Vigyan Pratibha Learning Unit Euclid's Game

LU 8.1 Euclid’s Game

e v

Overview
e

Here is a game that is based on the Euclidean algorithm to find the highest common factor of two
natural numbers. In this game, students not only play the game making moves that correspond to
steps of the Euclidean algorithm, but also engage in doing mathematics by making conjectures,
giving counter-examples, refuting conjectures, and proving the results.

\_ ¢ - o . c o o .
G IR AT J91d Bl vIITo 1] RIEZSIEIRICISIEN (l—lcg\‘ll, _\ﬁﬁ, Algorlthm) Tl Wb TR il

3. AT W, fenedi gideredl drafacs! aTue daw Wed ATeld, a= IT0Td Rrbvarear fshar S a1
(conjecture) HT@YI, URT-JETERIT (counter example) U, JAFATT e SIA0T AfoT frspy RHg BRol
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An important idea is that we need to look for counter-examples to find out that a statement is not
true. As a part of this unit, you should talk to the students and try to differentiate between a true
prediction and a mathematical result. Also discuss how in the case of establishing the correctness
of a mathematical result, giving examples is not enough; while in the case of proving a result
wrong, counter-examples are enough.

TE<daTl 919 81 Bl ‘TGl fIge WX A8 8 TSAIUIRITS! Yoo Ui -SeTgNT 3NeTd ST, AT 1T
gehTal W WU Mucdresl fqeneafi ==l HR1dl Srles Jfor “aRieR sfgrst for o fagr ariies
WS [AemediHT WE wR1ET SRIe. d9d TR g FodT JurEFar B Sa1exvl 9U Y T9d;
TS fIeT FdhId SRAAT hdes Udh Tiel-IaTev0T SUR! Q¥ SR, JTdl Tl HRIdT AN,

Minimum Time Required: Three sessions of 40 minutes each

INFR fhAM A: vawi40 fifei S aifie

Type of Learning Unit: Classroom-based

Y YThTd WR/Y: qTHER HRIGIAT R TTH

Unit-specific objectives
Y TPl B

+ To observe patterns in numbers and articulate the observed pattern clearly
LTS JATHIcTae YISl 3T TS A3T JATIcTae T IR Tl HISUl

» To look for counter-examples to refute a conjecture
AT ATHRUATATST Hfel-IaTER0T AUl

+ To understand that examples are not sufficient to prove a conjecture
AT g HRUYTATST ITERY YRl ATEId, & FHOA Ul

+ To understand that just one counter-example is sufficient to disprove a conjecture
SITHI AATHRUITATS] Phees Yeb el -ITeR0T XY 37, & A "ol

+ To come up with a logical argument (i.e. a proof) in support of a conjecture

TTATTGST NI o5, ST dlfdheh Jfariare Hrul

+ To understand the relation between taking successive differences and the Euclidean algorithm
to find the highest common factor (HCF) of two numbers
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S GRATT3 AT BIGUITATS! et aoidTeh! 0T Jfdsed! Bratacs! Aldiies Aae) AT €0l

Links to Curriculum
RIRTHATN g

NCERT Maths Class 6: The concepts of factors, relatively prime (co-prime) numbers and multiples
(Chapter 3)

NCERT Maths Class 6: The concept of Highest Common Factor (HCF) (Chapter 3)

NCERT Maths Class 10: Euclid’s Lemma (Chapter 1)

Introduction

Mo

Playing games is a lot of fun. Today you are going to play a game that involves numbers, and you
will find a way to win the game, always!

SIS WS GH HOTT AUl 3T JATYUT AT Wb WRUR MBI, ST T84T T UITAIS! el A 2ATees |
Materials Required : Blackboard, chalk and sheets of paper

A b1, W, BHIG

Task 1: Play the Euclid’s game
Pt 1: Qo1 AT W%

1. This is a two-player game.

T WoTd S faremeft R 89; .

2. The rules of the game are as follows.

YBT3 GG T 3772 d.

You can decide who plays first. The first player, say Player 1, writes down a number that is
between 1 and 100, including both. Let us call this number ‘A’. The second player, say
Player 2, can write down another number of his/her choice. Let’s call this number ‘B’.

WHTHT Geald J2FT DIV BRUR, T Jrel o%g Adhdl. I WRrg-1 71 1 1 100 UPHI BIVRIE! U
T AT TSIl 31TS. AT WS 31 A’ U] AR BTG -2 TN A= 1 100 e
SO DIVIE! AT 5E1e. AT A1 A0 ‘B’ 78 0.

Il. Now, the first player will write the number (A - B) or (B - A), whichever is positive. Let's call

this number ‘C'.
amar faemeii-1 (A-B) fhar (B-A) 3N Il IOEdH] NG, S IR G AT Iga.
STRTERIS HBTH T TR I “C” F].

lll. Next, it is the second player's turn. He/she has a choice. He/She can either write the

difference between C and A or the difference between C and B. However, if one of these
differences is already in the list (i.e., if it is A or B or C) then it cannot be written again. (All
differences are taken to be positive.)

3T fenfor Woses. fKrearedhs HTel gl 3fred. <t ‘C” 3711 *A” il asiiaTeh! &< Frdhd fhdT ‘C°
30T B AT aSITETah] a 31hdl. HIH 3MTesed IR AT d AT (SR A, B b ©), faemeli=i <t
AT G787 (58 ABUIR TR (Fd IR g9 ST g4I, © BT o).

IV. Similarly, in subsequent turns, the players take turns to write a number which is the

difference between any two numbers in the list, provided the number itself is not already
present in the list.

W AT o dTg Sadl Walg MBI AIGiTes DIVATE! GIF HATd] IOl B
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fAreTeses! g Hee forgicies. A3 <l R AT el JMEuRg< 18!, & faenefl urgdies.

V. The game ends when it is not possible to write any new number.

SIegT B! T GReT fose ol 31 o5, e8] 81 Woo UUeh.

VI. The person who writes the last number will be the winner.

Si Warg 2Agedl Wl fogies, o) W ST,

Let us look at a sample run of the game.
ST YT 21 WEad Yh QT W3 Ulg.

Suppose, the first player writes 12. The second player has 99 choices to choose his/her
number (as the upper limit is 100).

HHS, Wblg-1 12 B AT {GEIS], TR WG -2 B S5l 99 TR HT [+ag 2rehel.

Suppose, the second player chooses 16, then the first player can only write 4, i.e. the dif-
ference between 16 and 12.

A WRG-2 7 16 B T Faea], TR Wlg-1 8 4 B AT [8les, BRI 16 3MOT 12 It
ESICICIPRRH

The second player then writes 8, the difference between 12 and 4. Note that the player
could not have written the difference between 16 and 4, as 12 is already in the list.

TR Wlg-2 & 8 B AT fo381e. HIROT 12 AT 4 i IIETD] BedT4 8 IR Ucl. SBETT =l
YRrg-2 1 16 30T 4 JTeAT GOIETDIG AR 12 & AT fFelores! Ar8l, SR 12 8 |
SIEIEINCERICIGECIES

Now there is no possibility of writing new numbers, so the game ends with the numbers 4,
8, 12, and 16 appearing in the list (12, 16, 4, 8 in the order of appearance).

3T, T PIVIATET T AT [T (G TR, TS BT W 4, 8, 12, 16 I IREARIGR HUSH
(TSN 12, 16, 4, 8 AT SHHATH FEAT AT).

There are four numbers in the list, and the second player is the winner, as he/she wrote
the last number 8.

XY AT TR AT 3Tl VT Wedlg-2 7 B W [Tboredl e, BRI 2Ade= 8 & e o
fesgiall e,

Play this game with your partner multiple times. Study the lists of numbers that you got for each
game and record your observations in the table below. For the last column, where you record the
winner, mention whether Player 1 (who chose the first number) won or Player 2 (who chose the
second number) won.

T FAAERIER B W JBIYa] W, TP dod] WM TAR AT ATS T RATH BT ATOT ot
e gelles dareana fost. 2ide=an Iab=urd i Jrel faoicdrd A1d {381, A9 WaTg-1 (SAT Ulge! Hn
Fraea!) Nide fha Terg-2 (S gadiel 4@ Hasa!) e, d foar.

Initial Numbers The smallest|{The largest|All the numbers in|How many | Winner
*i*’q'd‘\'w' T |number in the|number in the|the list (in|numbers are | faorar
list list ascending order) there in the list?
Iy |aid | ey qaid | ITaidies qd AT | ATald Gpur  fabell
CEEAIC IR CIRE e (TS HHT) e AT ?

Player 1 |Player 2

LBIg-1 | Holg-2
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The teacher can also make this table on the board. After all the students finish playing the game a
few times, collect some responses from the students and fill in the table (It is fun to play the game
the first few times. However, the teacher should stop the game and start a discussion, when she
feels that the students are getting tired or bored of repeating the game).

Rieres HooaTeR Terl fo5g 2Abard. d faermediHl a¥ics W Bie! do] WBTR, Blel [denedibgd I
fAresdT 3711 WosuTaR=gT TaaTd WR1 (FRariiesl Blel deol W1 Aofl Adl. Sieg] fqenedi g=arg-er W
GHO) TR fhdTl eTees 3Ted 34 aTc e, deal Rierdhil Wes AiagH dal BRI AUferT 31Te).

Please see the section ‘Mathematical and pedagogical explanations’ before recording students' re-
sponses on the board. Ensure that a sufficient number of examples that help generate some con-
jectures, are on the board.

el faores! SN daaTa wRUGTSTE T ORI SO STeTuiawae WEIhU (Mathematical and
Pedagogical explanations) BT HIT dTeTdl. femedi=T HrEl SIIHM Gavdrdre! hodladies SaTexvrdl Al
N3 AT A1, AT T3] BRI,

The teacher can then invite the students to look for patterns in the filled table. Ask the students to
generalize the patterns and make conjectures. Write down each conjecture on the board and en-
courage the students to examine whether it holds, by generating more examples, or can be re-
futed by generating a counter-example. Help the students see that verifying the conjecture for any
number of examples does not amount to a proof, and that one counter-example is sufficient to dis-
prove a conjecture. Encourage the students to come up with proofs of their conjectures.

HATRI G AdTd AR AISIHES BTl iy faadl &1, T Rierei= faemeaqr =, anfor ar
TP AHTIIHRU] B JATAT HISTIS FHE. D A BoodTaR fe5sT 30T 375 I&T8x0l
T faeneai=n ardt FaadT qurariet i fhar 9fi-SeeRvl 9% o ATeRdT I &I, 7 f[aarT. gEEn
AT FgdT TATHAT] fhcdie! Iarevyl fasft a¥) o Rig 814 18!, U 3THM ATHRIIG] bdw Udhd
IIT-SETER0T YRY 31, T [qenei=r yevarard! Rt =T fdenegi=n dad BRI, IRore 3fg. fqeneain
T STAT RAg HRUITATST HicaTiad B,

Some of the conjectures that the students might come up with, and the ways to handle these are
discussed in the section 'Mathematical and pedagogical explanations'. However, it is possible that
students come up with conjectures that are not listed here. In this case, take the conjectures one-
by-one, verify, refute or prove the conjecture as the case may be, and familiarise the students with
these processes.

ferenefl SrgaT B HiST 3O SAFATTIAT B BT © MO JATOT AT D FHE BT AT HIT
Hifdes e, /13 fenedl sl S Aig Adbdrd, St Araid ATEId. AT dob! Y AT =T, Tl
FeIdT YSdTe FHT, DRI fohar g &1, 3721 ufshdigee faeneatal == o1

Task 2: Predict the numbers in the list

it 2: AT eiTes AT ST Tieqol

Let us assume that the following are the initial numbers in the game. Based on these, can you
predict the numbers that you will arrive at, while playing the game?
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FHYT WS GoaTcied] A&l SIATH Ted. I WATIRIT Wed Webedd JHel ATa i DIvedl Al
AHTes, AT TS JFRTAT el g e Bl?

(Hint: If you are stuck, look at the table you just made. See if there is any relationship between
the initial numbers and the numbers in the list.)

(GAT: Wes Wosd1 ST Jral Idescdl el BT, JodTiredl HedT JAM0T AT Iciles WAl gredrd bret
HeY 3T DI, o TT).
Predict all the numbers in the list if:

[aN aV

SEINGRERISICICHEECICIGEE

1. The initial n_umbers are 9 and 15.
ﬂibQId(\IWI T 9 3 L 15 IAFAUTH.

1. The initial numbers are 20 and 9.
AT T 20 AT 9 T,

2. The initial numbers are 13 and 17.
GO T 13 3107 17 AT

3. The initial numbers are 7 and 35.
GO HT 7 JAT0T 35 SRTTH.

4. How did you predict the numbers for each example? Did you notice any patterns across the ex-
amples?
YA SETERUIATS] DI T Aciles, YT Gl TSl Bl el ? AT IexUiHe JwIe] Bie]

P eay faqe H17?

The teacher then can engage students in a discussion on how they can justify that their strategy
for finding the numbers in the list will always work. Please study the section *Mathematical and
pedagogical explanations’ for suggestions/ideas on how to lead this discussion.

IR R1erds JITdes ART AT fenegi=il Hivrd iR 9iRes, IT JeITdR Idi H3a Adbdrd. Jaqro!
BIEN BT ' TIOIAI SATfOT SeTgiayaes ¥elenvvl ' 9 faosedT Ted. U1 TET IR D1

5. Now that you know the strategy for finding the list, can you predict a strategy that will ensure

that one of the players will always win this game? (Which player can adopt this strategy and
always win?)

31T, ATST FTTUITATST DI HIRVT ATIRTI 3R, B o131 hoves e, Jrol 31 RN HlT] JbTe B,
AT AT WHTd T84 Uhdl WG T [oThes ? (DI WA & BRI ATa%a T8 4! foTg bl ?)

Mathematical and pedagogical explanations

Tforh 3nfor sreaafaTTe WEteyor

The activity helps the students engage in some fundamental practices of mathematics, such as
observing patterns, making conjectures, verifying or refuting the conjectures, and so on. The nov-
elty of the activity is in seeing how mathematical ideas emerge in the context of the game. The
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game begins with a simple task such as subtraction of two numbers. At the end of one or two
games, the student begins to grasp that the process leads to a finite sequence of numbers. More-
over, one starts figuring out that the numbers that emerge in each game depend on the choice of
the initial pair of numbers. After looking for patterns, the students will realize the connection be-
tween the HCF of the initial pair of numbers with the list of numbers obtained.

XV il faenei=T MOTTedT oY s aATHED SETEROT SThfcTae FNE0N, STTH FTE0T, STTATT HgdT
AT fohaT ATHRY SATEHL YA ST, WRTAT HIEHAGA O] Bl IS, § AT Heild
IR TR, I WTd! AT QIF AT JSEIb BId. W Uhal fhdl SIal W aR faermedi=r
T AT HIUIT TRT TS, DI, & S IS SHI. T0d TG fIemegi=a 28! oeld Id & TAdh
YR BT S A1 Wl Gdniisl Masal Al SISiaR Jdeg- AFdNd. hirad
NI FiTegiar, Foardredl A=l SIS A¥Tfd A1 Ardic fesfecsedn E&an Aiedrd Brel 1 hre)
HaY AT, Te! il SEd Ul

To understand the mathematical significance of the students' responses, we consider below the
different ways of thinking that students might exhibit and propose some conjectures that they
might come up with. In the pedagogical discussion column, we provide explanations for some of
the conjectures, and suggestions to lead the discussion.

faeneatear T<g qe sraredn fFierore Mo He<d qrafquardare!, faemeli & dirairedr yar faaR &
TeheITel STTOT T STTHT BT MY Al & Yo faoies 38, AT egg-idwye =4l (Possible peda-
gogical discussion)” IT T HIaT JAFATTI WETHRYT HiTcTes ATe. T TAAIS] DIal GaTa! dhosed]
SIS

Students’ observations Possible pedagogical discussion

fremeat=h Fieror FUTH I ATID ==l

The largest number in the sequence is|l. Ask for the reason why the larger initial number
the same as the largest number in the remains the largest number in the list till the end.

initial pair of numbers. Joari=dr Sekiies A Wt g Agerdd ardidies
qreicdles \df A1ST 6Ear T WAAT| ygfe w1 < &7 ved, & Rreneaf= e,
SIS AIST AT, S I8 ! AR 31Ted.

Il. Explanation: As we are subtracting numbers in
consecutive steps within the set of positive
integers, the numbers obtained will always be
smaller than the largest number in the initial pair
of numbers.

WEIHR: fSosedl g Al AUl War] qoTaTab!
R I, I HBTese) IR FodTei el Aue

TEHIT BET 3R,
The list contains only themultiples of the|lll. Ask to verify with other examples in the table.
smallest number in the final list. TITCH SR IITERYT TR TERIST A

Ireldios dd AT IT ITiles Adid ovald

, N IV. Ask whether they can come up with a counter-
AT YCId AT,

example.

UgTS UfT-SeTERT AT IS5 I, o faamT.
V. Ask for the reason why thisis the case.

T RISV QT WE TSR BT 3 3D, o (=,
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In the initial pair of numbers, if one of the
numbers is a multiple of the other, then
the list contains only the multiples of the
smaller initial number.

i) gedrirel SISid, SR Udh §l
TET S U 3N, IR IENG 94
AT SISl B8l AT Ueid 3RTdTd.

E.g.: For the initial numbers, 7 and 35,
the sequence obtained contains only
multiples of 7.

JaT., A=l Sireid 7 0T 35 3T,
AT TR 7 =1 I fag A,

VI. Ask to take a few more initial pairs of numbers,
where one is a multiple of the other and verify that
it works every time.
fqemea =T, Ue A a1 Sl Ue Blge 3M3M Hlel
Foari=T A=A Siied] SRIST AR 37 gddh

WUAT AHT Hsd Eb—[,?f Yodlg- Hleldml IR

VIl. Look for a counter-example — a set of two
numbers which will refute the above conjecture.
This is an opportunity to discuss whether not
finding a counter-example amounts to a proof of
the conjecture.

- IS8T 2MET: AT AFATIGT ATBRATS, 37 ST
MIIST AT, ASST FTAMTAT URT-ISER0T 7
oo 7 g ST 9Fdr s BT, Il
foeneataRiaRy ot RIS 8 Ush el arre.

If the initial numbers are co-prime (i.e., 1
is the only common factor), then the list
consists of all the numbers from 1 to the
larger number in the initial pair of num-
bers.

SR gedrirel §& We-q%  (co-prime;
T AHISD [JHISTS T 1 ) el
AR AR 1 YA goarirl

e al

SSIdles AISdT SR |d G 3rdTd.

VIII. Ask to take a few more initial pairs of co-prime
numbers and verify that it works every time.
odIdredl STl We-Yo A=l Iclcs 31T Dlal
ST B 3N UQd dedt 3T '8l &l of UEl.

IX. Look for a counter-example — a set of two
numbers which will refute the above conjecture.
This is an opportunity to discuss whether not
finding a counter-example amounts to a proof of
the conjecture.

T~ JETERT 2T : AT AFATIGT ATBRATS, 37T ST
AMYIST AT, ASHAT JJAMTST FfeI-ISTER0T
e O g sour™ 99dr Jso &I, It
faemeateRier ==t HRUITTS! € Th Geil aTre.

If the initial pair of numbers has a com-
mon factor, d, then the smallest number
in the listis d.

SR YAl SISkl Saiar AMsd

fIUTSTh d 3N, TR JTaldies ddid &a
TRT d 3T,
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X. Note that students may not consider 1 as a
common factor, and therefore while testing this
conjecture they might not have co-prime numbers
as the initial pair.

ST =1, 1 8 AMIgd [qUSid 3o & fenegiean
el Agerd, I ARl WU AT IGAME! BTl
ST fqenedl geard SISt W[ W8 -He T U
BIEISH

XI. Ask to take a few more examples of a similar kind
and verify that it works every time.

I YHRT! AT Blal SSTER0l BT 70T UAh dabt
I s BT, I g

XIl. Ask whether the two numbers in the pair have
any other common factor. Ask them whether they
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want to modify the conjecture (Note that the
conjecture in this particular form is not true. When
we start with the initial numbers 12 and 16, 2 is a
common factor of both numbers, but does not
appear in the final list)

SIISKie Glve! ATl 3S[ BIVI] AHISSD (TSI
3E 1, oI fI=RI. SITHAMTIEY Fel 956 BRI 3T
®1, d AT AR (S&T =1, 8 JFAA eI A8l
3O FHATT 12 37T 16 IT HAT Tl e, AT SIal
AT QAT D [G9TSTD 2 Blal) 38, XY &1 6]
sifcm e fea ).

XIIl. Ask them if there is anything special about the
common factor that is the smallest number in the
list.

foemeafar, ardiaear wafd J8@ W= & kS
AR AT d f[qYToTd 3T BT IO T Ade s
PTe! G I s BT, o foamT.

XIV. Think about why the smallest number in the list
is this particular factor.

IS Aaid S AT &1 Udb WG TS & [a9ToTdh
BT T, I fIaR B

If the last three conjectures above have been articulated by the students, encourage them to
come up with one conjecture that will include all these three conjectures.

ST 2Aqedl I AT faenedi = &l ar el srgam e vad Jgar disugrard! faeneafn
EIRSIERENE

The smallest number of the sequence is a | XV. Find out if this includes or contradicts any of the

common factor of the initial two num-| above conjectures.

bers. g Qg™ 9= SRl Sod @ av=dT STHMI]
AT Hald e W1 & Goai=l QI A XA, I =T,

AT AHTS D [9TSTd 319 XVI. Refine, verify, or refute the conjecture.

A ARG QT HiST, A FAAT TS|

EEIECIESICINE

The smallest number of the sequence is|XVIl. Find out if this includes or contradicts any of the
the HCF of the initial pair of numbers. above conjectures.

IETdTes Fafd e Gl 8 godear - | 8 fau aveal gAiRn Jad Bl avedl TgHHI]
RESIEIRRIICEERGE gId SR, d Y.

Note: When students come up with observations and conjectures, these may not be articulated
clearly enough. The teacher may need to rephrase, and ask clarifying questions to make the con-
jectures precise. There cannot be a standard instruction for this, and the teacher will have to think
of ways of clarifying. Once a conjecture is formed, ask the students to verify, refute, or refine it.
The next step is to think of a proof.
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iq: SieT faermelt wie FRleror fhan SIgHT ST deal aTaaT Y1y AT HiSd T8I, ATes AT
WE BIrTS! fqenedi=r Fae uze faearRa o Ag A He] AU IR 3. ATATS! DIrdial ik
Ugd ATE]. A WE e HSUITS! RIerdi=rd JAfdi T BR1d SN, Yhal JHT W0
AiSes @t faeneat=r e Tt TUrTIST fhar O WIgT STerIeT . arged R & o gdH Rig v

HRAT g 05, TR IR BRI 319,

Task 3: Looking for proofs of some conjectures

Fell 3: BTET AT Rigan grgor
Some students made these interesting observations after playing a few rounds of the game:
Pre! fqeneall 81 Wes dlel 96 WaedTaR Jad fhal ST a! (RIer Aigacs! 3mad.

Observation 1: The smallest number in the final list is the HCF of the initial pair of numbers.

Frgor 1: ATies waia e Rl 81 GoaTi el SIS kiles STl F1fd 3.

Observation 2: All and only the multiples of this smallest number up to the largest humber ap-
pear in the list.

rfteror 2: Idicles wd A A1 Hald SEF ST Ul TR, 9E AT SEF SRURI AIcHT
AT ST AT 9d Ueiedls 3fed.
1. Can you figure out why this happens for every pair of numbers?

AT AR SITSIATS! 31 BT e, ARG TBIST BIe! AR IS D17

Let us look at the two observations.
UEIe T FRIeTiared a4 B
I. Observation 1 says the following:
frYeTor 1 1Y A,
a. The smallest number in the list divides both the initial numbers.

3) ARG Fald SeT W Godd el Qlval SRFHT HIT ol Il

b. The smallest number is not just any common factor, but the HCF of the two initial numbers.
q) Hald BT T &1 B AHTS D [THISTD 18T, IR FodTred] Qi< AT F1fd 79,
Il. Observation 2 implies the following:
e 2 3T AT
a. All the numbers in the list are multiples of the smallest number in the list,
31) AT e HRT IT W BB AT UST .
b. All the multiples of the smallest number up to the largest number appear in the list.

9) IEKIS |4 A= 1 §aid BeF Gl Ul ed. d9d JRMe] Ge AU el

2. We need to prove or justify these observations. Can you think of the ways of doing this?

IMIITAT &1 FRIeT0r Rig BRI T d. RIS Ble! A1 Fadid B, o fe5al.

The teacher could use the reasoning given below to guide the discussion with the students and to
help them arrive at a proof.
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Riere freneafaRiar ==l Hrvarde! 4e faoiall SR ar=a 2rdbdrd AT faer Rig HRugrd! #ed o
QAchdTd.

Observation 1la: The smallest number in the list divides both the initial numbers.

Frteror 1 31: KNS Wald BB & Goalie] Q! AIiHT 41T ol Udl.

Proof for Observation la:

ferdteror 1 31 < Rigan:

For positive numbers, whenever we subtract a number A from another (larger) number B, the re-
sult is less than B. Given that we start with two initial numbers, and form subsequent numbers by
subtracting the smaller from the larger, all the numbers will be smaller than the largest number in
the initial pair.

g AITST, SieaT 90T YETG] WRT *A’ G-I AIST WRAT ‘B’ AT ol (B—A) BRI, d&] MBI W

‘B’ UEll BB 3Rl 3MMUTT G AT U Foard SRl A0 AISHT WA SeH AT aoll B

Since we are not allowing negative numbers, the game has to stop at some stage. So there exists
a smallest number in the list, which may be 1 or a number greater than 1.

T WA 3ATYVT 0T H&AT [IeRI O THRI, Yebl SWITaR Wed MU Aiaell. IR IraHed Faid
BT AT 1 319 el fhdT 1 Uell AIST 31 3ehl.

Let us call this the smallest number s. If we call the initial numbers as A and B, A being the larger
of the two numbers, observation 1la claims that s divides A and s divides B.

ITETdTes i SeT AT s A1, fFRIET01 1.37) W, s AT HRA A JATMOT B IT S176! G | el Udl,
Let us first prove that s divides B.

YIH 3{TYYT s = AT ‘B’ BT YT W14, © SRIAUIATATS! ThRTeHE Rigadar IR .

Let assume s does not divide B.

3T B &R, s AT A& ‘B’ T HIT ST 18T, 3101 B &1 s 7 W faedm & qrav! e,

ThenB =ns + kwithk<s  -—--- By applying the division algorithm with k as the remainder.

TR B = ns + k; k<s ..... ARTHRTAT I ITIREH IS0y THIDBRT, AT k &F IThT TR,

But s belongs to the list. So B - ns will also belong to the list --- we get this by subtracting s “n
times” from B.

N s B G YN AR, B B-ns UG Halcred! WM AN IAS........ s YT FRIAT ‘n’ AT YU
3Tyl AT B HY IoT hodTdR JMYATAT a¥lcl FHIhR 0T fiesd,

So B - ns = k also belongs to the list, but k < s and s is the smallest number in the list.

U B—ns = k GG1 ATSIT 3T TS, TR k<s 30T s B ATeTcdTes Hald FeT e 3iTe.

That means our assumption that s does not divide B was wrong so, s divides B.

T 31, s 7 B BT W ST 181, § MM eI ebld IATe. FITed s IT W& B &1 W <l I,
Similarly, we can show that s divides A as well. So s is a common factor of A and B.

ATITHATV, s IT TR A BT 9 <1 Idl, T2 SMIATST SrEGadl Ise3. I s B A 31 B AT AHISH
ERISEEEIE

Observation 1b: The smallest number is not just any common factor, but the HCF of the two ini-
tial numbers.

frteror 1 9: FaTq G A= S Wad MRS [AWTSTd ATe!, TR ardidl &9 Aial HAId 312,
Proof for Observation 1b:

fordieror 1 9 <N Riga:
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Let us prove a statement before we proceed with the proof of Observation 1b.

g HRuATgdT 3TuT YT e Rig o.

Statement (1): A common factor of two numbers also divides their difference.

g (1): 9 A=TET AMTS S [A9TSTe S1F ST ISIaTbIg [HaTesedl ARIaT [GHRTd!.

i. e. If g divides C and D and C > D, then g divides C - D.

TS, SR q I TR C AT D AT ST TRMT 9T <1 A 3RS AT € > D, AR C AYT D Il s
[T (C—D) I1 HBIST TSI g 7 W STl

Proof of Statement (l): g divides C and D would mean,

=it R (1): g = <& ¢ :1for D =T | STE.

Let, and for some integers rand t >0

?JlilIST?j,C:rq?ﬂllb D=1tq; rd t%E{Uﬁ’CEGH 2 M7 rd £>0
So, C-D =rg-tq = (r-t) x q

WU C—D=rq—tqg=(r—t) xq

So, g divides C - D and hence is a common factor of the difference between C and D.

AT g1 (C—D) 1 {1 <1 Il fehall oo ATeaTd C 3T D ATAT BRbTATE! g BT AHIS D (TSI TS,
Coming back to observation 1b

31T 3o 18707 1 9) s =1 AS

Thus, if we start with two initial numbers and g is a common factor of both, it is also a common
factor of their difference. This ensures that is q is a common factor of all the three numbers in the
list after the first step of the game. At every subsequent step, a pair of numbers is taken from the
list and the difference written down as a new number. Thus if g is a common factor of the existing
pair of numbers, it is also a factor of the new number. This ensures that if a number is a common
factor of the initial numbers A and B, it is a factor of all the numbers in the list, including s. That is,
any common factor of A and B, divides s.

372 YR, AU I AT HH Foald Posl M0 AT S8l AT AHTsd [d9ISid g 33, TR g
AT GOTETDI ATl WA YN <l dl. TG &l 916 g B DI W Ufgedn qrRiki=aR

Irdtes Ol Sgian 9Me® fA9eTd g siTal. Ud URIKIAR, ITaldiss BIORl -l Udh Igid Siret

TR ST JATOT TeAT JSATETDIG T T e . SR g 81 A&7 A1 G&Ai<d] Siierdl AMTgd [THIS D
IS, AR g B T AT [A9TSTD 3. AT AT A 0T B AT W] TG H&I HIT ST
I, TR T A& IS, ITTET s T Id, T AT 9T Sl It get e, arama sved, A 3nfor B
il ATHTS D [AHTSTeD s ATel fauTSTeD ST,

So, if the HCF of the initial numbers A and B is d, then d divides s and d = s. However, we know
that s also is a factor of A and B (Observation 1a). Hence s = d. Therefore, we have s = d.

U, ATl A 3101 B IT AT AT o RIS, TR d 7 s BT 91 STl B d < 5. 41, s &1 A
31 B AFETG IS AMISH [AHTSId 3T, & SMUcATa] ATRld 3g (FIR1eTor 1.87). %[ s < o ITama 372 s = d.

Observation 2a: All the multiples of the smallest number up to the largest number appear in the
list.

frteror 2 31 ITeiiies 9 e A1 |aid Gal AT udl 3.
Proof for Observation 2a: s belongs to the list, and A is a multiple of s.

ferdieror 2 31 = Rigdi: s € dear ardiaed 3R 3nfor A €t s =i ue 3R,
So,A=fs
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BT, A=fs

Now s and A = fs are both already in the list.

3T, s M1 A = fs, Gl-ela] ITAId M=

So, fs-s = (f-1)sis also in the list.

AT fs—s = (F—1) s &1 TIEI A2,

Similarly, (f- 1)s - s = (f- 2)s is also in the list.

T (F~1)s — s = (—2) s &T ATSId 37TE.

Continuing like this we can see that,

(f-1)s, (f-2)s, (f - 3)s, ..., 3s, 2s also belong to the list.
3= /TS (—1)s, (F2)s, (F3)s,......35, 25 GET ATEIT IHHS.
Observation 2b: All the numbers in the list are multiples of the smallest number in the list

et 2 9: e AicyT ST S8 AT 9d u fag .

Proof for Observation 2b:
Using the same argument used in the proof of Observation 1a, we get that the smallest number, s
divides any number in the list.

ferdteror 2 9 At Rigarn: FRervT 1a =1 RIgaaTe! IR G o fIUT™ ITue SMUCATAT s B Adld S A=
firesdr 31TfoT <l AT T U A osT favTTd.

Relation to the Euclidean algorithm

Jfrss= BrRfadtan dey

Imagine you change the rules of the game:

Instead of subtracting the smaller number from the largest, you could subtract a multiple of the
smaller number from the larger. And then in the next step do the same with the multiple used and

the number remaining after the subtraction. Then that is the Euclidean algorithm for you! So, can
you see why the game and therefore the Euclidean algorithm works?

HHSIT, 90T YT 199 qcres. AIGAT AT GBI AT ol HRUGTVESH, Y HIST WA S8
HRIHT BIVIET YT IOl B ATdbal AT JS=T URIRIER, Sl 4T aruRes! 3iTg AT aolaThiqe ST |
HesTea ared, wieR e a1 B 31l ATAME Jlassd! BrTac] T, AT 8 W M0 Jlassdl

BT B3 BT B, I SIS THSTS D12

Points to ponder
TG ST 97El:

1) Do all pairs of numbers allow for a winning strategy? If not, what kinds of numbers will allow
for a winning strategy?

AT Id STt arasad RNTdhdT Id B1? THITT, AT BIvTc Sirel a1 NTdhdl Isa?
2) What happens if you allow for the first three numbers to be random? Say, by making it a
three-player game?

HHST BT WS oI ST0Ti1 e WSS AT < AT 831 FodTd b3l O BT BISH?

Terms to discuss:
qdtes JdsTidrad ==l I

Process of mathematics, conjecture, counter example, reporting a conjecture, etc.

O Aok, ST, UicT-SITERYT, AT ATAae ATfeci ST,
Suggested Readings:
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i areFTR R

l. Euclid's Algorithm I: https://nrich.maths.org/1357/index
II. Euclid's Algorithm II: https://nrich.maths.org/1728
lll. Euclid's Algorithm llI: https://www.cut-the-knot.org/blue/Euclid.shtml
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