Vigyan Pratibha Learning Unit Euclid's Game

Euclid's Game

w&erfliq 601 ellemerwimL_(®)

Overview
FHSHSHLD
Here is a game that is based on the Euclidean algorithm to find the highest common factor of
two natural numbers. In this game, students not only play the game making moves that

correspond to steps of the Euclidean algorithm, but also engage in doing mathematics by
making conjectures, giving counter-examples, refuting conjectures, and proving the results.

@Qbs  llememwmLIgeT  epeuld  WwaefliQuill LI WenmEHTemnelLl
LweTL(MSSH @0h @ulev efeoorsertleor LOLIQLIIH QUMTS eUGSSTHenuls
WU SHeoorsaHLeumDd.  @euaudlwenmenuil]l Lerumn) &Heoors & s
QFWCHTH L (HID  LOMEoTEUTSHET BIMISHE G&SHTeTaTCGLTeUH6LEm6 .
OEMGMBIGENET 2 (HEUMTEHGSH) | eumenm  BIITsflEsey | THI-
o BIMI6E00TTRIGHEMET GULDMHIGSH), LDMMILD (L6 S6m6T BlemLlggHe0 GUmerm
QFWevLIMT(h&6rfledT eLneuLh &5600f15LD QEFUIeUSHeVILD FF(H LI 6UTTE6T.

An important idea is that we need to look for counter-examples to find out that a statement is
not true. As a part of this unit, you should talk to the students and try to differentiate between
a true prediction and a mathematical result. Also discuss how in the case of establishing the

correctness of a mathematical result, giving examples is not enough; while in the case of
proving a result wrong, counter-examples are enough.

R FadOmIl QUITWIWTETSE eaTUenSsS QSHbHSIQ&HTeTUSEHE 6THT -
O _SIMJ600TTRIGHEMET BTN FHeooT(MLINQ LG (PSR (H SHHSHSTESLD .
Qbzs some Lflaldr e® LGHUL, e SHafls SalHen e
Fflwmer seooflLIH@&WD @enLCul 2 6tem Coumiimlenl. A FlWFseT
aflenss  Ceustor(Hld.  GsVd, @ &Heoolls  Bremeud  FHLMTHS
9 SIMIGOTRIGET GUITHTSH 6TeTMID LTV eSSl QUITUISHS 6THT -
o BTI6E00TTRISHET CUIMTEILDTETEn6 6T60TLIENSE GMISSILD HhIG6T 2 60FWImL
Geuevor(h\LD.

Minimum time: Three sessions of 40 minutes each.

GBS LIL_& GBITLD: 40 HILOIL_MBI560)6ITE G185 T600TL ELOEIT M1 BLOT6Y&56TT.
Type of Learning Unit: Classroom-based.

Shmev LNfledledr euemas: su@LiLienmLl LImLLD

Unit-specific objectives

urLtifleller @evd@ o6t

(i) To observe patterns in numbers and articulate the observed pattern clearly

() 6T600T BEMLOLIL|FHEMETE: SHeUTSS, BhIGET HeUelHs 3emLImLS
Qgerflaunms alleuflggev.
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(ii) To look for counter-examples to refute a conjecture

(i) ®F o&HSmMSL QUTIQUIeT BlepLlds  aTHT-2_ &Moo hIGHem6TS
CH(HFH6V.

(iii) To understand that examples are not sufficient to prove a conjecture

(i) R 2615H56ME BlemLIG8 2 HMTreormgseT L (HGLD CLIMSTS 6T60TLIENSL
L6 3IC&MeTEB S ev.

(iv) To understand that just one counter-example is sufficient to disprove a conjecture

(v @F o1H:S5mGL  QUTLGWeT Blepliless @  eIHI-2 5MIeord
GUIMEILDMeTS! 6T6dTLIeNG L1 LflH &GS MTeTEh&56V.

(v) To come up with a logical argument (i.e. a proof) in support of a conjecture

v ®F 2055FHDG UNCFIHGD ST5HH QUMSHBEMET (DTS, RO
BlemLieoorLD) GUIME 586V,

(vi) To understand the relation between taking successive differences and the Euclidean
algorithm to find the highest common factor (HCF) of two numbers

(i) WaerfllqQwill LG (Lpenm&HTemnels 6&meoor(h @) eTevorserfledr LOLIGLIH
QUG aUGSH WG F5600THB(HeUSMHEGLD, QG TLIFFUITE 6T600TE60)6T8
SPILUSH MG @6 Cul 2_6TaT QS MLTemLL L& Q85 MeTEH&6v.

Links to curriculum

LMTLSSHL L HSIL 60T 2_6Tem QSITL[LI56T

NCERT Maths Class 6: The concepts of factors, relatively prime (co-prime) numbers and
multiples (Chapter 3)

NCERT Maths Class 6: The concept of Highest Common Factor (HCF)(Chapter 3)

NCERT Maths Class 10: Euclid’'s Lemma (Chapter 1)

Materials: Blackboard, chalk and sheets of paper.

QUITIHL_G6IT: H(BLOLIVEN S, FITE (chalk), HITHGHS SHTETH6T

Introduction

2IMILP&LD

Playing games is a lot of fun. Today you are going to play a game that involves numbers, and you
will find a way to win the game, always!

allemeTWT(M&ev BSE WGHS WLRDEFF WS S 0H GFWEIMEGLD .
CTEONTGHEMETE  Q&Meoor(n @eoTml BT allemeTwm  GUTHICMTLD . @&
TLICUMEICL QeumMIGLIMIEISHMSTEoT o HFHemnWIULD BraigeT
QafH&HH S TeTeT GUITHINTSHET.

Task 1: Play the Euclid’s game
WSV QFWI6L: W& erfllg 6ot eflememwimL_()

1. This is a two-player game.
1. eflemeTwITL @\ (H BLITES6T G606,
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2.

The rules of the game are as follows.

2. eNlemeTumL_1q 60T IS\ 86T LledTauhLomm.

You can decide who plays first.The first player, say Player 1, writes down a number that is
between 1 and 100, including both. Let us call this number ‘A’. The second player, say
Player 2, can write down another number of his/her choice. Let's call this number ‘B'.
aflememwmlemL WM Q&TLIBIGEUTTSHET 6leoTLIens BhigsGer (L6
Q&FULIG QIEHITATETEVTLD. (LNFH6V QL L HEHTTT (QLLL&SHTIT 1), 1 (LDGH6V 100
alemTWleL 2 66T @ 6T600Tem600Ts CHIHOSHSHIE Q8Meor(h s
TS GeuetoT(hLD. @B 6T600T6M600T ‘A’ 6T60TE GQI&HTETGAUITLD. @) J600TL_ITLD
AL LSESHTIT (@ L&STTT 2), LGL6TeT 99 eTevorsserfley eflpLibiiiul L
EREOTEN M TILOFHEQ B TETETEVITLD. @[5S 6T600TEMIE00T ‘B’ 6T60TE> G\ SMTETGEUTLD.

Now, the first player will write the number (A - B) or (B - A), whichever is positive. Let's call
this number ‘C'.

QUIGUTE, (LP&6V L LESTIT (A - B) VLS (B - A)-83 G600THHL
Geuetor(HD.  6THL  LAIGS  6T6O0TEMEDOT (positive  number)  el6mL_UIMTE
QUOIBMTCTT MG T 6I(WHE Q&EmaTeT GCoustor(hld . @)HS
6T600TEM600T ‘C’ 6T60TE> GISMTET@EUITLD.

Next, it is the second player's turn. He/she has a choice. He/She can either write the
difference between C and A or the difference between C and B. However, if one of these
differences is already in the list (i.e., if it is A or B or C) then it cannot be written again. (All
differences are taken to be positive.)

LN 60607y, @ I600TLITID QL L SH&HTTT eUTS SMHMIeV (C - A) 6VeVS! (C - B)-
@6v TN &5 HE00TSHHL_LIGUITSH T CTEOTLIEN S5
GBI HOEH(H) 5 SI5Q GMTETETEVITLD. Y606V, 6T600T QIGTGSGLILNL  gmaeTGal
9161GI6I6T0T @)L LD QUIHMIBHSTE (SIFTAUSI, A SIV6VSI B 16UV C 35
@ BHSHTV) 343! L6oT(HLD TSI HFal MG, (SHLOIEEH6060 GILIMHM 6T6v0T
L 6m &> 6T600TEEITITE S(HSLILI(HILD)

Similarly, in subsequent turns, the players take turns to write a number which is the
difference between any two numbers in the list, provided the number itself is not already
present in the list.

@GsHGCUMeV, 6TetoT QSHTGLILIL @LAUMMIBSHGILD  THMTaUE @)
cleonrgefledr  GHUMFSEMES AQHSHSS &GOl  SHeorsHIL ()
L L SHEHTIIE6T 6B EHCHTATUTIHET. Se0TMe, S QSTGLILI6L
T M&H60TG6U @)L_LDGILIMITE 6T600T600T TEH LD @) (HE&H Geuevor(hLD.

The game ends when it is not possible to write any new number.

&HLOE556060T eLpeVLD, LSGTEoT 6T600T gSID HemL_ 88611606006V 6T60TMIT6EV
QLU LD (WML L &TEH &HHH &GS TeTeT Gaustor(hLb.

The person who writes the last number will be the winner.

@QmIE eewoemeorll UGN Laldsmer WL LEH  Qeumnl
QLUIMMGUTTEUTI.

Let us look at a sample run of the game.
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6 6I(hSHSIH&HITL6ML @ LGNS LIMJE&H6VITLD.

* Suppose, the first player writes 12. The second player has 99 choices to choose his/her
number (as the upper limit is 100).

(P  YLLEEHETIT  eevor  12-83 GHIBHASHSHMTT 6T M)
T(HSHHFHQHTETCAUMD.  QUGCUME @UeoTLMD QL L &H&HTIT 99
6TEOTSH 6TV 6R60TeMME CHITHG S (HEEEVITLD. (100 6T600TE6IT @)(HETH6dT 60T
6T60T LIS T6V)

* Suppose, the second player chooses 16, then the first player can only write 4, i.e. the
difference between 16 and 12.

. @U6EOTLITLD QL L &H&ITTIT 6T600T 16-83 CHIHOGH(HEHMITIT 6T60TMITEV, (LNGH6V
QL L SHEHITTT 6T600T 4-83 SHT60T 61L& (LOLULILD. gFQ60TedT M6V, 16-60(BIHSI 12-
o0 &GS GMITLD.

+ The second player then writes 8, the difference between 12 and 4. Note that the player
could not have written the difference between 16 and 4, as 12 is already in the list.

. Ulereory, 12-60(pH& 4-83 SLOILLISTEL @IeooTLTD QL L &&HTTT 8-89
IWSITMTT. @6 16 WMHMID 4-@)6T NSHLTFSHNS THWIN([HE5
(WDIQWITE  gGI6T6T MV QBTSLIL6V 12 JM&HeTC6)
QL LOUMHMBHEHMS.

* Now there is no possibility of writing new numbers, so the game ends with the numbers 4,
8,12, and 16 appearing in the list (12, 16, 4, 8 in the order of appearance).

. @QUGCUMEL LS 6TeooTsCemSIlD 6T(LDSI6USMETET GUTUILIL|GET &)6V606V.
QLG6VITEY, QL L SH60T (LNLG6II6V 6T600TEET 4, 8, 12, LOMMILD, 16 LTINS
Q&T&LILN6v @)L LDQLIMHMIETENS. TS LILIL L auflemnauilev
6T(H &SI FHCQETEOOTLITEV 12, 16, 4, 8 QLG LD)

* There are four numbers in the list, and the second player is the winner, as he/she wrote
the last number 8.
« QML QLTHSID BTG 6T600TH6T D 6TeMeT . @) Je0orLITLD
AL LSESTIT Qeumn QUMHMITT, FQeTedTMMey eUTHTET @)MmIG) 6T6vor 8-
&3 eTBIGr Y.
Play this game with your partner multiple times. Study the lists of numbers that you got for each
game and record your observations in the table below. For the last column, where you record the
winner, mention whether Player 1 (who chose the first number) won or Player 2 (who chose the
second number) won.
O MBIGET [HEOOTLI[HLGET @HS WL LSS L enm allememulm(hhbigser .
RAICAUMH WL LEHVID QSTGLLIL @LLIDQLMM 6T600T&Hem6T ST MBS |
Praiger o2 MHMICHTHRLIIMENMNS FCp  Q&ETH&HSLILIL (HeTerT
Il Lalemeoorwiley  LUBN(HmIGeT. Qeumn)l QuUMMeEUT  6T60rm  HLLEFV |
QL L&STIT 1 (LLFH6V 6T600T6m600TSH ST HOHHSHHAT) 2I606V&I LU L &H&HTTIT 2
(@) T6OOTLITLD 6T600T6m600TS CHTHOEH(H & &) 6T60T M GMILILN(H\BISS6T.
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o How man
Initial Numbers | The smallest | Thelargest | All the numbersin y
numbers are

number in the number in the list Winner

) _ _ : there in the
Player | Player list the list (in ascending order) list?
1 2 '

QaMLEs | sl | smrall | asmeLliLiaer | gTaLUU | @eumm

6T600T 61T 6V 6V 61T S|D6EOTH G 6V QUMM
Sl L | @l @l_Lb_Qurj) @l_Lb_Qurj) 6T600TSS LD e‘r,é,g_r;emepT auy
GHTy| Lo | D66 ulla) (QQJQJD‘]@EU__‘I] 6TETOT G5 6T
51 | oy uﬂasa@gﬂu_l Ld]asuQ_uU‘] 6V 6T SIMBIG6IT) | 2_6iTermeor?
5 6T600T Wl 6T600T

The teacher can also make this table on the board. After all the students finish playing the
game a few times, collect some responses from the students and fill in the table. (It is fun to
play the game the first few times. However, the teacher should stop the game and start a
discussion, when she feels that the students are getting tired or bored of repeating the game.)

@QBbs I Lealemeoorenll WFFlUl  SHLLUVSWINIW  eUTHS
QG TETETEVITLD.  LOMETOTEUTSHET SeMeoTeU(BHLD ellemeTWTly. (P65 LedTeorr,
Fevfledr LG LEHeMET el L Lalemeooruiley LSV . (&L Flev
L L BIGET Gh LSS 2 MFTHID SIHD . QLE0TT6V, LOMEoTel TS EhEs S
FllLgs SLBGIWLCUTEH L LEms @enLuiley BlosHelll (B e flwr
FHVHSHNTUWML QG TLMHIFHECeU60T(HLD.)

Please see the section ‘Mathematical and pedagogical explanations’before recording students'

responses on the board. Ensure that a sufficient number of examples that help generate some
conjectures, are on the board.

LOImeooTeU 86160 LIGeu8semaTL! Lisvemasuiley LSeN(hD (pedteot, b fluir
HeoollGlD  WHMID  sevallwiluley &mims ellenssmisser eeorm  Liifleneu
AMHEGLULN CoHL(HN&EOSTATHICMITD. GUITHILDMET LIFHV&HT @ (HLILINS
o2 MIFEF  QFUIWMBIGET. @& oIEHHEIGMET 2 (HUTSHEGLELTS

o gallweafllILsTe: @IHaEGLD.

The teacher can then invite the students to look for patterns in the filled table. Ask the
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students to generalize the patterns and make conjectures. Write down each conjecture on the
board and encourage the students to examine whether it holds, by generating more
examples, or can be refuted by generating a counter-example. Help the students see that
verifying the conjecture for any number of examples does not amount to a proof, and that one
counter-example is sufficient to disprove a conjecture. Encourage the students to come up
with proofs of their conjectures.

L L_euemevorwilev LFlevgGemer  BHIFLILw Nedreory ., et6v01d6MTl6D
LI S5CETSID QBTLMHSRMST 6TEOTMI  LOITEO0TEU [T 606
FHeooT(HLIY @G DUL. SaMIBIGET . enULGm6TL  QUMsIISILMGSS
IIUTGHET 2eM&HMIFHEN6T 2_(HeUTEHEH CeueooT(hLD . 6REUGQGUTIH 2EMT&H S 60D
LevemsUWley  eaImisGer.  Seumenms  SFlumiséss, Gaiin L
9 SITI6O0OTRIGENET 2 (HEUMEEGLOLIL. LOMTEo0TEUTEHEM6T 2618 & 6L HIg 6T
THT-2_H TS5 G1&MeooT(h GILIMTUISSHD GIFUIUIEVTD. 2615586051
QUITHHSIUSH T 6T600T600TMM 2_&HMTH600TRIGHET Q&HTHSHEHLILIL LMD, G
BlepUeoT DTSRI LSMES FLTSHMS! 6TedrMID, NSl QUITUISS QT 6THIT-
2 HMIeoorld  GUMSILOMEOTS  6T60TLIMSUID  LOMT600T6UT&H606T  ©_600TJ&
QFULIUIMBIGET. |UTE6T FHH &S 26185605 [BlehLilg & 2618 @6 U] BIS6T.

Some of the conjectures that the students might come up with, and the ways to handle these
are discussed in the section 'Mathematical and pedagogical explanations'. However, it is
possible that students come up with conjectures that are not listed here. In this case, take the
conjectures one-by-one, verify, refute or prove the conjecture as the case may be, and
familiarise the students with these processes.

LOITEOOTEUTSET  6lSH@G0D Flev DETEHMIGET MM EUMEMNM 6TeUEUT M)
&WIMET  GeueooT(hlD  6TeTLIeNSHSH  GMISS MUl ‘S600flsD  MHMID
sevallWlwev smims allemssmisseT ereorm Lifleneu eum&lu]misseT. ereoflsmil,
@560 LLIQUEILLILLTES o6eT&HmIGEm6T LOmeoTeliser  FhSHIILSID
FISHUGCL. @QBSHTF FLOWISHH 6V, DETSHIGENET 6R60TCMTETMTS FHlLUMTSS,
leumenm HiIsG6T QUTULSES Galetor(hlDd evevg mlemLlss: Ceaustor(hib .
LDITE0OTEUTEEM6T @) HSHE GIF W66V GHIFR QLM Q&FUIW|BISET.

Task 2: Predict the numbers in the list

QFLIGV 2: LIL_1 UI69I6D 2_6ITEIT 6T600TE:60)6TE5 8560011555560

Let us assume that the following are the initial numbers in the game. Based on these, can you
predict the numbers that you will arrive at, while playing the game?

- YRR {3 ()] QBTG5S 6T600T 61T QULOMmIGLILIL (heTerT Blemeuuilev,
allememwmHEUTE! 6THOSHS 6T600Td6M6TL GQILMIETTHET 6T60TMI 2 MHISETITEV
FH600T1SHL (LOL.ULOMT?

(Hint: If you are stuck, look at the table you just made. See if there is any relationship between the
initial numbers and the numbers in the list.)

GO SJ6 SeL&HMN0  GUIMETTey L LelemeooremnWll]  LIMIHAISET .
GVETET  QSITLES  6T600THEBHEGWD, LLIQUIELLILLL  6T600T&EhEHGLD
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Q6L G gJBHEBILD QIGHITLTL| 2_6TeTHIT 6T60TLIENSHEF GUITF60)60TE Q& UILL|hISHEIT)
Predict all the numbers in the list if:

LNedTeU(BLD QSMTLES 6T600THEH&HE, (LPLQAITH 0L &858mIq ULl 6T600THeM6TE
60011 5B (HBISH6T:

1. The initial numbers are 9 and 15.

1. 9 LDMMILD 15

N

. The initial numbers are 20 and 9.
20 LDMMILD 9

n

w

. The initial numbers are 13 and 17.
13 LDMMILD 17

w

4. The initial numbers are 7 and 35.
4. 7 LDMMILD 35

5. How did you predict the numbers for each example? Did you notice any patterns across the
examples?

5. @EUGIEUT(IH 6T(HSHSISHSITLLYMELD 6T600TEEM6IT 6T6UAUT M S6001165FHT&H6T ? @\HS
TN &5SIHEHTL_(H56rfl6L gGHeILD BiemLDLIL| @ (BLILIENSE HeU60THBTEHETT?

The teacher then can engage students in a discussion on how they can justify that their
strategy for finding the numbers in the list will always work. Please study the section
‘Mathematical and pedagogical explanations’ for suggestions/ideas on how to lead this
discussion.

6TEOOTSHEMENTE:  Ss6ooTL MWLl LOMeooTeUJ&B6eT  LiweTU(hSHIU6Ter 2 55
SaIMMNe Fiflulmer allemlemnl Sjefls@LD 6T6TLIENS SI6UTG6T 6TEUEUT M)
BWmUULGSSTD? @enss GMsGS WHAFWT @ 2 emIWITLem6V
BlEHLDSHVIMTD. @60 eTalauTm 6T(N&SIF QF6VEVEVITID TeTLINSS GHMIHS
H([HS S 56T/GUIMTFEMEITHEMETL QLM ‘G6001GLD HMILD Seveiluilwiey FMibHS
ellen&:SmIG6T 6T6oTm LI flemeu aum&IWmIgerT.

6. Now that you know the strategy for finding the list, can you predict a strategy that will ensure
that one of the players will always win this game? (Which player can adopt this strategy and
always win?)

6. 6TEOUTGHEMETE  SHeooTLILD 2 655 SHCUMS 2 BIGHEHHGHS QSFluh

CC-BY-SA 4.0 license, HBCSE 7
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ICHBUMV, @ WL L&H&HTIIH6TL  @meauCy erlICUMEID  Qeumm
QUOIAIMS 2 MIFF QFUIUSMHETET F 2 5HemU 2 MIGHETT6V 56001185
Lo @wmeiley e1hs WL SSTIT @b 2 HFemwll LWaTUbhSS
6TLIGUIMEILD Qeumn) GILIMEVITLD?)

Mathematical and pedagogical explanations

&600f1SLD LDMMILD Sevalludluiey FrihE elemaasmIgeT

The activity helps the students engage in some fundamental practices of mathematics, such as
observing patterns, making conjectures, verifying or refuting the conjectures, and so on. The
novelty of the activity is in seeing how mathematical ideas emerge in the context of the game.
The game begins with a simple task such as subtraction of two numbers. At the end of one or
two games, the student begins to grasp that the process leads to a finite sequence of
numbers. Moreover, one starts figuring out that the numbers that emerge in each game
depend on the choice of the initial pair of numbers. After looking for patterns, the students
will realize the connection between the HCF of the initial pair of numbers with the list of
numbers obtained.

@B NleMETUIML Q6T eLPEVLD LOMEtoTeUE6T Flev L LILIEmL LITET S600115%
QFWeLLIT(H&H6TleL FF(HLILGVITLD. 6T600T eMLOLILGN6T 2 MMICHTEH G560,
MG BIG606T 2_(HEUTEHGSH6V, aMenm mlemLISSH0) evevd HITTEHHEEH6,
GUTeTmEmE! @emel . L L HH6TCLMS SHeofle SHHSHIIGHET 6TeleUTm
QeueflliLMB MG 6TeTLIENS AMBHH CGHTTUCS @B 6llemeTulmL Q60T
H6011SSIQUDMEGLD. @)J60oT(h 6T600TEHEMN6TE SLOGEH60 6T60TM  6TerflemLnulmeot
QFWei6L QFHTLMIGD LOmeoTeUT&HeT, HFlev YL LBIHEHSHGL  LleTery
@ &G &FWededT eLp6VLD (LPLG.G 66T Q@1 60T Q&M LIL| &
FHeooTSHILLILILIQHLILENS 2 60oTTeUTIE6T . GLOsYD, S5 6T600TS6T
NS SICL QBT H855H60 CHIHOH(H &S 6T600TEHEMEITL QLITMIS SIS M0
o GTeMgl TSN QS FHEHCSTETOUTISHAT . @)6U66U60TEEHE S
I6mLDLIL&HCEM&ID o TSI 6T6OT LI &H 5> o MMIGHTHGLCLITS!,
UNMIDGID QOSTLES 6T60ors6eTer LO.GLIT.0I-SEGWM 2 6Tem Q&TLFenL
LOIT6O0T6UT&H6IT 2_600T [J [5G\ & TEITEUMTTH6IT.

To understand the mathematical significance of the students' responses, we consider below
the different ways of thinking that students might exhibit and propose some conjectures that
they might come up with. In the pedagogical discussion column, we provide explanations for
some of the conjectures, and suggestions to lead the discussion.

LOmevoTeU T 86rT160T LIS\6u&s6rfl6L 2 61T &5600f185 &(H& SIGHeme6TL Ll &I Q8 meiTer,
aisear QelafllIL(MEHEFIQL Flev FHEHNT (LPEOMEET LOMHMILD
O (HOUTEHESHSIa(ID  2aMGHEIGMeTsS  HCLL UL IQUWIL(HeTCerTd . Flev
DNEHMIGHEHHEG MeTEHEEBIGEHLD , UMM GMISHH 2 IWITLEM6Y
Bl&HLLES CUIMTFTSHEHLD ‘SMLIGS 2 Fa|D S560HSIENTWITL6V86T 6T6oTm
FHLLEFHL QaMH&H&LILL (heTerTeoT.
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Euclid's Game

Students’ observations

Possible pedagogical discussion

The largest number in the sequence is
the same as the largest number in the
initial pair of numbers.

Ask for the reason why the larger initial number
remains the largest number in the list till the end.

Explanation: As we are subtracting numbers in
consecutive steps within the set of positive
integers, the numbers obtained will always be
smaller than the largest number in the initial pair
of numbers.

The list contains only the multiples of the
smallest number in the final list.

Ask to verify with other examples in the table.

Ask whether they can come up with a counter-
example.

Ask for the reason why this is the case.

In the initial pair of numbers, if one of
the numbers is a multiple of the other,
then the list contains only the multiples
of the smaller initial number.

E.g.. For the initial numbers, 7 and 35,
the sequence obtained contains only
multiples of 7.

Ask to take a few more initial pairs of numbers,
where one is a multiple of the other and verify
that it works every time.

Look for a counter-example — a set of two
numbers which will refute the above conjecture.
This is an opportunity to discuss whether not
finding a counter-example amounts to a proof of
the conjecture.

If the initial numbers are co-prime (i.e., 1
is the only common factor), then the list
consists of all the numbers from 1 to the
larger number in the initial pair of
numbers.

Ask to take a few more initial pairs of co-prime
numbers and verify that it works every time.

Look for a counter-example — a set of two
numbers which will refute the above conjecture.
This is an opportunity to discuss whether not
finding a counter-example amounts to a proof of
the conjecture.

If the initial pair of numbers has a
common factor, d then the smallest
number in the list is d.

CC-BY-SA 4.0 license, HBCSE

Note that students may not consider 1 as a
common factor, and therefore while testing this
conjecture they might not have co-prime
numbers as the initial pair.

Ask to take a few more examples of a similar kind
and verify that it works every time.

Ask whether the two numbers in the pair have
any other common factor. Ask them whether
they want to modify the conjecture. (Note that
the conjecture in this particular form is not true.
When we start with the initial numbers 12 and

16, 2 is a common factor of both numbers, but
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does not appear in the final list.)

Ask them if there is anything special about the
common factor that is the smallest number in
the list.

Think about why the smallest number in the list
is this particular factor.

If the last three conjectures above have been articulated by the students, encourage them to
come up with one conjecture that will include all these three conjectures.

The smallest number of the sequence is| ®

a common factor of the initial two

numbers. o

Find out if this includes or contradicts any of the
above conjectures.

Refine, verify, or refute the conjecture.

The smallest number of the sequence is|
the HCF of the initial pair of numbers.

Find out if this includes or contradicts any of the
above conjectures.

LOT6OOTEUT &5 61Tl60T 26mgsh18s6iT

SOUGS 2 56D SeVHSIenTUITL V86T

6T QHTGSGLILNL 2 6mem  Quflwl
CTEOOTENILD, QEBTL&HEH  6T600T&H6rl60
© 66 GIUFIUL 6Te0oTETIN  6R60TMITES
@ HEHGSLD.

o &0 QESMGLLT QMIF euenT ,
QBTLESEH eTevor@eoor gedr  QuUflw
6T600T600T T o GITeMgl  6Te0TMI
GFHEBMIGH6T.

o allaesD: QSTLIFAWTS  Llend
6T600TE560)61TE> SLOILILIGTEY,
&SI LILI(HLD 6T600TE61T
TLIGUMEID QFHTL&EHEH  6T600T&HEN6T
QI SIS TS5 MTE0T @)(HEELD.

@M 67600 QFHTGLILNL, WHEF M)
6T600T600 60T LOL_MBI@& &6 oL (HLDG MedT

o Il Lalemeoorulley 2. 6Tem MM

T(H &S H&HTL_(hFHGHL_60T

CC-BY-SA 4.0 license, HBCSE

QL LDAUDHMBIBESLD. FflUMT&ELULY QFTLaIMISET.
o« @QBMEHTOT  THT-2 SITI60THRIG6T
TMSWD  STWIGULDT  6T60T D)
GBS EBHMIG6IT.
o @eueuTm @\ (BLILISMEHTE0T
SHTJ600THNHH FonMILDLILG
G&HEBMIGH6IT.
Qg)m_$a§ _ ae&m&saﬂ@w_ﬁe&r@ . GLad Fev QBT
LDLOQH)WW@W. LOL_MI&MTE 6T600T GFITLY &6M6T (6260TMI LODMGMIT(IH
Q&G LDITeTTTeV, QUS|  ceemleT LLMISTS @GLILSTS)
CTETQSTSLILIL FIWILI eTedorenoflledT| 1RG5 518 QSHMETET  QFTLMIMBISET.
LOL_MhIS &6 DL HIDSTET | el @6UMT(H 6T600T GFMILUNGGLD @S
Fleo_&HGLD. ONEHG6M&HGF FfluMig @bl
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T(HSHSIGHHTL(h): 7 LDMMILD 35 6T60TM

QEFMTELEVIRISH6IT.

QbEH WEHEHMSHL — QUTUISSHS

LG QTS 6U(E6T600T600T T8
Q&TE00TL 6T600TER6IT) @) (HE>ELOITEOTTEV
@ mMIT eTeoTQHTSGLILN, 1 (LNGH6L
QBTG 6Teoordserfledr GILIIUl 6Tevor
auemuwilev 6T6VEVIT 6T600T55GTHLD
QL DQLIMILD.

OBML&ESH  TOIHEERSES BT | g (ih @@ easamers FHEE5S)
QAUDESGW TETASTGULI, 7-6T[  Sey5 o srparhismar 2 GaNSS
LLBGSET LSy he  QEdiwhiseT 6T -
QL DAUDODIBSSLD. 2 _SMIeuorLd B ST
GLIT6OT eV 2615 1D
plepUl&SULLL STE
6T(H &S HCGHTATETEVITLOM 6T60TLIENEHE
GYSs 2@IuUTL S5EDHSE
&H([HEOTLOMS: @& @) (Hh&HGLD.
QBML&SH  eTOoHET  FTIUST . Qg Hlev FTHUST  (LHET6sor
PWETETTTHETTS  (SBTed, -8B Crmasemens CHIHOSHSS!

R6UCIUMDH (LPEDULD  (LPLI6|&H6T
TS TUMISSHMSL GLITEL 2 6Temgsm

GTEOTLIEN & & Fflumyg@ LUl
QEFMELEVIRISH6IT.
@QbS HHMSL  QUTULSHEHS

Fo(IlD @)\(H 6TEOTSHETEF FHFH S5
6THT-2_SITI6O0TRIGEMET 2 (HEUMTES

WO BISGET.  THIT-2_G&TJeoorn
PO SHSHTON  GUITETTEL  2emssLD
BlepLsslUl Bl L&

6T(h S SIHQ S TETETEVITLOM 6T60TLIENSHE
GYSs 2@IuUTL S5EDHSE
S([H600TLDITSE @& @ (HEHGLD.

SMILIL: QLTS 6UE6Te00Te0r s 1
QBN LDTE00TeUTHET &H([HSTLO6Y
GUMHELITID. SL,FHEVMEV  DGUTHET
CHIHRASH(H&HGLD QHTL_ET 6T600TH6T
FMJUST (LD(LD6TE00T 6T
©)6VEVITLNEY CLIMEHEFn (HILD.

QBML&HSH 6l600IHEHHEG d 6I60TM
QUIME! 6UG6T600T @) (HEELOMEOTTE |
@ M) 6TeoTQSTLILN6Y o WSBFR MW
6T600T600TT&H @) (HIHGSLD.

CC-BY-SA 4.0 license, HBCSE

@& GUImeTm Geuml Fl6V 6T600TE60)6TS

CHIHCSDS S, UG
(ENMULD (D196 G6iT
THTUTTSHSHNSL CLITL 2 6TenssIT
6T6OTLIEDSH & FAUMTHGSLDLL
QEFMEVEVIMRIGH6IT.

QBHTL&5 6Teoor GEF M UWIMH &

GeuCGMm&ILD GILIMS 6UE6T600T 2_6T6ITGHIT
6TeOTMI  LOMeooTeUTSETILLD — GaaTal
6T(LRLILIGUITLD. NG GH6M S
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LTHOILIENLOEE WIM[H& LD
N (BLILI(LPETETSSIT 6T60T MILD
G5 GBMRIGET. (0] [MTIE
QBTHSHEHLILIL LY ([(HSHGLD

AGAISTH  EMEHID  SHEUMTETS.
TS SIGHTLLMEH, 12 LOMHMID 16-83
QBT 6T600TH AT
6T(h) & &1 &6 8 TE00T L_IT6Y, 2
SleummlenieoL_ul QUME!

6U(E6T600T600N TS @ (HEHGSLD.  2,60TT6V

@MIE 6T MGLILN6L 3|5
@ LG LMal6Lem6.)
6TE00T QS MGLILI6V

@ L QUMMIHEHGLD L& &5 M

6T6O0TEOOTITEOT QUG 6Te00T  JBHEDILD
FOLILUDFSNSHE  G\8Me0or(H6TeTssIT
6T60T M) LOITEO0TEU 861D G55 6B BIS6T.

GLogyI6TerT

S egoa'ﬂgu D6IG5H18560)6T LD
FHT(HLINY S SN L TTSHET 6T60TMIT6V, @)6UMEMM 2 6TEML_ SR QR 26556055
F B 5@ LD SJ6UTEHEN6T 26185 @ 6L BIG6T.

SO L 6T600T L& &5 m
6TEUOT600T TSR 60T QIGEIAMES
6TEOT LIS & F b5 &G DL
QEFMEVEVIRISH6IT.

Lorr666r6mj556iT

OTOSTGLUI  @LID QUMD

W&EF M eTevor QBT 58
6T600T GFFITLY. U I 60T QUMEI
6)(&H6T600T600T TG LD.

GLGev alleuflEGELILL L. DeTEHBIGH6T
JCHID @BV 2 GTETLHISNUIST

LTV SleuDmledl b
WresorL(h &M T 6T6OTLIGDSL]
LIMTHMHBISHET.

2NFHEH6MS LDMISLEHEHID QFUIULIGVITLD,
BlepLIG&HEVITD, 36V6VE HaUGQMEeT
SHITL_L6VITLD.

6T QHTGSGLILNGL 2 6Tem  LGFR m)
CTEOOTSHMTEOT QBTG5 6T600TS6IT160T
LSUIGILIH QLTS UG SHIWIMGLD.

CC-BY-SA 4.0 license, HBCSE

GLGev alleuflE&ELILL L. DeTEHBIGH6T
JCHID @B 2 GTETLHISNUIST
YV SjeunMlelmHa!

(et LUIHSRMST 6TEOTLIEM &L
LIMTHMHBISHET.

Note: When students come up with observations and conjectures, these may not be

articulated clearly enough. The teacher may need to rephrase, and ask clarifying questions to
make the conjectures precise. There cannot be a standard instruction for this, and the teacher
will have to think of ways of clarifying. Once a conjecture is formed, ask the students to verify,

12
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refute, or refine it. The next step is to think of a proof.

GO LOMeooTaUJ&H6T 2 MMISEIE1SSHme IDMMILD SaITs56eT FHH &S5
DNEHBIGHENETEH  FonMIDCUTE SMeUs  G&6TIallLeToey @) [HEEEVITLD .
aumenmd FFlFLW Uaalsmisefled allarsasinailsgl, Qgefleyubhsss
Fnlq W CosaTallsemeT aursserfll b A Auiser GsL 8 Caustor(hiD. @eNs &
QFUIW QUMM 62(H QUL @) [H&HEH aUMUILILI6V6m6V. SIS EHEHCHET LS
allflsmemnetsd FBEFHHEH WFFWTHET LomeoTalisamers  Q&efleUbhSs
GeuetoT(h\LD. RIJ 2EMGEHLD (LNEoTEnEUSHSHLILIL L LT 2i6m& mlemLga, QuImulgss,
VLS IDMIGLGHEHID  QFWIUWDLL  OMEOTEUTSETILD  GoMIkIS6T
(N S5SHE6L_L_L0MTE, [HleHLICIOTRISN6TE GMISSILT LIMT&HSH60ITLD.

Task 3: Looking for proofs of some conjectures
QF LIV 3: Fl6v 2EN5BIGHEMET BlemHLIgS (WPWDHF 5560
Some students made these interesting observations after playing a few rounds of the game:
Flov QYL L MISEBHGL L6, LOMeoorel&eT FIeV SHeU6diEE SeuMTeruUILDTeoT
6155 BIG6T BB QHTH&SLILIL (H 6.
Observation 1: The smallest number in the final list is the HCF of the initial pair of numbers.
oa1mHd 11 @MIS 6TomTQHTGSGLIINL 2 aTar WSBFHNIU 6TevorsMedT QBITL_58
6T600TSH61T160T LO.GILITT.61 2y, @&LD.
Observation 2: All and only the multiples of this smallest number up to the largest number appear
in the list.
2emg51D 2: QUL 6T600T 6UEMTUIEL 2 6T @)H& LOIGESF) M 6T600T6001160T 6M60TS S
LOL_MBI& 86T LU (HGLD 6T60oT Q&5 MG LILN6L @)L Lh@LIMILD.
1. Can you figure out why this happens for every pair of numbers?
1. STHS 6TeooTCHFMAGETIIN  @e6UeuTm g6T HIBLLBMS 6T6TLENS

9 _MIGEITIT6V Fn M (LOLG UJLOIT?

Let us look at the two observations.
@)\ 76voT(h) 26M55MIG606 T LD S560fl8560{lGU @ LIGUIME LIMIE856VITLD.
« Observation 1 says the following:
a) The smallest number in the list divides both the initial numbers.

b) The smallest number is not just any common factor, but the HCF of the two initial
numbers.

«  2EM&HLN 1-60T LI
a) GTEOOTQSTGLILIL 2 6Tem  ISBFF M 6T600T QBHMLEE  6T600T6T
@ J600T6m L_L|GLD 6UGH&HGSLD.
b) TOTQSTGSGLILIL o 6Tem  OIGFF M eTevor FCHT  6(H GLIMTS
QU@ 6T600T600T TS oL (KD @ (BLILIS6em6V, @)\(H QISITLE8 6T6ooTds6r 60

CC-BY-SA 4.0 license, HBCSE 13
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L5.QUIT.60 24,560 2_6Tergl.
» Observation 2 implies the following:
a) All the numbers in the list are multiples of the smallest number in the list,
b) All the multiples of the smallest number up to the largest number appear in the list.
« 261510 2-60T LI
a) 6T600TQSTGLILN6L @)L LDGILIMMIGTET D 6M60TEH S 6T600THEHLD 2|5 evlaTerT
L& &5 M) 6T600T600( 60T LOL_MBI(GH 6T @) (HEE5LD.
b) WIsLIQUFlW erevor euemTuilev 2 6iTerm L858 M1 6T600T600 60T LOL_BI(&H 86T
SIS SILD 6T600TOH MG LILI6L @)L LhOUMILD.
2. We need to prove or justify these observations. Can you think of the ways of doing this?
2. Qb 2a1&mIGm6T BlepLlleas evevg FHluMiss Galor(hh . @enss
QFWIH G aULLlFHe6md SHevoT(HILNG &S 2 _MHIGETT6V (LOIGULOMT?

The teacher could use the reasoning given below to guide the discussion with the students
and to help them arrive at a proof.

@enel @uesor(hld HGCL S ImTWLLL(ReTengl . @emsll LUWeTUMSS @F
9 MIWIMLEMEV QULIFL ST 2e15:mIGH6T BlebLlss:  LOMeoorel & Eehas
2 _H6EU6VITLD.

Observation 1a: The smallest number in the list divides both the initial numbers.

2a1HID 1a: 6TOTQGSTSLILNGL 2 6iTem OGBS mI 6T600T, QFMTL 58 6T600TS6IT
@\JeooTemL_LL|GLD QUG &HGSLD.

Proof for Observation 1a: For positive humbers, whenever we subtract a number A from
another (larger) number B, the result is less than B. Given that we start with two initial
numbers, and form subsequent numbers by subtracting the smaller from the larger, all the
numbers will be smaller than the largest number in the initial pair.

261D 1a-@)60T [BlemLIenTLD: Ll6m8s 6T600TEHeM6ITL ] GILIMHESEUENT, A 6T60TM RIF
6TEOOTEMED0T, B 6T60T(D @) 60T Q60TIT(H (GILIL185T60T) 6T600T6001 160l (HH & LA 556V B-83
Il ML 6TevoTS 6T HlemL_85@GLD. @) T600T(h) GG T8 616001860061 6T(H & S5
Qameoor(h), eummlev QuflEmeor  eTevoTenolle0(BHE FIMIUL  6TEOOTEE00TE
&HLOG S 6T600TEHeM6TL QUMIGISTEH L L LD QFHMSI. @)SH60TTeV, QHTL &S
eTeoorGamqUilevierer  QuUIflul  eTevoTemetor QL. B|6MEOTE S 6T600TE@EIHLD
FMWUSTEH @ HEGLD.

Since we are not allowing negative numbers, the game has to stop at some stage. So there
exists a smallest number in the list, which may be 1 or a number greater than 1.

BITLD H6MM) 6T600TE6M6T B EINHESHMTEH STV, JCHIT @(H HL L STV QL L LD

(P96 QUOHMISTET o8& GeuetoT(hilD . 3LEH6EVMEY, 6TeroTQGHTGSGLILIL 6(H
WN&FAMIWL 6TeooT @) (HEHCeU6T(HD. S 1 3j6Vevgl Semsalll Guflul

CC-BY-SA 4.0 license, HBCSE 14
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6T600T600T IT& @) (HEHGHEVITLD.

Let us call this the smallest number s. If we call the initial numbers as A and B, A being the
larger of the two numbers, observation 1a claims that s divides A and s divides B.

@QBSHE FNL  eTeooTenetoT s 6TeoTMl T(HSSIQSMETCAMD . QFHTL&HS
CTEOOTHEMET A, B 6TeoT Ml 6T(H&SHISHQ&HMevor(h), QUIfILLI 6T600T6em600T A 6T60T M)
FH(HHHOSTATCAUTLD. 2M5LD 1()- @) 60T LI 6T600TSH6T A LDMHMILD B-83, s 6UG 8 G LD.

Let us first prove that s divides B.

(LNS56016V, B-83 s 61(&H & @GLD 6Tedr M BlemLILIGUITLD.

Let assume s does not divide B.

6T600T B-83 s UGS & &M 6T60T M 6T(h&H S H6&HM600T(h) QI&ITLMRISEVITLD.

Then B=ns + kwith k<s = ------ By applying the division algorithm with k as the remainder.
QLGEVIMEY, B = ns + k LDMMID, k < s -— @& QUGHHH6V QULLILNEOHMEM
L6 (h & &16U860T eLN6VLD GQILIMLILIL L &I @56, k LOIFSFLOMESLD.

But s belongs to the list. So B - ns will also belong to the list --- we get this by subtracting s"“n
times” from B.

T QSTGLILNL s @LIDQLIMMIGTENSI. L5606V B — ns 660NN 6T600TEIMILD
@QLLOUMHMIBHEGLD ---- 6Tevor B-WNeN(BHE 'n (LLEDMEET s-83 SHLOIE S ST6V
MG QUOIGBCMDITLD.

So B - ns= kalso belongs to the list, but k< sand sis the smallest number in the list.
QLG6VIT6Y, B — ns = k 6T600TQISMGLILN6L @)L LDQLIMILD. L6016V & < s. GLOSYILD, s
ST60T 6T600T QBTG LILN6L 2_6iTer LOlSEFEF MU 6T6v0T.

That means our assumption that s does not divide B was wrong so, s divides B.

@)\ &H60T ELOGULD, 6T600T B3 s GUGHHSHMS 6Te0TMl BITLD 6T(HNSHSHIHO&HTE00TL_ S
HaGMerT OSHHMmE.

Similarly, we can show that s divides A as well.

QLEH6VMTEY, 616007 B-&5 s GUGHGSD. @CHBLIMY, 6T600T A-83 s QUGSHSHGLD
6T6OTLI6M & WLD [Blem L& 856uITLD.

So sis a common factor of A and B.

(LPLY 6)ITEs, 6TE00TER6IT A LOMMILD B-WIl60T GILIME! 61(5;6T600T600T TS s 2 6T,
Observation 1b: The smallest number is not just any common factor, but the HCF of the two
initial numbers.

261HID 1b: 6TOOTQSMTGLILINL 2 6o INHFF M 6Tevor JCHT @(H GILIMS!
6)(G6T600T6O0TITS: @) (HLILIGH6V6m6Y, @)\(H QST &5 6160086160 LO.GILIT.60 3,5
o _GTeMS).

Proof for Observation 1b:

26110 1b-B)60T [HlempLIGToTLD:

CC-BY-SA 4.0 license, HBCSE 15
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Let us prove a statement before we proceed with the proof of Observation 1b.

oeMEHIN 1b-83 GMISSILI LUMISGWD (el 62([H SaMmledT BlemLIcoorsensL]
LIMJ&&6VITLD.

Statement (I) : A common factor of two numbers also divides their difference.

Fam (: @peor(h ereoorsefledr QUM eu@eretor  jeummledT
Al sHLITFSMS LD UGG LD.

i.e. If gdivides Cand Dand C> D, then g divides C- D.

IIBMEUS, g BL,60TSI 6T600T&HET C LOMMILD D-83 UG &G LD 6T60TMILD, C > D 6T60T MILD
6T(N & &I FHGBTE00T LTV 'C - D'-ULD g UGS SHGLD.

Proof of Statement (l): g divides Cand D would mean,

Gl (1)-@)60T [Bler,LIeuorLD:

g QL60TE! C LDMMILD D-83 6U(&EEH6ILDE0TMIT6V,

Let, c=rq and D=tq for some integers rand >0

C=rqDDDID p—tq(r LOHOID t > 0 6T60TD Flov (WPWHFHEBEHG) 6T6oT M)
6T(HSHSIHOHTETGRUMTLD.

S0, c—D=rq—tq=(r—t)xq
SOV, ¢ —p=rq—tq=(r—t)xq
So, g divides C - D and hence is a common factor of the difference between C and D.

(PSS, 6T600T 'C - D'-83 ¢ QUGHPMI. UHEVTE, C LOMHMILD D-@)6dT
ANGFITEFE T 60T QLIS 6)(E6T600T600T T g 2_6ITEITE.

Coming back to observation 1b
21510 1b -8 SNBLOLI LTS S6V

Thus, if we start with two initial numbers and g is a common factor of both, it is also a
common factor of their difference. This ensures that is q is a common factor of all the three
numbers in the list after the first step of the game. At every subsequent step, a pair of
numbers is taken from the list and the difference written down as a new number. Thus if g is a
common factor of the existing pair of numbers, it is also a factor of the new number. This
ensures that if a number is a common factor of the initial numbers A and B, it is a factor of all
the numbers in the list, including s. That is, any common factor of A and B, divides s.

FHVT, @ TJ600T(H QBT &S 6Te00THEHHGID  GILMSH 6)U(E6T600T600T M5
QBEGD g euQeustorEerfledr  SHUMFSHMESD  6)(E;6T600T600T TS
@QBHHEGD. WL LEFT WSMSBL LD (I HS LN6oTeor, 6r6torG&m@&LILN60
o GT6M  ELNEOTMI 6TEOOIHEBHGID g GIUMSE 6UE6ET600T600T TS @ (HLILIGI
2 WG TS AOHSOHS HLL ST, TG G Lg
6T600TSH 61T CHIHOSHGHLILL(H S NGHWIMELD

qTWSILOHEMSE. VM, TS TGSLILIe0 2 6Tem  6Tevorgserfleor

CC-BY-SA 4.0 license, HBCSE 16
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QUIMEICUGETEO0T600TTE g @HEHGWMETT LUFHSTE Sl HESL0D
6T600T60 IMEGHLD D F! 6)U(EH6TE00TE00T TEHSTET @) (HSEGLD. (LPIQAITS, A LDMMILD B
60T @) (h QBTL&HEH  6TeOoTSHET0T QLTS 6)U(E6T600T600TTdH: I  6T600T
@ HHGLOMETTE, WL L HFHV HeooTeHRILLILIGID 6T ST&GHLILNL 2 6iTer
S|NETE S| 6T600TEEITI60T  QUEHETEOTEOT TSN U @QBHHGLD . SIS,
6T600T&H 6T A LDMMILD B-@)60T 676G 62(H GILIME 61(E6T600TERILD, 5-83 6U(GHEGLD.

So, if the HCF of the initial numbers A and B is d, then d divides s and d < s. However, we know that
salso is a factor of A and B (Observation 1a). Hence s < d. Therefore, we have s = d.

L5606V, QISITLE8 6T600TE6IT A LDMMILD B-M& LO.QILIIT.6U o 6T60TMITEV &l s-63
G&HGSID. GLOAYILD, d < s.

QL60TIT6Y, 6T600TER6IT A LDMMILD B-(@)60T 6)(&G6T600T600T T&HELD s 2_6T6MS 6T60TLIENS
BITLD MIGEUITLD. (2ETELD 1(i)). bFHEVIT6Y, s < d.

QLENGWITEY, s = d 6T60T M1 QU MISGMITLD.

Observation 2a: All the multiples of the smallest number up to the largest number appear in
the list.

oensID 2a WISLUQUlu etevor auemTUlley o 6T  SGEFF M 6T6v0T600f 60T
LOL_MBI& 86T e060TSSILD 6T600T Q1S M&GLILN6L @)L LhGLIMILD.

Proof for Observation 2a: s belongs to the list, and A is a multiple of s.

26e1&HLD 2()-@)60T MIEHLIGOOTLD: 6T600T GSMGSGLILI6L s @)L LDQLIMMIETETS! LDMHMILD
6T600T A, s-@)60T LDL_MRISTGSLD.

So, A=fs

2, H6VIT6, A = fs

Now sand A = fs are both already in the list.

@LIGUIME), s LDMMILD A = f5 6T6v0T Q& MEGLILNL gFM&HeTC6 @)L LDQLIMMIGTENTS!.
So, fs-s=(f-1)sis also in the list.

SIGEOTITEV, fs - s = (f- 1)s 6T6OTD 6T600TEIRILD QGG LILN6L @)L DQLIMHMI(HEELD.
Similarly, (f- 1)s- s=(f- 2)sis also in the list.

IBHBUIMGY, (f-1)s- 5= (f-2)5-2_L0 2 _GT6NMG.

Continuing like this we can see that,

(f- 1)s, (f- 2)s, (f- 3)s, ..., 3s, 2s also belong to the list.

@S QSITLIHS CFUIGSHITLOMEOTITEY,

(F- 1)s (f- 2)s, (f - 3)s, ... 35, 25 6TE0T S|EMETSH S| 6T6U0IHEBLD 6T6v0T QFHMTGLILIL
o GTeS .

Observation 2b: All the numbers in the list are multiples of the smallest number in the list

26MHID  2b:  6TEOTQHTGSGLILNL @ LIDQUMMIGTET  {6M60TH S 6T600TSHEMHLD
SIFeleTer LGHEF) M1 6T6T0T600T 60T LOL_MBIG&HETTE @)(HEELD.
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Proof for Observation 2b:
2615510 2b-B)60T [HlempLIGToTLD:

Using the same argument used in the proof of Observation 1a, we get that the smallest
number, s divides any number in the list.

OEMEHLD 1a-60 LWETLRQSHU6TET 285 aUMHHMSLI LIWTLI(HSHSH 60TV
6T600T QSTGLILNSWGTT 6THS @ 6Tevoremerorud LOGHEFEF M) 6T600T600TTEOT s
QUGS GLD 6T60T BLOSGGS QSIS MmS!.

Relation to the Euclidean algorithm

wp&erfllg Wil LLg (enm&Sie]L 6T 2_6T6T QSITLITL:
Imagine you change the rules of the game:

AL L 5Her alFHEemer LmmMIGETITLOMEOTTEY 6T60T60T [BL_EELD 6T6dTLIENSL]
LIMJ&&6VITLD:

Instead of subtracting the smaller number from the largest, you could subtract a multiple of
the smaller number from the larger. And then in the next step do the same with the multiple
used and the number remaining after the subtraction. Then that is the Euclidean algorithm for
you! So, can you see why the game and therefore the Euclidean algorithm works?

Quflw erevoreontleSBBE FINIIW eTevoTemetoTs: SHLOILILISMHE LIS 6VTss, Halsser
FIMlul eTevoteoofledT LOLMIen&GE Q&mesor(h QUL eTetoremenords &5L0l&S&ID
UTISSVTD. ABSSSTH,  HPHSH00 QUMM efeor  MHMILD
LweTUMGISHU DL HBINS emeusSsE @ensCuW Weor(hld QEFUIUmIS6T .
@asmer  weefliQuwill U emmsSialer  Smlium@ld @UeUns
2 BIHEHSHGS QSIIHE(HEHGD WeHetlg Wil Ligwenmsgre] nhmih @b
aflememwlmL_(h eTeUaUT M FM&SHIWLLDTHRIM G &H6oT M.

Points to ponder

FHS &5 CeU6voTIq ULImE

1) Do all pairs of numbers allow for a winning strategy? If not, what kinds of numbers will allow for
a winning strategy?

) ITHG  6TeooTRFMI&HEHLD Qeumm QUMESIQU 2 SH el
S|BILNHEGLOM? G)6LEMEVQUIGITMITEV, GTEURUTMITEOT 6T600TE6T GleUMMIQLIMILD
o HFH I DINFH &G LD?

2) What happens if you allow for the first three numbers to be random? Say, by making it a three-
player game?

2) (LDGH6V ELNEOT M) 6T600TE6T SMHCUMEHEHTSH CHIHOSH(H 5 2eLNFHGHEHLILIL LTV
6TEOTEOTEU TG LD? M), eLpeUT allemeTwm(HLD L L LDMTE
LOmHMNULIENLOLILIG eTeleUTMl[(H&ELD?
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Terms to discuss
HVHSHTCVTF 88 CeuetoTlq Ll |[HEHOFTMHSHET
Process of mathematics, conjecture, counter example, reporting a conjecture, etc.

He0011E  UA(LPEM, QNGMHIGET, 6THJ-2_HTIEO0TRGET, R 61HHMG
Mg 560 GLIMETMEmE.

Suggested Readings
LIUISOI6ITET [BT6VEH6IT

Euclid's Algorithm I: https://nrich.maths.org/1357/index

Euclid's Algorithm II: https://nrich.maths.org/1728

Euclid's Algorithm IlI: https://www.cut-the-knot.org/blue/Euclid.shtml

References
GLOMBSHTETEH 6T
e FEuclid's Game: https://www.cut-the-knot.org/blue/EuclidAlg.shtml

e The optimal strategy in Euclid's game.
https://math.stackexchange.com/questions/754461/optimal-strategy-in-euclids-game
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