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Euclid’'s Game
Jfrsed Wz

Introduction

Mg

Playing games is a lot of fun. Today you are going to play a game that involves numbers, and you will
find a way to win the game, always!

SIS WS FY AT AT, 37T JAIVN 3T Wb WRUIR A&, T TgHT Frapoarardt grel At
2eTes |

Materials Required : Blackboard, chalk and sheets of paper
AIed: BT, &g, PIIE

Task 1: Play the Euclid’'s game

Hell 1: W1 Ffrrea W
1. This is a two-player game.

IT BT g1 faemelf YrT O 2rhdrd.

2. The rules of the game are as follows.
W IH YAy JMTed.

I.  You can decide who plays first. The first player, say Player 1, writes down a number that is
between 1 and 100, including both. Let us call this number ‘A’. The second player, say Player
2, can write down another number of his/her choice. Let’s call this number ‘B’.

WYBTAT AT TIH HI0 HRUIR, T Jral 819 ST, AT Walg-17 1 100 TdbT HIUE! U
T W (e Sile. AT AT JATI0T ‘A’ 3], AR WoThg-2 AT JaS Il 1 100
Yol gaxt BIvICie! e fesgies. AT A=A A9 ‘B’ #8],

II.  Now, the first player will write the number (A — B) or (B — A), whichever is positive. Let's call
this number ‘C'.
3T faemedi-1 (A-B) fdar (B-A) 31 I ISIEId! e, TS IR O AT IS .
SENEICEAECICIUIRS ISR S IOR L §

lll. Next, it is the second player's turn. He/she has a choice. He/She can either write the
difference between C and A or the difference between C and B. However, if one of these
differences is already in the list (i.e., if it is A or B or C) then it cannot be written again. (All
differences are taken to be positive.)

7T fenfd Wobes. foares wrel waly smed. ) ‘C’ 3ffor ‘A” I aoTeTdh! & 3 fhdl
"C’ 3MfYT B’ il golETdh] 6@ 2. AT 3MTeses IR ATl eI (SR A, B bt ©)),
feremeli=i < wven geat fo3g BT U ATE) (Hd SN € A1 814, & S3efd oar).

IV. Similarly, in subsequent turns, the players take turns to write a number which is the difference
between any two numbers in the list, provided the number itself is not already present in the
list.

W AT Y& Ty STl Wadlg ATOTN ATSIe3 DIUATS! &I T aoTaTh] har]

AeTeses! e de fergidlies. | <ft e reed smeirg= el g faenedi gredies.

CC-BY-SA 4.0 license, HBCSE 1



Vigyan Pratibha Learning Unit Euclid’s Game

V.

VI.

The game ends when it is not possible to write any new number.
SIET BIvTdIs! A9 AT feiol 3/ Aeh, J@T 81 Wod UUeh.

The person who writes the last number will be the winner.

oI WaTg 2Agedl G forgle, it Wes T,

Let us look at a sample run of the game.
ST IATYUT BT Wb Yhgl W3+ UTg.

Suppose, the first player writes 12. The second player has 99 choices to choose his/her num-
ber (as the upper limit is 100).

A, WeaTg-11 12 B TRAT [FBloh!, IR Wablg-2 Bl S5l 99 WAL HReAT f+1eg 2.

Suppose, the second player chooses 16, then the first player can only write 4, i.e. the differ-
ence between 16 and 12.

AT WoTg-2 7 16 81 TN ase!, TR WRTrg-1 & 4 81 G fo5gles, DR 16 AT 12 A=t
ESICICIPRRH

The second player then writes 8, the difference between 12 and 4. Note that the player could
not have written the difference between 16 and 4, as 12 is already in the list.

R Walg-2 B 8 B WRAT fo58Tes. BRI 12 AT 4 Fi<i ISTETD] BedTd 8 IR Udl. e
BT, WBTG-2 7 16 30T 4 AT THTETDBIGA AUTRT 12 B AT fFgloyes! ATET, Bk 12 B de
SMETITRET AT 3MTe.

Now there is no possibility of writing new numbers, so the game ends with the numbers 4, 8,
12, and 16 appearing in the list (12, 16, 4, 8 in the order of appearance).

3T, I PIVATE! T AT AR [SHT ATE]. I 81 WS 4, 8, 12, 16 T ARG
AU (ITEI 12, 16, 4, 8 TT HHAT F&T AAT).

There are four numbers in the list, and the second player is the winner, as he/she wrote the
last number 8.

a¥les ITald IR AT 3ed AT Wablg-2 7 8T Wb [STbesdl e, B IacT! 8 B WAl
ISRAGEIGIRCIES

Play this game with your partner multiple times. Study the lists of numbers that you got for each game
and record your observations in the table below. For the last column, where you record the winner,
mention whether Player 1 (who chose the first number) won or Player 2 (who chose the second
number) won.

JHRAT TAATERISR BT Wob 81Y-8] W TAh dod] W] TR STosedT ATeral ITH DR 307
JHE! R0 geies daedra foxel. 2ae=l I Sl gl [aoiedrd 14 (g1, 49 Walg-1 (M
Uit e st et fhdl Warg-2 (SaM ga=yial 9@ Fase!) e, d foar.

Initial Numbers The smallest| The largest|All the numbers|How many | Winner
number in the|number in the|in the list (in|numbers are
list list ascending order) |there in the
list?

gearer v |didis wald Ak waid|ardds wd|arda | o

@B =T HIST e o= (Fedn|fadt dw
HH) JATEd?

Player 1 | Player 2
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HBIg-1 | HBIg-2

Task 2: Predict the numbers in the list

it 2: FTiclies gt 3igTor gie)

Let us assume that the following are the initial numbers in the game. Based on these, can you predict
the numbers that you will arrive at, while playing the game?

ST WM Godlded] Tl YSIsyHTl 3Ted. AT WFTIR[T Wod WobedI AT ATald BIore]
T U<HIes, ITT ST JFRTAT el U5 e Pl ?

(Hint: If you are stuck, look at the table you just made. See if there is any relationship between the
initial numbers and the numbers in the list.)

(GAT: WS Wb SN 6! qIare] Tedl Y8l JodTei el AT 01 AT ciles HT AT

PTS! He 31T BT, < TBT).

Predict all the numbers in the list if:
GRS Fd AT QTS ST IR

1. The initial numbers are 9 and 15.
AT T 9 HTHOT 15 IRTTH.

3. The initial numbers are 20 and 9.
GO AT T T 20 30T 9 ST,

4. The initial numbers are 13 and 17.

godTcirea] T 13 JAM0T 17 F T

5. The initial numbers are 7 and 35.

oA T 7 301 35 AT,

6. How did you predict the numbers for each example? Did you notice any patterns across the exam-
ples?

T SETERVITATS] 0T T Aci1es, AT I JASTST Hl GIEes1? Al SQTERUNHEY JFRTe]
BIET TP fceer faxres o1?
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7. Now that you know the strategy for finding the list, can you predict a strategy that will ensure that

one of the players will always win this game? (Which player can adopt this strategy and always
win?)

3T, ITaT FAGUITATS] BIVI IR ATIRTI 312, B JBIT Dhaves T8, Jwe! A U AT DI
BT, S T W[ TeHl Tbd Wolg el (b ? (PIUT Wablg & "Rl grgea 484! g

TAHAT?)

Task 3: Looking for proofs of some conjectures
Fcll 3: IR SFAA Riga argon
Some students made these interesting observations after playing a few rounds of the game:

PTe! fIEmTTl 8T Wb BIal 9o WSeATHR I fehaT ST Id o] FHRI&TOT Aigdelt 3TTed.

Observation 1: The smallest number in the final list is the HCF of the initial pair of numbers.

Frteror 1: Aricss waia e vl 81 Goarireal SIS ikiies Sl FH1fd 3.

Observation 2: All and only the multiples of this smallest number up to the largest number appear in
the list.

fAteror 2: Ficles e = A1 WAl S8 Sed] Ue 3iied. d9d AreHe Sel A&IURE HIc
TR BE AT 99 UCiewdle .

1. Can you figure out why this happens for every pair of numbers?
AT JAD SITSITST 314 BT 3w, RIS BT Ble! ARl U5 Dl?

Let us look at the two observations.

U315 G FRIIETEd @i 6 3T

I. Observation 1 says the following:

180T 1 31 AT,

a. The smallest number in the list divides both the initial numbers.
3) AT Fald Sel S Goald =l Qe l S 9T <ol Adl.

b. The smallest number is not just any common factor, but the HCF of the two initial numbers.
9) HaTd S IIT &1 B ATHTS & [aUTSTd A8l , IR goarered] SI9 A= 9T 3.

Il. Observation 2 implies the following:

70T 2 31 I,

a. All the numbers in the list are multiples of the smallest number in the list,
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3) IEKITS d W1 IT FaAId S AT U] SR,

b. All the multiples of the smallest number up to the largest number appear in the list.
9) KIS qd G I Gaid SeM Gl yT! ATed. d9d Il Se GG dI
AT e AT 9d Ueiadies 3.

2. We need to prove or justify these observations. Can you think of the ways of doing this?

JMIITAT 81 [FR1eT0T Rieg BRI M2 d. Jalel dblel q1 Gadrd, 61 d foral.

Points to ponder

framTa SvaT= Tt

1) Do all pairs of numbers allow for a winning strategy? If not, what kinds of numbers will allow for
a winning strategy?

IR Fd STre! aTaa+ fThdT Ad B17? AT, TR DT Sie! arasad RNihdl Tscs ?

2) What happens if you allow for the first three numbers to be random? Say, by making it a three-
player game?
IS BT WS i1 ST H3 WesesT AT <1 T T oIl bodl TR DI Blged ?
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