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Euclid's Game

wi,&6rfliq 601 ellememwim_(H)

Introduction

MIW&LD

Playing games is a lot of fun. Today you are going to play a game that involves numbers, and you
will find a way to win the game, always!

allememwm(M&ev BHESG WIGHS LRDFFMUS S @@ GFWETEGLILD .
6TEONTSHEMENTE:  GQ\&Meoor(h) @6ormi BTN ellemeTwm.  CUTHGMMD . @&
TLCUMEICL QeumMIQLIMIENS M SEsTeoT o SHemUIULD BraigserT
Q& HBSI&H68MeTer CUTSRINITS6T.

Task 1: Play the Euclid’s game
W&V QFWIEL: W,E6rIlg 6T allememwimL_®)

1.

This is a two-player game.

1. ellememwITL @\ (H BLITSH6T CS6m6L.

2.

The rules of the game are as follows.

2. elemeTulmL_1q 601 elS\ 86T LledTeuhLommu.

You can decide who plays first.The first player, say Player 1, writes down a number that is
between 1 and 100, including both. Let us call this number ‘A’. The second player, say
Player 2, can write down another number of his/her choice. Let's call this number ‘B'.
allemeTWML emL WM Q&TLIBIGUTIS6T 6T6TlLeng HBhigsCeT (L6
Q&FUIG Q&TATETEVITLD. (LN&H6V QL L SH&HMTTT (QLL_L&&HTTT 1), 1 (LPEH6V 100
aUemTWleL 2 66T @ 6T600Tem600Ts5 BHIHOSHHSGHIE Q&MeoT(h s
6T(WS GouetoT(HLD. @B 6T600TEM600T ‘A’ 61601 QI&METGGUMLD. @) J600TL_TLD
UL L SHETIT (@ LESTTT 2), WISLO6TeT 99 6Tevordserfley elpLiuiuL L
QREOTEN M 6T(LDHEQ G TETEMEVITLD. @)\[H& 6T600TEMIE00T ‘B’ 6T60TE> G &TETGEUTL.

Now, the first player will write the number (A - B) or (B - A), whichever is positive. Let's call
this number ‘'C".

QUGCUME, (LPSHV QLU L &SMTT (A - B) V6VE B - A)-83 S600THHIL
Gouecvor(hIlD.  6THev  LOl6S:  6T600TEMEDOT (positive  number)  Gl6OLWIMTS
QUMIBMTCTT MG T 6I(WHEH Q&maTteT GCelstor(hld . @b
6T600T60600T ‘C’ 6T60TE GISTETGEUITLD.

Next, it is the second player's turn. He/she has a choice. He/She can either write the
difference between C and A or the difference between C and B. However, if one of these
differences is already in the list (i.e., if it is A or B or C) then it cannot be written again. (All
differences are taken to be positive.)

LN 60T60T), @ I600TLITID QL L S&HTTT eUTSE SHMI6 (C - A) VLS (C - B)-
@6V TN 5 H600T&SHIL_LIGUITSRMT 6TEOTLIEN S5
BB HOS(H &SI GC G TETETEVTLD. 2,60TMTeV, 6T600T QEGTGLILIL  eFmas6oTGe
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3{61G6U600T @)LLD QUDHMIBHSTEV (SISMTEUS, A S{VEVS! B SHEVEVE! C 5
@ BHSHMEV) S LITTT(HID TS LILIL H8nl _MEl. (HLPl&HH606L QUMM 6T6vor
Ll6m &5 6T600TEEITITS &H(HSLILI(HILD)

Similarly, in subsequent turns, the players take turns to write a number which is the
difference between any two numbers in the list, provided the number itself is not already
present in the list.

@GCxHBUMe, 6Tetol  QSMGLLNL @LLAUOHNMIBEHGLD 6I&HTeUS @)
cTeonrgefledr  GHUMEFSEMS AHSHHHSHS &ML  SHeorsHIL ()
UL L SHTIIGET (B EHQEHTOTOUMTTSHET. QL6TMeY, & QSTSLILN6
JM&H6E0TGRU @)L LDQLIMITS 6T600T600TTEHELD @)(HEHE Gerueoor(hlLD.

The game ends when it is not possible to write any new number.

&HL0E556060T LNV, LISSTET 6T600T gSIN TemL_SH&616060060 6T6OTMITEV
QUL LD (WIeQUMMIIL L &TEH HHHEH6S&TaTaT Gausoor(hLD.

The person who writes the last number will be the winner.

@QmIE eeworemeooTll UGN Lellsmer Sl LEHO  Qeumn
QUMHMEUTTEUTIH.

Let us look at a sample run of the game.
6 6I(hSHSIHHITL6ML @ LICLIMS LIMJ&H&H6VITLD.

Suppose, the first player writes 12. The second player has 99 choices to choose his/her
number (as the upper limit is 100).

(WPSV YL LEEHTIT  elevor  12-89 GHIBHASHOGHMTT  6Tedr M)
T(HSHHFHQAHTOTCAMD.  QUGCUTS @I60oTLTD QL L &H&TTT 99
6TEOOTSH 66V 6R60TeMME BSIHG S (HEEEVITLD. (100 6T600TE6T @)(HE>TH6dT 60T
6T60T LIGHT6V)

Suppose, the second player chooses 16, then the first player can only write 4, i.e. the
difference between 16 and 12.

@) T60OTLITLD QL L &H&MTIIT 6T600T 16-83 CHTHOSHESHMITI 6T60TMITEV, (LNGH6V
QL L GHETIT 6T600T 4-83 SHT60T 671G (LALILD. FQ60T6dTMIT6Y, 16-60(BIH &I 12-
o SAGEEHGMITLD.

The second player then writes 8, the difference between 12 and 4. Note that the player
could not have written the difference between 16 and 4, as 12 is already in the list.
Nevreory, 12-e0pH& 4-83 SAILST) @I60oTLTD QL L &H&HTIT 8-83
ISIBMITT. @6 16 WMHMID 4-@eT NSHWLTFSHNS 6TWHUNHES
(WDIQWITE  gGl6T6TMITEV Q&MT&GLILN6L 12 JM&HETCA
QL LOUMHMBHEH M.

Now there is no possibility of writing new numbers, so the game ends with the numbers 4,
8,12, and 16 appearing in the list (12, 16, 4, 8 in the order of appearance).

@QUIGCUMEI, LIS 6T6ooTdCemIlD 6T(LDSI0USMETET GUTUILILIGET &)6V6m6V.
QLG6VITEY, QL L SH60T (LNLG6I6V 6T600TEET 4, 8, 12, LOMMILD, 16 I,TNUIDEIS
Q&T&LILNev @)L LDQLIMHMIETETS. ETOSLILL L alflemauilev
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6T(H S SIFHC&HTEOOTL_ITEV 12, 16, 4, 8 QLG LD)

* There are four numbers in the list, and the second player is the winner, as he/she wrote
the last number 8.
¢ QEMTGULNL  QIOMESID  [BTETE 6T600TE6T 2 66T . @)J600TLITLD
UL L EHETIT Qeumml QUMMTYT, gGI6TeTMTEV 36U T @) M) 6T600T 8-
Refarda i
Play this game with your partner multiple times. Study the lists of numbers that you got for each
game and record your observations in the table below. For the last column, where you record the
winner, mention whether Player 1 (who chose the first number) won or Player 2 (who chose the
second number) won.
O MMBIGET [HEOOTLLET @b L LGS Lev enm allememlmbhmigser .
R6IGAIMH WL LSEHVID QFTGSGLILIL @LLIDQUMM 6T600T&Hem6T QLT MBS |
Braiger o MHMICHTHRLIEUMEHME ECp  Q&THSGSLILL(H6TerT
Il Latemeoorwilley  LUGN(HmiFGeT. Qeumn QUOMENT 6erm  SHLLEH6U ,
QL L SEHMTTT 1 (LDFH6V 6T600T60)0600TSH CHTHOEH(HSHHUT) 6V6VS L L SHEHTTT 2
(@) T6O0TLITLD 6T600T60)600TS CH TS (& H6UT) 6T60T I GMILILN (D BIGH6T.

- How man
Initial Numbers| The smallest | The largest | All the numbers in y
numbers are

number in the number in the list Winner

. . . . there in the
Player | Player list the list (in ascending order) list?
1 2 '

QamLEs | asmtall | smrall | asmeLliLiaer | sTeUU | @eumm

6T600T S 61T 6V 6 6T DTS S 6V QUMM
Sl L | @l @L@Qum @I_L'D.Quﬁ) 6T600T&ETHLD a&;g,smspr QU
GHTT| Las| D66 i)} (g,rngmn‘]@acuﬁl 6TETOTES 6T
51 |omgy uﬂasa@m]u_l uSlasuQ.uu‘] 6V 6T SIMBIG6T) | 2_6iTermeor?
5 6T600T WLl 6T600T
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Task 2: Predict the numbers in the list

QIFLLIGL 2: LIL L9 UI60I6L 2_6IT6IT 6T600TE:60)6Td: 8560015586V

Let us assume that the following are the initial numbers in the game. Based on these, can you
predict the numbers that you will arrive at, while playing the game?

QL LGS0 QBTG5S 6T600TER 61T QULOMmISLILIL (heTerT Blemevuilev,
allememwmMELNS! 6THOSHS 616008606 L QL MIENTHET 6T60T M 2 MHISETTEV
60011 SHL (LOL.ULOMT?

(Hint: If you are stuck, look at the table you just made. See if there is any relationship between the
initial numbers and the numbers in the list.)

GO SJe SeL&EHMN0  GUIMETTey L LelemeooTenWll]  LIMIHAISET .
SGVIGTET  QSMLES  6T600THEHHGD, LLIQUIEINLLILL L  6T600T&HEH&HELD
Q960G gFBHETILD QGHTLTL| 2_6TeTHIT 6T60TLINSHEF CUITF60)60TEF Q& UILL|RISHET)

Predict all the numbers in the list if:

LNedToU(mLlD QSTLESH 6T600T&HEHEHE, (LPLQaUTH SN S558nlQ Ll 6T600THE06TE
56001153 (D BIGH6T:

1. The initial numbers are 9 and 15.

1. 9 LOMMILD 15

N

. The initial numbers are 20 and 9.
20 LDMHMILD 9

N

w

. The initial numbers are 13 and 17.
13 LDMMILD 17

w

4. The initial numbers are 7 and 35.
4. 7 1DMMILD 35

5. How did you predict the numbers for each example? Did you notice any patterns across the
examples?

5. @6UGIGUMT(IH 6T(HSHSIGHETLIYMEGLD 6T600TE:6M6IT 6T6UGUT M S6001185HTH6T ? @\HS
TN &5SIHEHTL(H&6efleL g8 eI SiemLDLIL| @ (BLILIENSS FH6l60TSHBTEHETT?

6. Now that you know the strategy for finding the list, can you predict a strategy that will ensure
that one of the players will always win this game? (Which player can adopt this strategy and
always win?)

6. 6TEOOTEHEMETE:  SHeooTLMILLD 2 55 SMHCUME 2 M&GEHHEGHS SHlujb
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ICHBUMV, @ WL L&H&HTIIH6TL  @mauCy erlICUMEID  Qeumml
QUOIAIMS 2 MIFF QFUIUSMETET @F 2 S5HHemU 2 MIGETTV 856001188
WPrWT? @meauley 61hg QL L &H&HMIT @bg 2SSl LWaTUOSS
6TLIGUIMEILD Qeumn)l GILIMEVITLD?)

Task 3: Looking for proofs of some conjectures
QIFWLIGL 3: Flev 2ENEBIGHEMET BlepLighss (LNWMHF S50
Some students made these interesting observations after playing a few rounds of the game:
Flov QYL L BISEHHGL LedT, LOMeoorelJ&HeT FeV] SHeU6diEE SeuTTeruUILmeoT
o1& BIGH6T HCL Q&MHESLILIL(heTeTs.
Observation 1: The smallest number in the final list is the HCF of the initial pair of numbers.
2SN 10 @MIS TOTQSTSGLILIL 2 6Tem WGFFMUL 6T600TSHTeT QST &8
6T60oT85 61l 60T LY.GILIIT.6U Qb @ LD.
Observation 2: All and only the multiples of this smallest number up to the largest number appear
in the list.
oarg10 2: QUL 660t aUemTUN6L 2 6TaT @B LOIGEFEF M 6T6v0T600! 60T 2j6ME0TE S
LOL_MBI@& &6 LOL_(HGLD 6Te0oT Q& ME&GLILN6L @)L DG LIMILD.
1. Can you figure out why this happens for every pair of numbers?
1. SIMETEHS 61T ML GETID  @6UeITM 66T BHIGBLLIMSE 6TeTLINS

9 _MIGHEITITEV Fo M) (LOLY ULOIT?

Let us look at the two observations.
@) 7600T(h) 2ETEMHISEM6TULD &560fl&He0fl G @)LIGLIMS! LIMT&&6VITLD.
» Observation 1 says the following:
a) The smallest number in the list divides both the initial numbers.

b) The smallest number is not just any common factor, but the HCF of the two initial
numbers.

«  26M&LN 1-60T LILG

a) 6TerQSMGLLNL 2 6Tem  WNGEFFM 6T600T  QSMTLES  6T600TS6T
@ J600T6M L_L|GLD UG &HGSLD.
b) 6OTQSTGSGLILIL o 6Tem  LIGFF M eTevor gCHT  6([H GUITSH
61 (&H6T600T600T TS LOL_(HLD @ (BLILIFHIEV6m6V, @I Q&ML 58 6Tevordserfledr
LS.QILIIT.6U 8L, &6)LD 2_6TenS.
* Observation 2 implies the following:
a) All the numbers in the list are multiples of the smallest number in the list,

b) All the multiples of the smallest number up to the largest number appear in the list.
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« 265N 2-60T LILG
a) 6T6ooTQSMGLILN6L @)L LDGILIMMIGTET D 6M60TE S 6T600TEEHLD 2| 5\evleTerT
LA &5 M1 6T600T600(160T LOL_MBI(GH 6T @)(HEELD.
b) WIsLIQUIFlw eretor cuemuilev 2 6iTerm L858 M1 6T600T6001160T LOL_MHI& 56T
S|METH LD 6T600T QS TS LILN6L @)L LDGILIMILD.
2. We need to prove or justify these observations. Can you think of the ways of doing this?
2. @b oTEHmIGHM6T BlepLlss: 96vevg FHUMTEE: Celscor(hld . @eSHE
QFWH (HLD aULLl5em6TE F60oT(HLN1) 88 2 _MIGETTEV (LAY U LDMT?

Points to ponder

FHS 55 CeU6ToTIq L6

1) Do all pairs of numbers allow for a winning strategy? If not, what kinds of numbers will allow for
a winning strategy?

1) TSSO CFTIISHEHLN Qeumn) QUMESIGU 2 GHFHenul
S| DLNF G GHLOM? ) 6LEMEVQUIGITMITEV, GTEUEUTMITEOT 6T600T6T GleuMMIQLIMILD
o GFH I DLNFHEHEGLD?

2) What happens if you allow for the first three numbers to be random? Say, by making it a three-
player game?

2) (LDGH6V CLNEOT M) 6T600TE6IT HMHBUMHHTS CHTHOHHE8 eLNHEELILIL L6V
6T6OTEOTEU TG LD? BTG, eLoGUIT aflememwim(pLD QL LLOM&
LOTMHMILIEDLOLILIG 6TeUaUT M (HEHELD?

References
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e Euclid's Game: https://www.cut-the-knot.org/blue/EuclidAlg.shtml

e The optimal strategy in Euclid's game.
https://math.stackexchange.com/questions/754461/optimal-strategy-in-euclids-game
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