applying the division algorithm with k as the remainder.
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WRB=ns+ k; k<5 ... TTTHRTA I ITIRT 3TTeves THIBRT, AT k B T 3T,

But s belongs to the list. So B - ns will also belong to the list --- we get this by subtracting s “n
times” from B.
U s B WA 11 38, T B - ns’ UL MH@Te5oll AT TGN 3A........ s TN TAS] ‘0 BT UL

T3] AT B HYT ISlT hodTdR AT dRIch FHIDHRYT e

So B - ns = k also belongs to the list, but kK < s and s is the smallest number in the list.
U B - ns = k GG ATSI 3! TfESt, U k < s AT 5 B ATl Fald SeT G 318,
That means our assumption that s does not divide B was wrong so, s divides B.

T 31, s B S W ST 181, & 3MTes Yl el 318, UIoTd s AT A& B AT T el il
Similarly, we can show that s divides A as well. So s is a common factor of A and B.

ATAYHATON, s AT TR A ST HIT <1 AT, 281 AIATH] SIGad] Iss. FUH s B A AT B I AT H
[CRISERSIE

Observation 1b: The smallest number is not just any common factor, but the HCF of the two ini-
tial numbers.

teror 1 9: Galq e AT € Bl M D [AHTST ATe!, TR GRaTdiidl &9 A&ial HId 3172,

Proof for Observation 1b:

fr&teror 1 g A Riga:

Let us prove a statement before we proceed with the proof of Observation 1b.

g PRl 31avT geiies fum fig o

Statement (I): A common factor of two numbers also divides their difference.

faET (1): S AT AHTs D [AUTSTd QI ST oTaTbIg [HaTesed] A&IeT [aHrTd!.
i. e. If g divides C and D and C > D, then g divides C - D.

WIS, SR q I1 I C AT D AT SI81 FRGHT 9T <l A 3145 AT C > D, TR C HYT D IoT bl
3T (C - D) IT @5 ARSI g -1 AT STl

Proof of Statement (l): g divides C and D would mean,

faemrR Rigam (1): g = &==1 ¢ 3711 D i1 9T 7,

Let C = rqg and D = tq for some integersrandt > 0

T 372, C = rq 3T D = tg; rd ¢2 TUTIh AT 30T 7 >0
So,C-D=rg-tg=(r-t) xq

WUAC-D=rg-tg=(r-1) xgq

So, g divides C - D and hence is a common factor of the difference between C and D.

AT g (C - D) &1 HI <cll AT feharl diTeed 3R Tl C AT D AT BRebTaTe! g B WIS D [qHTSTD 313
Coming back to observation 1b

31T 3179 ke 1 9) FS TR A

Thus, if we start with two initial numbers and g is a common factor of both, it is also a common
factor of their difference. This ensures that q is a common factor of all the three numbers in the list
after the first step of the game. At every subsequent step, a pair of numbers is taken from the list
and the difference written down as a new number. Thus if q is a common factor of the existing pair
of numbers, it is also a factor of the new number. This ensures that if a number is a common factor
of the initial numbers A and B, it is a factor of all the numbers in the list, including s. That is, any
common factor of A and B, divides s.
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33T U, 3MIUT G AT UH Gard hel 301 IT G181 TRl A D [A9TSId g 39S, OR g 7
QAT JSAETDIGT ATesed] ARIAT HRT <l Idl. AT & 919 Rig B &1 Weored] uizedl g
I o= Ieuiar A s fA9Sie ¢ 3)Ial. e URINIGR, ATeldies BIvk dx) Tdh A Sirst
IR ST AT T FSIATDIGA T F&T e . SR g B AT AT S&A1<d] el AHTgd [GHISTS
A, TR q B T =T [IHTSTD 3. JTa AT =aT A 31101 B IT FRGHT YETel TR HIT S
IS, TR T A& ARSI, ITTET s FeId, Fd FIHT 9T STl I gel Ao, Jrama ared, A 31for B

I AHTe® [AYTSTd s TTel fauTsTd ITdl.

So, if the HCF of the initial numbers A and B is d, then d divides s and d = s. However, we know
that s also is a factor of A and B (Observation 1a). Hence s = d. Therefore, we have s = d.

FU, oI el A 31101 B IT Wi AT o SIS d = s &1 W Sl WU d < 5. 414, s BT A AT B

AT TS [THTSTS TR, B ATYeATe] HTeld 3MTe (FRIET0T 1.37). %[ s < o Irama 31 s = d.
Observation 2a: All the multiples of the smallest number up to the largest number appear in the
list.

frteror 2 31 ITEies Ad =T A1 WAl SaTe IR Ut 3R d.

Proof for Observation 2a: s belongs to the list, and A is a multiple of s.
friteror 2 31 A Rigan: s € e arcived aiR 8nfdT A & s ot ue orR.

So,A=fs

BUT,A=fs

Now s and A = fs are both already in the list.

AT, s MM A = fs, Tlela] ITSId TR

So, fs - s = (f- 1)s is also in the list.

T fs—s = (F—1) s G&T & Id 3=,

Similarly, (f- 1)s - s = (f- 2)s is also in the list.

I (F~1)s — s = (—2) s &T IS 3712,

Continuing like this we can see that,

(f-1)s, (f- 2)s, (f - 3)s, ..., 3s, 2s also belong to the list.

3R /TS (—1)s, (F2)s, (F3)s,......35, 25 GET ATEIT IHNS.

Observation 2b: All the numbers in the list are multiples of the smallest number in the list

fiteror 2 9: Arices Arsw AT Ge Wedr ¥d g &g Ad.

Proof for Observation 2b:
Using the same argument used in the proof of Observation 1a, we get that the smallest number, s
divides any number in the list.

fArdteror 2 9 At Rigar: fFeT1 1a =1 Rigaardt arRores faem™ aTue JMUATST s &1 Fdid ohard aeT
e omfor <t I Ta AT faurm.

Relation to the Euclidean algorithm

Imagine you change the rules of the game:

Instead of subtracting the smaller number from the largest, you could subtract a multiple of the
smaller number from the larger. And then in the next step do the same with the multiple used and
the number remaining after the subtraction. This, then, is the Euclidean algorithm for you! So, can
you see why the game and therefore the Euclidean algorithm works?

S, 3T WesTd {79 qeeres. IS AT e WA IS DU, STI0T HISAT A ST
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HEE! PIVATET UT qoT B bl AT Y&=dT URIRIER, St IS TR 312 AT qoTarhiqd Sl HeT
AreTedT 31ed, [iaR A4 fohal & Fdhdl. ATSTd Yfased! Brafde! FUdI. T 8 Wa AT Jfassdr
HTATTST B2 B B, O MITATST AHSTS P12

Points to ponder

fraRTa v 916

1) Do all pairs of numbers allow for a winning strategy? If not, what kinds of numbers will allow
for a winning strategy?

T Fd ST araa- fSdhdT Id 12 THIT, ST BIVT SiTe! aTaa- foTahdr dso5?

2) What happens if you allow for the first three numbers to be random? Say, by making it a
three-player game?

FHST BT WS o1 ST0Ti1 e WSS AT < AT 831 FodTd bl Ok BT B h?

Terms to discuss:
FEEKEICICECEIGE

Process of mathematics, conjecture, counter example, reporting a conjecture, etc.

TIOTATE Ui, ST, UiT-SaT8vol, AT TiRide Afec qor.
Suggested Readings:

P qrEERITS!

I. Euclid's Algorithm I: https://nrich.maths.org/1357/index
Il. Euclid's Algorithm II: https://nrich.maths.org/1728

lll. Euclid's Algorithm lll: https://www.cut-the-knot.org/blue/Euclid.shtml
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