fefoms Y=t frusret fearet

LU 8.14. &t 3g&init ggga=t (Polygons) AHY 35?7

LU 8.14. Is Your Polygon the Same as Mine?

Overview

HJ

In this Learning Unit, students will explore the minimum conditions needed to construct a
unique triangle or a quadrilateral, and other polygons. The objective of this Learning Unit is for
the students to realize for themselves that the conditions which enable drawing a unique
polygon are the same as the conditions of congruency they have studied.

fer fhusret earet <9, fefonrgdt fesuz f3de (Triangle), 939387 (Quadrilateral) ™3 J9 g+
(Polygon) B8 &t wgdt farazH was™ Jf uads Jaadr fer firyaret fearet o @en fefanradhnt §
feg wifgrm g8 J fa faodht wa3T fedue g9+ § 933 © War g8dht Js, 89 mHgusT

(Congruence) St 7331 76 fist T 87 & niftmis &3 J1

Minimum time

Triangle activity (Tasks 1 to 5)- Two sessions of 40 minutes each
Quadrilateral activity (Task 6)- Two sessions of 40 minutes each
Extension to other polygons (Tasks 7 to 9)- One session of 40 minutes
33 (Triangle) fafant (/9 1 to 5)- 40 fiiet T € Ars

9399+ (Quadrilateral) fafanr (@97 6)- 40 fiief € € Ars

J9 ggga=’ (Polygons) feg fems™a (79w 7 to 9)- 40 fifet v € irs

Type of Learning Unit: Classroom
frusrel fearst SBTHIH-MUTT3

Introduction

HE-Us'E

Have you ever wondered how you would describe a triangle that is in your mind to
somebody over the phone? What do you really say? Do you mention the sides or the
angles? And would that person get the exact same figure that you had in mind?
Moreover, how can you do this by giving minimum information? Today we will try to
answer these questions by investigating some examples, making observations, and
verifying or refuting these observations.

St 3t ae Afgnr I fa 3t fan & €5 3 f3d< (Triangle) ¥ =95 fa< a3q1, 7 3973 fevmar fieg J7 3t ot
FJIr? ot IHT A= (urfhfh) 77 g 27 fadd I39? »13 ot B fanadt § 8t »irarg fh&ar fagsT 393 vs
g i fem 3 femrer, 3t fog wWé-wic areardt © & fa< 99 Hae 37 »id wiHl g3 Sugas &t g3, fadhus,
w3 fegs’ fsdtuet & Inela a9a 77 feda €7 436 99d Yre' @ A<g o< o Affd Famdr
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Unit-specific objectives

* To establish a connection between congruence and the construction of unique triangles

+ To find the number of conditions necessary to ensure congruence of triangles,
quadrilaterals, and other polygons

* To understand why certain sets of conditions are not criteria for congruence

« oz 33T (Triangles) ©F @A w3 AHIUST © fegad £ AUTS AEUS S96 St

- f33E, 93997 (Quadrilateral) M3 J9 ggA=T (Polygons) Eff fEagu3T § Talar a=78T HET
FITEdT HIST BT UST HargET

Links to curriculum

usoH € 8
. Congruence of Triangle (NCERT Mathematics Textbook Class 7),
. Practical Geometry (NCERT Mathematics Textbook Class 8),

Prerequisites

»Rrg ArEaTdt

Students should be familiar with:

fefenraet A J:

. Use of geometric tools like scale and compass

. Basic construction of triangles and quadrilaterals

- JyraIfesd (GHfea) Argst fAg UHTsT (Ho®) M3 Udad €t €93
« 3wz g3IzH T fogne

Materials
sfe As
Blank sheets, pencils, erasers, compass-boxes (compass, set-squares, protractor, and scale),

scissors.
Y@t s, UaHs, 993, UId9-9dHT (UFdTd, He-2qdT, Yoded M3 UH™ET), adt|

Task 1: Drawing your triangle

&TIH 1. MU f3&E (Triangle) a=7€=r

Q1. Draw a triangle of your choice on the given blank sheet of paper. Measure the sides and the
angles of the triangle, and label the vertices of the triangle.

YHS 1. 9 € oSt et urst Hie 3 miust Ure T 39T 9578 | 33t © 3a=f s ot § HU »is 33
T JSfEE (Vertex) & %98 &4 |

Before the students begin working on this activity, make sure they are sitting in pairs.

Each task requires discussing with another student, and in this unit, we often refer to these
students in pairs as partners. Make sure they all have required materials or at least that every
pair has one set of scale and compass.

fefenrragt for a=Stfett '3 IH J9aT »id8 ad6 3 ufost fog AferRfgS 96 fa B afsni ffg 88 05 |
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99 97 B THY fefonradt o fegg sciegd & &3 Jet J, w3 for fearst g wirl niarg
IS 13 I BT UISI-9HT 9% |

This activity will give you a chance to see whether students can draw triangles, measure sides
and angles, and also, whether they know how to label a triangle. See Figure T1 for an example of
a student writing the angle of a triangle adjacent to a side instead of a vertex when we
conducted this activity with Class 8 students.

feg gStfedt 3078 feg Aes v Har 24t fa fefenraet f3ds g & 8AT gt »is dat § U A I3,
3 ot BT AT I% fa 33T & 9w fa< 36T 7 | »it a&h 8 T fefonradnt & &t feg arsifedt 1=,
Brrade ®et fa39 2 1 2y, fan < fefonrggt & f35E o7 I3 du® i |

Q2. Now see the triangles drawn by your friends. Do you see anything interesting? What is it?

YHG 2. »UT EAST enfiaT 9572 33 & 2 | oS feseny sag nirfent? 8T &t 37

Keep the paper on which you drew your triangle safely aside; we will be coming back to this
triangle later in the activity.

A &rarm 3 3AT f3d gt T 8RE He™® & JU, »irt fer sttt ©97s amire feg garar for <& nieidr |
Task 2a: Constructing a triangle when only one side is given

97 2 € f3dz ge@a- s e B g At R

Draw a triangle on the given paper, one of whose side is 6 cm. Label the vertices of your triangle.
&3 aram 3 e f3ds g8, faret ffx 3am & Savet 6 Hehtes d< | dfdent (Vertices) § $9% &9 |
Students might ask a question, whether all the sides of the
triangle are 6 cm, and a productive answer to this question
is to say "No". For the purpose of our activity, it is best not
to get equilateral triangles. You can respond to them as,
"One of the sides of the triangle is 6 ¢cm, and not all". Figure T1: Students' way of labelling a
Despite this, a student might draw an equilateral triangle, triangle

and we discuss later, how to handle such a situation. P o 75 i
fefenaet ffa yis Ug Ao 75, fa ot f3ds @ A9 uH 6 f3ae

Hehiteg g5 2 m3 for yas © €% gar €739 J, "adi" | Ast asitfedt © @en &, mHgHT f3aet
(equilateral triangles) &7 =T fgg39 T | 3AT 8Jat & f&R 397 Aoy © AR J, "f3ac T &g uAT 6
Hehes J, A9 adt" | fer © gege, fea fefonraet fea aHst f3d g7 AgeT J, w3 wirt gmie feg
fegrg I9tdl fa nifadt AfE=t & fa< Hefenr A< |

Now study the triangle drawn by your partner.

I MUE EA3 29T g2 39T & Ag &9
Q1. Isyour triangle the same as your partner’s?
YA 1. & 3973 2 Enff f3dE AHTS 957

Q2. How did you compare these two triangles?

UG 2. 3AT &< f3de € 3%aT fa= ai31?
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Q3. You and your partner, both were told that one side of the triangle is 6 cm. Did you both get
exactly the same triangles? Why?

YA® 3. 3076 v § f3aT g8z et fagr /Y, famet ffx 307 <t saret 6 Achileg I of g<f € f3ast
AHS I&? nifaar fa8?

Make sure that you collect some oral responses here. The students can give various criteria that
they used to compare the triangles; like lengths of sides or measure of the angles. When you
move around, check if there are pairs of students whose triangles are obviously different. Ask
these students whether for such cases they need to measure the sides or angles or they can
decide using some other ways.

A a9 1q fegst yast © 3AT g5 garet Ao &< | fefonradt 3ot & 35T et U-74 HUES T93
A I5, TAR X gAT=t & ®aTer AT J&f € HY J967 | I&'H I WHe AX fons fef & nifid 793 75
friget ¥ f3dE Mume gu 9 widkdr 7o | feast fefomradn § U2 fx Baat § grmet ot daret it g @
HU & 7g93 U 7 Q9 faH J9 891 5% & ©F Aae J6 |

In some cases, the two triangles being compared may look obviously different. In some other
cases, one may need to check by measuring the sides and/or the angles. Another way to
compare is to superimpose the two triangles, by cutting them out, or by holding the sheets of
paper against a bright light. Teachers may use the opportunity to point out that when the
triangles are the same (i.e., have corresponding sides and angles of the same measure or
overlap exactly), then we say that the triangles are congruent.

IS HHTEn ST f3dE Aure Ju ST U3 &1 ASE J6 | AR I3 HTHo ST 3Amet € Samet AT a ©
HY 39& € &3 U ASEt J | 3%6T 396 © f&x 39 3t I fa 3 Qust §ac a ¥ ga Iy AF &<
I & IAST T 31 A3 »idl U o & T AR 7 | niftmiua feR 1 3 fefenragnd § R Age 06 fa
Ae f3de AHS I (H3®Y, A &% JJemit A< »3 de g99d J3), Bust f3ast & »iHt AHgyu
(Congruent) Ifde It |

Task 2b: Constructing a triangle when only one angle is given

97 21 f3dzE @ re s = 3T IR

Draw a triangle on the given paper where one of the angles measures 55°. Name your triangle.

fE3 aam 3 Ba f3ae g8 famer fEx 3 55° 92 | f3as g aH el

Students might want to know the measures of the other angles. Reiterate that only one angle
has been specified. Use this opportunity to revise the properties of triangles, and how, given two
angles, one can always find the third angle.

fefenradt aree g0 et € HY & AT 97de J¢ | To9'8 fx fige ffx g dt fesr Ifenr 9| fem i
T gfeer 8576 w3 fefenrgghnt § f3de € ferms=t e A fa 308 7 f3des © € as fe3 9= 3F
SA ST e e AR UST&IT A J |

Now study the triangle drawn by your partner.
TS MIUT TAS ©TdT gaTe f3aE S A9 &9 |
Q1. Isyour triangle the same as your partner’s?
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YA 1. & 3978 2 Enff f3deT AHTS 957

Q2. How did you compare these two triangles?

YHS 2. IHT &t f3de & 3%aT fas ai=t?

Q3. You and your partner, both were given one angle of 55°. Did you both get exactly the same
triangles? Why?

YH® 3. 397% 2 & 33T ge78T & faar H, fAreT ffq de 55° I< | & €<f et f33& AHTS 96? wifrar
fag?

Task 3: Constructing a triangle when two measures are given
aod 3: ez gEe @z ae e vy i3 9=

Give Group A the measure of two sides, Group B the measure of one side and one angle, and

Group C the measure of two angles.

Wt g g gaet ey feG, iz y d BaganES Eaas T HU TS S HEA T € daf T HU B< |
Make three groups among yourselves. If possible, form your group with your classmates who are
sitting close to you. Let us call these groups A, B and C.

R &g 35 Hadhnt 958 | 7 Aal 3T 33 83 fefenragnt S Hadn 58 | st &, U, TaH &
e8|

Group A: Draw a triangle whose sides are 7 cm and 5 cm. Label the vertices of your triangle.

Group B: Draw a triangle whose one side is 6 cm and one angle is 55°. Label the vertices of your
triangle

Group C: Draw a triangle whose two angles are 50° and 75°. Label the vertices of your triangle
W & f3dE 978 faree At 7 #Ht. w3 5 M. 3= | f3de © dafdent (Vertices) § 9% 39 |
Haot u: f3ds g8 faret B 377 6 HHL. mi3 dF 55° 9% | f3dE © acfient § 395 a9 |

Ha&! ar: f3dE 978 fAe € de 50° »13 75° IT | 3o & defden § a8 &7 |

Now study the triangle drawn by your partner.

TE WS TAZ ©aT ITTe f3dE g A9 &9 |

Q1. Isyour triangle the same as your partner’s?

UHS 1. & 3973 €< eff 3t AHTS 957

Q2. How did you compare these two triangles?

YHS 2. IHAT & f3de € 38aT fas dist?

Groups A, Band C:

CC BY-SA 4.0 International, HBCSE. July, 2023 121



fefoms Y=t frusret fearet LU 8.14. ot ArSit aggr=’ AHgY J&?
HesI Z, um=3 a1
Q3. Did each of you get exactly the same triangles as the members in your group ? Why

YA® 3. o 3TTST HEH © Huat © f3ds A 757 fa@?

Students most probably will verify whether the two triangles are the same or not by measuring
the sides and angles of their triangles, as mentioned earlier. The teacher can also suggest
superimposing (cutting the two triangles and placing on each other to see whether they overlap
each other exactly), to see whether the triangles obtained are congruent to each other.

e fa ufast St famr I, nird 39 3 fefenragt gamet € Bamet AT dE € Y 9o UST %dIT ALY 6 TS
fa5z FHTS T f adt | niftminys Baet § ofe & Ba o1 3 95 & 7T 22 aaTet § SHaT @ 37 73 il Sy
& f3ast & AHgU3T (Congruence) T UST & AT J5 |

Task 4: Constructing a triangle when three measures are given
arad 4. fedz ge @z e sy 83 9=

The class is already divided into 3 groups. Now divide each group into 2 sub-groups. A1 & A2, B1
& B2 and C1 & C2. Make sure that any two students sitting beside each other are part of the
same group.

At &R & 35 Hasht e 2fenr 3fenr I | g= 999 HEE & € AfgHE@mf a1 & 2,11 & U203
1 &2 | frg Gar I 79 5% &3 fefonradt £ Afg-Hzs feg |

Group A1: Draw a triangle XYZ such that XY =4 cm,YZ=6 cm,and XZ =7 cm.

Group A2: Draw a triangle ABC such that, AB =5 cm, BC =6 cm, and £ACB = 45°,

Group B1: Draw a triangle IJK such that £IJK =40°, £]JKI =65°, and £IK] = 75°.

Group B2: Draw a triangle STU such that ZUST =50°, ST =3 cm, and £STU = 65°.

Group C1: Draw a triangle EFG such that EF =7 cm, FG =9 cm, and £GEF = 90°

Group C2: Draw a triangle PQR such that PQ =5 cm, £ZPQR =50°, and QR =4 cm.

H3% X 1: f30E sdar 576 faAeT, s = 4 B, "ar = 6 HHY, ni3 &ar = 7 Ao
H3% & 2: f3aE ged g6 farAeT, 92 = 5 A.HY, 87 = 6 A.HT, i3 £ 97 = 450,
H3®I Y 1: {39 35€ 976 faAeT, £38T= 40°, L83 = 65°, mi3 £¥3F = 75°.
H3® ¥ 2: {33 Aew 976 faAeT, LWAS = 50°, AC = 3 H.HY, w3 LATH = 65°.
¥is%t a1 1: f3dE ueg g6 famer, ue = 7 BT, g9 = 9 T, »i3 £3ug = 90>
N3t 1 2: f3dE 330 9576 faAeT, 33 = 5 A, £330 =500, M3 IT =4 FT.

Ask the groups to construct triangles as given in the instructions. Before they start, ask them to
predict in which sub-groups would the triangles drawn be identical to one another , and in
which sub-groups would the triangles be different from one another. Remember, students in
group A2 should get different triangles (because this corresponds to the SSA condition, which is
not a condition for congruence) and so should students in group B1 (which has the AAA
condition). You might have to have a common discussion if everybody's triangles in these
groups are the same to encourage the students to discover that the triangles need not be
congruent even if they fulfil the conditions. The A2 group’s condition (SSA) is especially
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interesting because there are only two possible triangles that fulfil this condition (see figure T2.)
The students in groups A2 and B1 will discover that the conditions given to them were non-
congruence conditions. Following this, you may point out the similarity between the conditions
in A2 and C1 (both are SSA). Ask the students if the condition given in C1 is a congruence
condition. Ask them to explain why.
fefenraghnt § feshit Jefest € nigAg f3as a8 &2 JJ | HY &9 3 ufas!, Bust & &J nigHs
&8z f fam Hzst € Hagt € f3as f£d fg I=ar vi3 fam Hzdh © Hagt € f3ae widar Jeathort |ome
X2 Hadr T fefomrggh & »widar f3ast tHesain(faBfa feg 337 HI3t I8, § AHgUST
(Congruence) &t 733t &) feet &t » 1 Had & fefenradn set & (frost § sad AI3t fHet 78) |
# fegt Waght &g 399 ¢ f3de fed g I 37 30§ ffa A3 fegg-=eey &t 7993 ¥ waet 4,
E@WBMWW&T@W&H?&@E@UWWWW?W(Congruent)
I st &t J1 T2 HEE it mI3T (339) v fesery 96 fafx fEost most § ydtt agw
TH LB © It 3o T5(FF39 22 TH) | q2 i3 ¥ 1 Haemit © fefomrget &g Aead fa 8aa™ &
&St 73T AHgUST Enff /T3t &dt I8 | fEAs gmifE, 3T 2 »i3 911 Enff |93t 99 ANTS3T TarT
ASE J (8< 991 I%) | fefongentt § U2 fa ot a1 1 < o3t aret /o3 AHgusT &t 793 3| »iarg of 3°
nifgr fa€ |

Now study the triangle drawn by your partner.

IT MIUE EH3 ©niiaT 9378 f3aE e Ag &9 |
Q1. Is your triangle the same as your partner’s?

YHS 1. & 3973 2 €ff f3dst AHTS 9%?

Q2. How did you compare these two triangles?

YHS 2. 3AT &< f3de € 3%aT fa= ai31?

Task 5: Minimum conditions for the construction of a unique triangle

&I 5: fsawr 3oz a8z =t foHssH A3t

Q1. If you want your friend/partner to construct exactly the same triangle like the one you drew in
Task 1, what minimum information will you have to provide, such that she/he will also construct
the exact same triangle?

YHS 1. 7ad AT 97de J & 3037 2A3/AHE fasgs BH f3de = fagH &9 s & 3t 9w 1 <9
g |, 37 3974 foHa3H & Aredat Bt u=dht & 87 &F §A fadt f3de = fogHs ad?

Q2. In the previous question, is there a different set of information that could be provided to
construct the exact same triangle? Try and mention all such different sets of information that
would work.

yrs 2. fues yrs 39, fasgs 8R f3ds & 58 &2t o Araardt & fugT AYd & J AgeT J? Araardt &
fAd U9 AT & fAdd I95 & A &9 |
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Allow students to make all kinds of possible conjectures. One common conjecture the students
come up with is: give all three angles and all three sides. In response to this, you can remind
them to come up with a minimum set of information. The six things they just mentioned is a lot
of information. Again, giving three sides and two angles is the same as giving three sides and
three angles (triangle's angle sum is 180°). So ensure that the information given is minimum as
well as independent.

fefenraeint & 79 forH & igHs Barge & wirfamr fe§ | B nind nigHs 1 fefenradt & a nir8e Is,
fa 7 oAt A9 d& w3 Ardhoft garet © My Tete | 89t & ue 9w e fa 8ot § foresH asardt
T 7| fou 8 HI3t 993 fimer Areardt 9% | R 339 Eff et Beraaet 96 e ot 3 gamet e vy
V3 & ST T HY BT AT A& M3 At garet & Y @ 997899 J (fa8fa f3s aer w7 a3 1800 9) | R
Give them sufficient time. Insist that they write down their conjectures, in any language they
prefer, using diagrams, using text, or any other way that helps them to convey their thinking.
After 10 to 12 minutes, collect their conjectures for further discussion.

8Jat & et AHT 6 | fors fe€ fa 8 niue nigrst § far & g {99 fou Aae I8 »is AHSTEE
e fI3Iadt AT J9 Bd1 & 293 AdE I | 10-12 fHet gmie Baat € nigH™s fegrg ected &t fdd a9
8|

Go through the students’ conjectures, and look for possible patterns. Based on our experience,
students came up with the following sets of information as leading to a unique triangle. Each
may be thought of as a conjecture:

fefenragntt T nigHTs & US N3 HSR3 Ha3 & s fe§ | A3 3u9d nigA™g, fasas f3de e

wet fefonradt st Arsardt € ANT & o v |
e
L e o
3

e Two sides and two angles
AC = AC' = 3 units

e All three sides (SSS)
e Oneside and two angles (ASA, AAS)

e Two sides and one angle (SSA, SAS) |

e All three angles (AAA)
e TIARMITAT _/
o 3537 (335 SSS)

o 8 IAT NS T JAT(FASA/ASA, TIS/AAS)

o T3 M3 8 AS(IIA/SSA, FTS/SAS)
o T35 3= (AT AAA) 839 22. 33A(SSA) HI3T fedus 33
Sdt fadhit

Figure T2 :Showing that SSA specification
does not lead to a unique triangle

Conduct a discussion about which of these will not work. Students will soon figure out that the
number of minimum conditions required is three; discuss to find out which three. For some
conjectures such as SSA, you might have to be ready with examples. See one such example in
figure T2. Similarly, you can have counter-examples for AAA.

&7 fegrg Tctegr &9 fa st <9 fxo3™ 3 adf F9ar | fefenraat Ase It usT &ar dad1 fx we-ure
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35 Ha3T & &3 J: 9997 o9 faasni 135 Ha3T | I3 nigHs e fS 330/SSA et 3076 Beragst € 5%
fanrg gfger grdier T | 939 22 fF9 wifadt Berags 8 | ol 3397, AT IA/AAA &t &t Bergast
Mg U AT J|

Students will feel more convinced about SSS, and you can use this opportunity to ask them why
they are so confident about it. Conclude this activity by talking about congruency tests that work,
and elicit from students the reasons why those work.

fefenragt 333 3 fameT S9AT fou e 96 mi3 3AT £ Ha 8aat 2 U Ade J fa 89 feat samie fag
& | for arStfett § fa2 et f3dE ge8e &2t agdt foHs3H HI3t €A &, w3 &g fa< aH aget J& €/
AUIH AT ASE J |

Task 6: Constructing a quadrilateral

o 6: ¥ 9398+ (Quadrilateral) g=r@=r
Q1a. Now that you all know how to make a congruent triangle, let us figure out how to
make a congruent quadrilateral. So if the minimum conditions for making a congruent

triangle are three, what should be enough for a quadrilateral?
U 1 8. g& 7€ mirt AHgy f3de g8 fify a1e If, 98 g& AHgY 9393d 98T fiue If | Aa9 AHgY

If the students’ answer to Q1a is “four”, ask them why they think it is four, and which four. Ask
them if they would get a unique quadrilateral, given information, for example, about all the four
sides. Then give them Q1b. At first, many students may draw squares, but when prompted to
get different quadrilaterals, they will get multiple rhombuses.

8Tg9T &1 H 99 IR T HY €37 I, of Qs & fedus 9399n fHadi? gy feg fefonraet widar
M1 TJIT (Square) IS AAE IS, UT H AT Bust & TU-T4 93997 38T 3 9 d<d 3T Ba a3 du
AHI398H (Rhombus) I&T &&dT |

Q1b. Now, given that all the sides of a quadrilateral are 3 cm, think about all the different
quadrilaterals that you can draw. Draw the figures on the given blank sheet.

YA 1. J& 3978 93997 78T J faret 39« 37 3 ALY T | 3R &9 st fedus 93937 g Ao
Jazg | fI3ar dudt U 388 |

Q2. Did you or your partner get different quadrilaterals for Q1b?

YHS 2. &t 3T M3 3T73 ATET ©TaT aErEtt 93397 1mdT 57

Q3. So, if only the sides are given, is it always possible to get different quadrilaterals? How do you
know?

YA® 3. 79 fAge game’ &7 vy 37 I3, off feu A= J f& nidkar 93937 fHssdint? 3At fae usT 59 Fae
J?

Q4. Imagine that you have to write to your friend about a quadrilateral. Now think of the minimum
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information that you can send him/her, such that he/she gets the exact same quadrilateral as the
one you had in your mind. What information will you send?

NN

YRS 4. IBUST IS fa 3q7& »irug A3 § MUt 9393 9 BT J | gE Wl ArEardt 99 A9 H 3HT
87 & 3ndl, Tan & Hee &% GAd Bt 8333H fHsar fagsT 3973 fonmar &g At | 3AT @RS of Arearat

RN

g<dl?

Remember, in the case of quadrilaterals, you also have the diagonals. So four sides, four angles,
and two diagonals, a total of ten measures form the maximum information. Give the students
sufficient time to come up with combinations of information. As we ruled out four as minimum
information, let us stick to five minimum measures. Collect the students' conjectures and
conduct a discussion about how it would work or not work. Some examples we received while
working with Class 8 learners are as follows:

e 4sides and 1 diagonal

e 2 adjacent sides and 3 angles

e 3sides and 2 included angles

TE J° 93931 © HTHS <9 fedas (Diagonals) & d=dr | foR % 979 3aT<!, 979 o, M3 © fedds %
TH HY 20 3 20 Aadot 96 | [efemraghntt § AreddT © BHS &% »8E &eT Agat AHT fe§ AR 1 wirt
9 HI3T & WUl AEardt I AT J9 3T J, 9% gT U HI3T &% aH JdtT | fefenadnrt @
e fEa39 a9 3 o9 TeedT a9 & fa<” aH I9adl A 3d1 A1 JIadl | I&H 8 T fefamragt
5% IH II6 TI6 YIUI JEMA IS BErgaet I5 fesndf 7s:

o g3 gre m3 £ fedge (Diagonal)

o TAHBIT 3AR W3 35T

e fSazAm=im3EdE

Another reasoning about why we need five pieces of information can be something like this: “To
construct a quadrilateral, one needs to fix four points or vertices. By now we know that to fix
three points we need three conditions (triangle). We now need to fix the fourth point. The
information we have is in terms of either an angle or a length. An angle gives a straight line and
a length gives us a circle. So it is clear that one condition is not enough to fix the fourth point, so
we will need at least five conditions”.

RS ArEardt € Un gdfant €t fa€ &3 7 for 93 foa 39 394 &R 3997 I AdeT J: “9393H foaHs &,
9 J=faent (Vertices) & fear a9 € 7gd3 Jet J | I 3 wiFt Aee I7 fx {35 Jefdentt § Usr 96
e g {35 Ha3T (f30T) € 7993 T | ATg IS 98 653 § fedH 996 €1 7gd3 J | A3 J& 1 Aaarat J
80 far e de At ®aret T gu fT9 7| £ 3= £ fidt Jur fier 9 nr3 £ Saret Aré fox g9 et |
for wet £ mine I fa o 793 98 503 & 3 a96 B =t &d1 J, fTr & Avd wid-uie Ua a3t &t
&3 Ui |

Students can actually construct these examples and see whether they get a pair of congruent

triangles. However, a general strategy to understand is to see how two congruent triangles
when joined, give rise to a quadrilateral. This understanding can be used to deduce the
congruency conditions for quadrilaterals. Joining two triangles reduces the information needed

from six to five conditions, as one side overlaps.
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fefenrIet niA® 99 fegst BEdast e fadH a9 Aae I6 i3 g ¥ AGE J6 & af Gust & AHgY
f3aer & 75t fHaet 9 | Toifa, AsE ot £ nid Ieatst oo Tue 9 fa fae © mHgu f3az 9396 3
g393d fee I5 | fer AHs & 293 93937 & AHgUST (Congruence) B AgdT HIST § WSTET &gt 13T
HTHAE J | © f3deT € g36 3 HI3T Wie o & 3 UH Ifg A gs fagfs o A /St Jet 9 |

Check whether what you suggested as the minimum information really works. Try drawing

different quadrilaterals for the information you said you would give your friend in the question
above.

79 I3 & ot 3073 nrar fi3r Wz Aradrdt % HS™ niA® &9 odH adeT J | BF Aeadt a7 24-
I I35 & 9TRE € ATHH a9 1 3HT faa™ A fa 3AT »iuE €3 & QuSas yrs ff9 2<d1 |

Q5. Think about why this set of information will lead to congruent or non-congruent

quadrilaterals.

YHS 5. &R gd A9 fa Arearat = &g AyT a8 AHgy 9393rA™= ©<dr At fag adt €<ar?

Q6. List the conditions that worked for constructing a unique quadrilateral.

YAS 6. 83T 73T & 91 526 s o8 fegue 9399+ = fasgnte Jfenr|

Some standard conditions that will give congruent quadrilaterals are given below for your
reference.

e Three adjacent sides and two included angles within those sides

e Three angles and two included sides within those angles
Some standard conditions that will give congruent quadrilaterals are given below for your
reference.

e Three adjacent sides and two included angles within those sides
Three angles and two included sides within those angles

o 35 5% Sarent gAet iz ffust € niedd e

o A <9, IR & 939387 € ANgUST (Congruence) et uie-uie HI3T JoT foshi ge:
JAAFF, AAFAF, AFASA, FASAS

o TT IAT NI fd T AHGUS™ ST 73T J AAT I6 o I3997 [EaA9

. C
JT |
EEEELSS D"
In the quadrilaterals ABCD' and ABCD",
{AB) =5, [BC) =6, £AABC =90°,
{AD")=(AD") =4 and (CD")= (CD")=5. B
But ABCD' £ ABCD"
93387 ABCD' and ABCD" f<3, Figure T3
/(AB) =5 /(BC) =6 AABC =9Q° Refuting a SSSSA conjecture
[AD')=(AD") = 4 and CD')= ACD")=5 fosgzs
- - - - FIFII MEHS & I€ JI&T

Uug ABCD' # ABCD"
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Task 7: Some special triangles and quadrilaterals

I 7: I foAm faa=E w3 v393H

We have found out the minimum information needed to draw congruent triangles and congruent
quadrilaterals, but let us look at some special triangles and quadrilaterals and find out the
minimum information we need to construct these.

WMHAT AHGY f3dE »3 AHgY 93997 & S578T ®ET widule Aaardt € U3T &arfenr J, ud mi§ wirt g5
feim f3det vz g39grT=et & U wiz ufe-ufe Aradrdt B U3T &I Aole o fEus’ § ger8s &t 331t J |

Q1. How many conditions do you need to construct congruent equilateral triangles?

YHS 1. 307§ AHGY (Congruent) AMZHT 33 (Equilateral triangle) 98T &gt fdat AI3T T € 793
J?

The students will find out that only the length of the equilateral triangle is enough to draw a
congruent triangle. In fact, by giving the length of the side of an equilateral triangle, you are
giving all the 6 pieces of information (3 sides and 3 angles). Do emphasise this while discussing
this task.

fefenraet fog usT Bar@=dr fa AHgHT f3dE & fAde amet AHgY f3dE g8 et el J | TanwiAs,
£ AHgH f3dE @ UTH € a7et @ &, AT A9t 6 A9t & 9J 7 (3 A= »is 3 JF) | TR S99 g9
fegg Tctey AH fer '3 #9 g6 |

Q2. How many pieces of information do you need to construct congruent squares?

YH® 2. AHY 99T (Square) S8E et 3078 fddht Ha3t 2= € &3 J?

The students will find out that only the length of the side is enough to draw congruent squares.
In fact, by saying that it is a square and giving the length of the side of a square, you are giving
all the 8 conditions (4 sides and 4 angles; all angles are 90°). Do emphasise this while discussing
this task.

fefenraet feg U3 HarBadr fa fAge fex ga & Bt AHgyY T9ar § figs &t et T | »iAs feg, o
Ffo 3 fx oo o @991 I i3 £ @9ar @ UTH € Sgmet @ J, IAT A9 8 HU & IJ J (4 IA=T i3 4 &
AT JE 90° I3) | f&r 97 g9 fegg ecied AN TR '3 A9 fe6 |

Q3. How many pieces of information do you need to construct congruent rectangles?

YH® 3. 397§ AHGU ME3TaTg (Rectangle) 578E et fasit HI3t B ©F 7gd3 I?

The students will find out that in the case of rectangles, you need the lengths of two adjacent
sides. In fact, by giving the lengths of two adjacent sides of a rectangle, you are giving all the-8
conditions (4 sides—opposite sides are equal; 4 angles—all angles are 90°). Do emphasise this
while discussing this task.

fefenradt feg U3 Bargedl fa wifezTaat € HTHE g, 3978 € &% Jaet ATt €f Baret & 7Ja3
J | TINA®, £ 93930 © € 5% Bdehl gATet gt sgret @ J, IHT A9 8 HU € 9J J (4 gAer — fegdt
FATET 99799 I6; 4 & — AT JE 90° I®) | R M g9 fegd =cied AN TR '3 A9 fe |

Q4. How many pieces of information do you need to construct congruent rhombuses?
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YA® 4. 3778 AHIY AHI398H (Rhombus) 578 &8t it areadt e S 83 2

The students will find out that in the case of rhombus, you need the length of one side and one
angle. In fact, by giving the length of one side and the measure of one angle of a rhombus, you
are giving all the 8 conditions (4 sides—all sides are equal; 4 angles—adjacent angles are
complementary and opposite angles are equal). Do emphasise this while discussing this task.
fefenradt feg u3T BIrSedl & AHY39gH € HTHS 199, 3976 £ 3™ wis &£ de &F Suret 2 & 7ga3
J | TINTA®, AHI399H ot B A7 ©f BITe »is X I T HU © & 3AT Ardint 8 AI3T T IJ J (4 IA=T
— At AR 38T I5; 4 JF — &% &I JE YIA 96 W3 fIIUt dT g9red I8) | e 9 g
fegg ecied AX fer '3 a9 fel |

Q5. How many pieces of information do you need to construct congruent parallelograms?

YH® 5. AHFY AHTGT3d 93934 (Parallelogram) S5 B¢t 3974 fdat Areardt g & 83 J?

In the case of parallelograms, you need the lengths of two adjacent sides and the including
angle. In fact, by giving the lengths of two adjacent sides of a parallelogram and the including
angle, you are giving all the 8 conditions (4 sides—opposite sides are equal; 4 angles— opposite
angles are equal and adjacent angles are complimentary). Do underline this while discussing
this task.

AHTGT3d 939gAT= © HTHS 99, 3078 ¥ &% Sae grret €t saet i3 feud o o of 7993 J|
TINAS, I THG39 93930 © © 7% B I BT & of M3 feg@ e © o, IAT A9 8 HU & IJ
J (4 A< — feudi3 3=’ 99799 U%; 4 d=-fTJUt JT g97HT 96 WIS &% &dIE AT YI I6) | fer Ian
g9 fegrg ecied AN fER '3 d9 fef |

Q6. How many pieces of information do you need to construct congruent trapeziums?

YHAS 6. 3978 AHIY FAHSESHA 93994 (Trapezium) IS8T &t fadat meadt o= & #g9z I?

In the case of trapeziums, you need the length of one non-parallel side, length of the base, and
measure the two bases angles. By saying that the quadrilateral is a trapezium, you can construct
the other parallel side from the given information.

AHSESHA 93930 © HTHS {99, 3078 B di9-AHT3T 37 & Sa7et, »iog & St mi3 € wioat © Jat
TTHY 9dteT 7 | 50 SfT o fa 93937 B AHSE3HS 93994 (Trapezium) J, 3AT fE3t arst Araarat 3
THJ AHT3J UTH T f59HE J9 AT J.

If you look at all the tasks together, you will notice that to construct congruent squares one
needs only one piece of information explicitly, for rectangles and rhombus it will be two pieces
of information, for parallelogram it is three, and for trapeziums it is four. If we recall, squares

are special cases of rectangle or rhombuses, rectangles or rhombuses are special cases of
parallelograms, and parallelograms are special cases of trapezium.

H AT AY 9t § fEdd uE J, 3HT 2UdT fx AHgY S9ar T fogHTe J96 st fan § mime 39 '3 fige
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fex 793 & 7g93 J, MfE3g (Rectangle) M3 AHY3JgH (Rhombus) & € A3t Irdtemt Js,
FH™5'33 93394 (Parallelogram) &t £ 35 I8, 3 AHSE3IHE 93994 &t f£7 979 I | 7 A T
F9< IF, T991 fE3Td AT AHY39SH © feRH oF I8, WiEsTarg A AHY3dgd AHG3d 9339d7=" ©
feHH SH I, "3 AHG3d 93990 AHSE3HS 9399 © feAR A 5 |

So as you construct more and more general quadrilaterals, you will need more pieces of
information to construct unique ones, till you reach five pieces of information.

fEH e A< 3HT TUJ »3 TUJ AUGE I393A< ©F [6IHE JIT d, 373 feouT 8T & U9
AEaTdT € 793 J<dit, A 3& AT U 73T 3 &t udg A'e |

Task 8: Constructing a pentagon

TIH 8: UASH (Pentagon) BT fsaE a9sT

Q1. Now that you all know what conditions give constructions of congruent triangles or congruent
quadrilaterals, let us figure out how to construct congruent pentagons. So, if the minimum
conditions for making congruent triangles are three, and that for congruent quadrilaterals are five,
what do you think is the number of minimum conditions needed to construct congruent
pentagons?

A& 1. g A< IAT AT Aew J f& faadht 593t AHgy f3det 7F gy 93937 © fsaHs Jaemit Is,
w8 iyt feg AHSTE fa AHgu Uragaet fa< gl | for &2, 7 AHgY f3ae geBe &gt udue fE5s
e e ufe 73t & farest o 97

Mostly, the students will answer seven, by looking at the pattern. Though the answer is correct,
probe the students to find some of the seven conditions, such that they give a unique pentagon.
frerzg, fefenrgght e Aeg A3 Jedm, Ueds(EEh) & ¥ J ©F 1| Iwfd €39 Adt J,
fefonmadin & ofs 3 S3= oot ad, 7 fa Bat § fedhuz Urgm fo 05 |
Q2. Imagine that you have to write to your friend about a pentagon. Now think of the minimum
information that you can send him/her, such that he/she gets the exact same pentagon as the one

you had in your mind. What information you will send?

YAS 2. THUST A9 & 3T7§ mUE BA3 & St UasH 979 €A J | I uieule Araardt §7d Ao o 3H 67
3 grdr, fam €t vewe 5% BRd 6t Uragn fhaar frgsT 3073 fevmar oo 7/ | 37t 67 g ot Arsardt 2<ar?

As in the case of quadrilaterals, for pentagons there will be diagonals. So five sides, five angles,
and five diagonals, a total of fifteen measures form the maximum information. Give the
students sufficient time to come up with combinations of information. Collect the students'
conjectures and conduct a discussion about how it would work or not work.

i< fa 93937 © U feg A, Uagaret ¥ <t feads (Diagonal) 341 | &R &=t UF gamef, U d& »3
UH feage, g% Uedt iU 90 3 20 Areardt 96 | feforgehntt & Areadt © BHS 7% 8T &et et AHT
fe§ | fefenrgght € nigHs’ § f£d39 a9 »i=3 fer a9 fegg T &9 fa feu fa= aH JJaft A 5t
It |
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Check whether what you suggested as the minimum information really works. Try drawing
different pentagons for the information you said you would give your friend in the question above.

A9 &9 fa ot 3AT 7 WE-ile Araarat g5 @ fEsSt 3, s &9 o o9<t I | 87 Araardt &% J8-2u9
Urgr ger8 & e &9 7 3T fagr At fa 3AT nius €73 & Sudas yrs f[Rg €< |
Q3. Think about why this set of information will lead to congruent or non-congruent pentagons.

yHS 3. &R gd A9 fa Areardt v &g Ayg fa8 AHgy UrAgHT (Pentagons) g&Edr |

Q4. List the conditions that worked for making a unique pentagon.

YAS 4. Qo 733t € 5t g8 fdsT & fedus UAsH (Pentagon) a&Tenf |

Some sets of conditions that give congruent pentagons are given below for your reference.
e All 5sides and 2 of the diagonals
e All 4 sides and 3 included angles

e 4 angles and their included sides

HI3T € IS AYJ 1 AHGY Urgd e 6 3973 9276 &l J6 [E3 I 6 |
e  HIM 5 FAR W3 2 fexge

e WM 433 3 RTB AT

o 43z 3 fIgdnit 3 3Tt

Task 9: Finding the number of conditions to construct a congruent polygon

arad o: fea AHgU 7937 (Polygon) =8 &8 fdanr rast Sarzaitnrt

Now that you know the minimum conditions needed for constructing congruent
triangles, congruent quadrilaterals and congruent pentagons, let us explore how
many conditions are needed for constructing congruent hexagons, or congruent

heptagons.

J€ IHT Aee J I AHgY 33, AHgY 93931 i3 AHGY UAgH (Pentagon) § I678 &gt fdamit Wie S ufe
A3t € 7993 J, »B wiFt g U3z 9T fa AHgY 297 (Hexagon) »3 AHGY H33H (Heptagon)
T58F BET fas a3t St Agaz I |

Make some guesses, and make constructions on the given sheets of paper. Record your guesses in
Table 1 below.

IS NEHTS BIMS, M3 83 I Frat © Ufentt I BRI a9 | MU nigH™st & Jot Arget 1 [fe 89n &9 |
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Table 1 Conditions required for constructing a congruent polygon

AR 1 AHIY FIFH € 15TH'E BT Agd HIS

Number of sides in | Name of the polygon Minimum conditions required for
the polygon gISH €T 5H constructing a congruent polygon
gdgd Snff AT B FAHJY ¥J3H IS8T &eT vgor
farsst foH&3H FI3t
3 Triangle 3
f3a=
4 Quadrilateral 5
g3dgH
5 Pentagon
UrigH
6 Hexagon
CEC)
7 Heptagon
H3gH
8 Octagon
1 ECH

Some students may complete the table by observing the
pattern. Some students may struggle with the table. Give

ample time to the students and then collect responses to

complete the table on the board.
3 fefantget U39 syfent™ & Fufentt Aget § YI™ a9 AAE I6 |
g5 fefonrgd Arget &% AWTH & a9 AdY J6 | fefenmdit & Figure 1: Triangulation of

TS AN oG 03 fog Arost & yIT ads &8 Aeet & fedar &9 | } quadrilaterals
== = f¥39 1 93997 & f3ae fo @5

Proving our Conjectures

H'S WgH™sT § ATES X967 |

Let us find out how can we prove which guesses are right and which ones are wrong.
Draw a quadrilateral.

Draw a diagonal inside the quadrilateral so that it splits into two triangles.

See Figure 1.

(Here we have drawn two different types of quadrilaterals).

g FEE I it fog &< ATg3 9 ATe o7 X faa3 nigH™s ATt 76 w13 faa3 &3 96 |
EESECRLACH

I3931 © ied f&a feags (Diagonal) 578, 7 fa &rg © f3de ffg &5 T<aft |
o391y

(8 niFft & Sy formt @ g399m 5= 95 |)
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We see that every quadrilateral can be split into two triangles in this way. We know that for
constructing a unique triangle we need three minimum conditions.

Y FuT It {7 99 93937 & R 3913 & € f3de feg <fenr am AT I | wirff e gt fa AHgy f3ae
T&8T e ATG e -ile {35 a3t S Aga3 I |

So in this case, to construct the first triangle we needed three minimum conditions. For the next

triangle, we need three more, but as one side overlaps, we need only two conditions to construct a
triangle congruent to the second triangle. These can be, for example, one side and the angle it
makes with the adjacent side of the quadrilateral. Alternatively, one can also give two angles.

for wet fom At g, ufod f3az & soree oot Ag o uid-ile Fast & 33 /| erdt f3oe oot & 7
3 Wi ale Hast & #3 v, us faSfs e o Aist 3, o f3ae @ AHgy f3ae 5o oot /g fige @
HI3T e &3 J | oo HI3T, Bergds o1, £ A" i3 B oE § I3997 € o'% &die UTH ¢ 5% ge8er J, 7
T o S I AIEMT I3 |

Another way of thinking about this is, once we fix the first triangle, three vertices of the

quadrilateral are fixed. So to fix the remaining vertex, two conditions (as in the examples above)
are sufficient. Hence these five conditions are the minimum pieces of information needed to
construct a quadrilateral.

fer 979 Aoz © £ J9 3dtar J, fod @9 A< wirt ufgs f3dE &St 7937 3 59 &< I, 93930 © 35
J=fEE (Vertex) foRfo3 I AT I5 | for BT ga © defde © &el,8 A3t (e fa udas Geuds f99)
Iet I5 | TR Bt oo Un AI3T £ 93997 fogHe &t 31Tt ATeddl @n We-We 7I3T I5 |

This also reconfirms our understanding of the minimum conditions needed to construct a unique
quadrilateral.

feg fewus 93937 fogns &t uid-we Fast &t At AvS S RSt S J9er J |
What will happen if we do the same for a pentagon?
H AT YA (Pentagon) et & wifrdT ag< If 3T d<ar?

Let us draw a pentagon and see how many triangles the pentagon can be

split into by drawing a minimum number of diagonals. We see from figure
2 that by drawing two diagonals, the pentagon can be split into three
triangles.

g feq UrsH gTreie »iz e g Uasd § uid-ue fedas g & o f3ae
feg 2fsnr a7 Ao I | it f939 2 3 2ue Of fx © feags figs o disa &
3= f3ae feg S AT ASET 7 |

For the first triangle we need three conditions, for the second triangle we

Figure 2

need another three, but then one side overlaps so we need only two. Similarly, for the third
triangle, we need two more conditions.

ufgs f3as &t Aré 35 7a3t & Aga3 J, eA9 f3de &t & Ag J9 35 ma3t &t 7993 J, ug fex uAr
ATST JT &9 ATg BF f3a oA3 fAde € most &t 7993 J | f&r 330t A9 f3ae &t &, g € I3 mast
S AgIz T |

So, you can see that whenever you add a triangle, you add two conditions. So, the minimum
conditions necessary for constructing a unique pentagon, are seven (3 + 2 + 2).
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&R 3907 3AT U Aae I fa A< 9t 3AT St f3dE HEs 3 397§ © HIST Agamit Uzdint | for B2, o
fewys Ungd 978 e Agdt We-Ule AI3t, A3 I5(3+2+2) |

Let us try to figure this out for hexagons, heptagons, and octagons.

g, »iFT 231 (Hexagon), H33+ (Heptagon) ™3 »agH (Octagon) et 1 7Tes ©F AT HH A1 |

2. How many triangles can a hexagon be split into?
(Remember that the number of diagonals drawn must be a
minimum.)

2. fex 237 & fdd f3de feg e ar Ager J2@e I fa fifg
e fegast & farest uidue gt gratet I 1)

Figure 3
3. What is the minimum number of conditions needed to construct unique hexagons?

3. fewuz g7 ge8s &t fadht widufe 73t & Agaz I ?
4. Why?
4.13§?

5. How many triangles can a heptagon be split into?

5. fea #3397 & s f3der feg Efanm 7 Aaer 97

6. What is the minimum number of conditions needed to construct
unique heptagon?

6. fezyz W33 =TTz & wlwe fddhi mast & Ages I? Figure 4
7. Why?
7. fag?

8. How many triangles can an octagon be split into?

8. niagH & faait f3ast feg Sfanr A AgeT 97

9. What is the minimum number of conditions needed to
Figure 5 construct congruent octagon?
9. AHgU iagH © fogHTs 395 et wid-ule fddht a3t & 7gas J?

10. Why?

10. fa§?
It is interesting to see what is the minimum information needed to construct a unique polygon.
Let us start with a polygon with n sides. To fix the first three vertices, we need three conditions.

For each of the n - 3 remaining vertices, we need at least two pieces of information or
conditions. Hence we need at least 2(n - 2) + 3 = 2n - 3 conditions. But the process of dividing
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the polygon into n - 2 triangles tells us that 2n -3 conditions are sufficient to construct a unique
polygon. So, the number of minimum conditions required to construct a unique polygon is 2n-3.

feg Tuzr fewony T fx fedus gggm g8 &t of uid-we Aaardt & Agas I | 8 n gaet T8
gggH &% HINT3 Fate | Ul 38 defag »8e &et, Ard 36 Ha3t grdlehtt 75 | I9d n-3 g7t o
g &2, Arg Wlle € Ho3t € Ag93 7| for & Ag Wl 2(n-2)+3=2n-3 AI3T & AgI3 | U
937 & n-2 33 feg I3z =@t ufafon Arg TRET I fa 2n-3 A3t fedus gg3n 958 & <t 75 |
for %o fEsus ggg+ ge@e et uid-ue HI3t & farest 2n-3 9 |

Suggested readings
1. Simple argument about the number of minimum conditions needed to construct congruent

polygons
https://www.mathopenref.com/congruentpolygonstests.html

2. Asimulation to check congruent polygons by super-positioning
https://www.mathopenref.com/congruentpolygons.html
3. Interesting examples of congruence

https://www.andrews.edu/~calkins/math/webtexts/geom07.htm

4. Detailed proof of why the number of minimum conditions needed to construct congruent n-
gons is 2n-3
http://www.amesa.org.za/amesal n21 a12.pdf
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