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Introduction

Mo

Playing

games is a lot of fun. Today you are going to play a game that involves numbers, and you

will find a way to win the game, always!
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Materials Required : Blackboard, chalk and sheets of paper

Al b1, T, BHIG

Task 1: Play the Euclid’s game
Pt 1: Qo1 AT @

1. This is a two-player game.

T WoTd S faemeft 4R €9; FrdhdTd.

2. The rules of the game are as follows:

BT a9 GEISTHT 3772 d.

You can decide who plays first. The first player, say Player 1, writes down a number that is
between 1 and 100, including both. Let us call this number ‘A’. The second player, say
Player 2, can write down another number of his/her choice. Let’s call this number ‘B’.

WHTHT Goald Y2 DIV PRUR, T el o%g Adhdl. I WRrg-1 71 1 1 100 UPHI BIVRIE! U
FqfiTes Wt fosgTerd aite. A1 AT 1T *A’ T, TR WTg-2 TN TSl 1 100 Uebt

SO BIUIE] G fergles. a1 AIel AU ‘B’ w80,

Il. Now, the first player will write the number (A - B) or (B - A), whichever is positive. Let's call

this number ‘C'.
afrar faenefi-1 (A - B) fddr (B - A) 3130 IcHH ISTaTdh! BN, M@ SR g9 W1 I565. Al
HEI ST AU C’ F8 ],

lll. Next, it is the second player's turn. He/she has a choice. He/She can either write the

difference between C and A or the difference between C and B. However, if one of these
differences is already in the list (i.e., if it is A or B or C) then it cannot be written again. (All
differences are taken to be positive.)

31raT faemelf 2 Woves. foredTes gy 3. o “C” AT ‘A” A IoIaTdh] e AT fhdT C” 3T
"B’ Il ISTETeh! a3, HIH 3Teses SR ATaId SR (SR A, B fdear ©), femeli=i <t w=ar
78T [o5g ABUIR ST (Fd SN & SRAIS] §I<, 8 SET 3.

IV. Similarly, in subsequent turns, the players take turns to write a number which is the

difference between any two numbers in the list, provided the number itself is not already
present in the list.

W AT e dT Sadl Walg MBI AIGiTe HIVATE! GIF HATd] IO B

AreTeses! g Hee forgicies. |13 <l SR AT el JMETurRg< 18!, & faenefl urgdies.

V. The game ends when it is not possible to write any new number.
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SIegT BIe! T GReT fose ol 31 A9 e5, deg] 81 Woo UUeh.

VI. The person who writes the last number will be the winner.

Si Warg 2Agedl W1 fogles, o) W ST,

Let us look at a sample run of the game.
AT 3TTYYT BT Wb Uhal W UTg.

Suppose, the first player writes 12. The second player has 99 choices to choose his/her
number (as the upper limit is 100).

HHS, Wolg-1 12 B AT {FEIS], TR WG -2 B IResed] 99 TR HAT [+ag 2rehel.

Suppose, the second player chooses 16, then the first player can only write 4, i.e. the dif-
ference between 16 and 12.

A WRG-2 7 16 B T Faea], TR WIg-1 81 4 B AT [58les, BRI 16 3MMOT 12 It
ESICICIPRRH

The second player then writes 8, the difference between 12 and 4. Note that the player
could not have written the difference between 16 and 4, as 12 is already in the list.

TR Walg-2 & 8 B AT f38e. BRI 12 AT 4 i IIETD] BedT SR 8 Udl. ST =T,
YRrg-2 1 16 30T 4 JTeAT GBI AR 12 & AT fFelores! Ar8l, SR 12 8 |
SIEIEISCERICIGECIES

Now there is no possibility of writing new numbers, so the game ends with the numbers 4,
8, 12, and 16 appearing in the list (12, 16, 4, 8 in the order of appearance).

3T, I PIVIATET T AT [T (G TR, TS BT WS 4, 8, 12, 16 TN IRYEARIER HUSH
(TSI 12, 16, 4, 8 AT SHHATH HEAT AT).

There are four numbers in the list, and the second player is the winner, as he/she wrote
the last number 8.

Ve AT TR AT 3Tl MV Wedlg-2 7 B W [Tboredt e, BHRUI 2Ade= 8 & FeT o
SRS

Play this game with your partner multiple times. Study the lists of numbers that you got for each
game and record your observations in the table below. For the last column, where you record the
winner, mention whether Player 1 (who chose the first number) won or Player 2 (who chose the
second number) won.

T FAAERIER 81 W JBIYa] W TP dod] WM TAR ST ATS T RATH BT ATOT ot

e gelies daeana fosT. 2ide=ar Ia=urd i Jrel faoicdrd A1d {38, A9 WasTg-1 (SAT Ufge! Hn
Faea!) Nide fha Terg-2 (S gadiel 4@ Hase!) e, o foar.

Initial Numbers The smallest|The largest|All the numbers in|How many | Winner
*i*’q'd‘\'w' T |number in the|number in the|the list (in|numbers are | faorar
list list ascending order) [there in the list?

Player 1 |Player 2 \qrdicies |afd|Imaldles  |ald | ITaidies 9d WRegT| ATald Qpor  fabell

LRg-1 | WBg-2

FEA T IS EE=Al (TET HHM) e AT ?
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Task 2: Predict the numbers in the list

Pelt 2: AT eiTes AT TSI Tieqol

Let us assume that the following are the initial numbers in the game. Based on these, can you
predict the numbers that you will arrive at, while playing the game?

HAGT WSHR FodT ] H&T ﬂ_cﬂw\m%ﬁ T AR Wes WesedTd Il ITaid DI HT
Uciles, AT IETST JFeTel T ASed Bl?

(Hint: If you are stuck, look at the table you just made. See if there is any relationship between
the initial numbers and the numbers in the list.)

(FAT: Weo Wad T ST JR| Sxdesedl el UeT. JodTciredl WAl 0T AT Iies AT Tl Hre!
HeY TR BT, o UBT).
Predict all the numbers in the list if:

A3 Td Wi AT ATal SR

1. The initial numbers are 9 and 15
o aTde] HT 9 AMM0T 15 T

1. The initial numbers are 20 and 9
GO HT 20 AT0T 9 ST

2. The initial numbers are 13 and 17
GO T 13 107 17 AT

3. The initial numbers are 7 and 35
godTcred] AT 7 0T 35 AT

4. How did you predict the numbers for each example? Did you notice any patterns across the ex-
amples?
YD SETERVITATS] HI0TT T Aciles, YT Gl TS BT diEfes] ? AT STexviTe JwIe] Bie)

AP iaay fades H17?

5. Now that you know the strategy for finding the list, can you predict a strategy that will ensure

that one of the players will always win this game? (Which player can adopt this strategy and
always win?)

31T, AT FHBUITATST BIvI HIRU] ATIRTI 3778, & JeTAT Dees 8. Jrel 3R GIRUT HiY ADTe P,
ST IT WS TeH! Thd WaTg Add e ? (HIVTdT WTG & SR 0T argee g1 K7 Faai?)

Task 3: Looking for proofs of some conjectures

it 3: HIET IFHH Riger argvr

Some students made these interesting observations after playing a few rounds of the game:
Bre! fqeneai= 81 Ue o a) el Iad (MRIefo) Aigdel fTed.

Observation 1: The smallest number in the final list is the HCF of the initial pair of numbers.

frigor 1: IS Faid e G 8 godrredl SIS dies S&aTdl HATd 3.
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Observation 2: All and only the multiples of this smallest number up to the largest number ap-
pear in the list.

rfteror 2: Iiles W A A1 Hald S8 AT U AR, aHd AR e AU AT

1. Can you figure out why this happens for every pair of numbers?

AT D SISIATS] 314 BT 3w, ARG JFaTS] Blel ARl U5 Dl?

Let us look at the two observations.
UIe & FRIeTared a4 B
I. Observation 1 says the following:
fYeTor 1 1Y A,
a. The smallest number in the list divides both the initial numbers.

AT Faid SeT G Godiredl Qlval SRFHT HIT <l Il

b. The smallest number is not just any common factor, but the HCF of the two initial numbers.
g1 GBI G Bl Ba AHTS S [q9TSTd ATe!, IR FoaTd el S+ T AAd 379
Il. Observation 2 implies the following:
frdYeTor 2 o1y AT :
a. All the numbers in the list are multiples of the smallest number in the list.
TSI Ad AT IT FaTd SaT A=l Ue! 3™Iard
b. All the multiples of the smallest number up to the largest number appear in the list
IEkiies | AT IT Fald S A=l Ue! Ied. aud AR GeM ST Aol
HRRIT BE Al 94 Ueiqdle 3ed
2. We need to prove or justify these observations. Can you think of the ways of doing this?
JMITAT &1 FARIET01 g BRI ATl JFRTAT Bie! A1 Fadld o, o fe5al.

Points to ponder

fraRTa v 916l

1) Do all pairs of numbers allow for a winning strategy? If not, what kinds of numbers will allow
for a winning strategy?
AT | SIS aTaae fThdT Ad 12 THAT, TR BT SiTs! argad NidhdT A2

2) What happens if you allow for the first three numbers to be random? Say, by making it a
three-player game?

HHST BT W A1 STUT1 3 WesesT AT <f1 AT T Tl hos! IR b1 BIges?
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