Vigyan Pratibha Learning Unit Euclid’s Game

Euclid’'s Game
Jfrsesd W
Overview

EIESIEE

Here is a game that is based on the Euclidean algorithm to find the highest common factor of two natu-
ral numbers. In this game, students not only play the game making moves that correspond to steps of
the Euclidean algorithm, but also engage in doing mathematics by making conjectures, giving counter-
examples, refuting conjectures, and proving the results.
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PIRTRC TS ST BRI,

An important idea is that we need to look for counter-examples to find out that a statement is not true.
As a part of this unit, you should talk to the students and try to differentiate between a true prediction
and a mathematical result. Also discuss how in the case of establishing the correctness of a mathemati-
cal result, giving examples is not enough; while in the case of proving a result wrong, counter-examples
are enough.

HEM! 919 & B! IS ‘TElG [Tg9 @R AR € ySdIavar¥re! Uil-SaTexvl INgrd ST, a1
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faem I ®Ra faenea=T WE HR1a1 Bhle. T TR faamTd FoIdr Turad =T had Sarexl
30 PRI T ; TETR AU oI SadT Haw Yo fI-ISTER0T SUE YR S, AT Fdt Bl
IS,

Minimum Time Required: Three sessions of 40 minutes each

AT fohA des: 40 frfrei=ar i i

Type of Learning Unit: Classroom-based
AN c
ST YChTd 1Y JIH HRIIIAT eTJ gch

Unit-specific objectives
LI TThHTH! S

* To observe patterns in numbers and articulate the observed pattern clearly

A=A ST UTg vl T MBS ST AT cTae T AT HISU

» To look for counter-examples to refute a conjecture

SITAT ATHRUATATST HT-SETERT 2ATe0T

* To understand that examples are not sufficient to prove a conjecture

AT g HRUITATST ITERYI YRl T8I, & AHG ©of

* To understand that just one counter-example is sufficient to disprove a conjecture
ITHT ATHRUITATS! Hac b Ticl-SET8RVN i A, T AHGT H0]
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* To come up with a logical argument (i.e. a proof) in support of a conjecture
AT GeT feses, 3T dTfcheh JferTdra o]

» To understand the relation between taking successive differences and the Euclidean algorithm to
find the highest common factor (HCF) of two numbers

S A3 AT BIGUATATST Shad ] aoTaTeD! M1 Ffarersdl e ATciies Fe FHH Tl

Links to Curriculum

ARIRTHARN g

NCERT Maths Class 6: The concepts of factors, relatively prime (co-prime) numbers and multiples
(Chapter 3)

NCERT Maths Class 6: The concept of Highest Common Factor (HCF) (Chapter 3)

NCERT Maths Class 10: Euclid’s Lemma (Chapter 1)

Introduction

MoE

Playing games is a lot of fun. Today you are going to play a game that involves numbers, and you will
find a way to win the game, always!

IMICITSHT WS FU AT Icl. 3ATST IVT AT Wb WRUR BN, S T FThvarars! el am
2ATeTes |

Materials Required : Blackboard, chalk and sheets of paper
AIE: BT, W, BIIE

Task 1: Play the Euclid’'s game
Hell 1: Qo1 PfRra U
1. This is a two-player game.

g1 W1 <19 faemedf 9 o Frward.

2. The rules of the game are as follows.
W3t f+1¥ GTesuH ol 3R

I.  You can decide who plays first. The first player, say Player 1, writes down a number that is
between 1 and 100, including both. Let us call this number ‘A’. The second player, say Player
2, can write down another number of his/her choice. Let’s call this number ‘B’.

WYBTH] AT TIH DI BRUNR, T Jrel 89 bl AT Walg-17 1 100 TBHT HIUE! U
e AT (5T JTe. IT TAAT AT A° U], AR WG -2 TN asrdl 137 100
U1 GERI BIVRITET e (5E1e. I AT AT ‘B’ 381

II.  Now, the first player will write the number (A — B) or (B — A), whichever is positive. Let's call
this number ‘C'.
3 fqemedi-1 (A-B) fdhar (B-A) 3131 I ISiEid] dNe, TS IR O AT IS,
STRIGTE S fHwTer el HRIST 39T ‘C %],

lll. Next, it is the second player's turn. He/she has a choice. He/She can either write the
difference between C and A or the difference between C and B. However, if one of these
differences is already in the list (i.e., if it is A or B or C) then it cannot be written again. (All
differences are taken to be positive.)
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VI.

e faenfd Woe. fares wrel waly sred. o) ‘¢’ 3ffor ‘A° I aoTeTdh! e 3rdhd fhal
"C’ 3MfYr B’ Il goIETh] dha b, HIA 3MTeses IR ITald eI (SR A, B el ©)),
feremefi=il <t wven gea1 forg ST uTR ATE) (W SR € A1 8l & S3efd o).

Similarly, in subsequent turns, the players take turns to write a number which is the difference
between any two numbers in the list, provided the number itself is not already present in the
list.

W AT Y& 1 ST Wablg AT ATSIINes DIURATE! G G qoTaTeh] P
@S] e e fesg e, A < St re el ST a el 7 faenedi ureiies.

The game ends when it is not possible to write any new number.

ST BITB] T GRT foe 101 3Ty o5, degT 81 Wad JUes.

The person who writes the last number will be the winner.

SI WaTg 2Agedl G fdls, df Wes o1 es.

Let us look at a sample run of the game.
ST ATYUT 2T oo Uhal W3 Ulg.

Suppose, the first player writes 12. The second player has 99 choices to choose his/her num-
ber (as the upper limit is 100).

AT, WBIG-1 12 Bl G (5o, TR Worg-2 B IeredT 99 A W [Hag e,

Suppose, the second player chooses 16, then the first player can only write 4, i.e. the differ-
ence between 16 and 12.

A WRTg-2 7 16 B WA Mases!, TR WRrg-1 & 4 &1 T fo5gles, DIk 16 AT 12 At
ESICICI PR

The second player then writes 8, the difference between 12 and 4. Note that the player could
not have written the difference between 16 and 4, as 12 is already in the list.

TR Wlg-2 B 8 B WRAT fo5gTes. BRI 12 ATMOT 4 AT ISIETD! BedT™d 8 IR Udl. eI
BT, WBTG-2 1 16 30T 4 ATAT THETDBIG AURT 12 B T [FEToyes! ATET, BIRT 12 B e
ST AT 32,

Now there is no possibility of writing new numbers, so the game ends with the numbers 4, 8,
12, and 16 appearing in the list (12, 16, 4, 8 in the order of appearance).

3T, I PIVATE! T TR AR [GHT ATe]. Ao 81 WS 4, 8, 12, 16 T ARIERIER
HUS (TN 12, 16, 4, 8 AT HHT HAT AT).

There are four numbers in the list, and the second player is the winner, as he/she wrote the
last number 8.

e ATaIT IR AT 3Med AT Wobrg-2 7 8 Wb NTehesadl e, BIRUN IacT]! 8 B AL
fer fosgledt are.

Play this game with your partner multiple times. Study the lists of numbers that you got for each game
and record your observations in the table below. For the last column, where you record the winner,
mention whether Player 1 (who chose the first number) won or Player 2 (who chose the second
number) won.

JAT FFERIGR 8 Wb JBlYa] Wl T dool WA TR STesed ATardl RIRT B ITI0T
JHE! FRIeToT geies daedna fosel. 2aea BRI oiYf el faoradrd 14 (g1, e Walg-1 (S
Ui HT sl et fhar Warg-2 (A ga=ial 9@ fase) e, d fosr.
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Initial Numbers The smallest| The largest|All the numbers|How many | Winner
number in the|[number in thelin the list (in|{numbers are
list list ascending order) |there in the
list?
gearerde | gddis wald|aeide wafd|adde @b |arda gpor|faord
ST W= ISt H= degr (Fear|fadt |
HH) 3RT?

Player 1 |Player 2
LGRTg-1 |HRTg-2

The teacher can also make this table on the board. After all the students finish playing the game a few
times, collect some responses from the students and fill in the table (It is fun to play the game the first
few times. However, the teacher should stop the game and start a discussion, when she feels that the
students are getting tired or bored of repeating the game).

31ereh BooaTaR Tl fo5g arepard. |d faermedil a¥ie W bre! do1 WA R, ble! fqeneaiag
I Fraar AT BedTaR=dT TaRaTd WRT (FHARIISAT BTe! T WA Aol Adl. Siegl il ga1g=sr

W G TS fdhal Bheldes Ted A4 dIeed, el RIerhiHl We ATqg =i Bl IUfard ).

Please see the section ‘Mathematical and pedagogical explanations’ before recording students' re-
sponses on the board. Ensure that a sufficient number of examples that help generate some conjec-
tures, are on the board.

femea i fGores! ST dadTe ARV HuT ORI 3111 e fqyae TEIHR0l (Mathematical

and Pedagogical explanations) B W ardrdl. fdemedia ®Tel AN FAVINIG! HaodTdvics
IETERUTET T YR 312d =1, AT @rT 6.

The teacher can then invite the students to look for patterns in the filled table. Ask the students to gen-
eralize the patterns and make conjectures. Write down each conjecture on the board and encourage
the students to examine whether it holds, by generating more examples, or can be refuted by generat-
ing a counter-example. Help the students see that verifying the conjecture for any number of examples

does not amount to a proof, and that one counter-example is sufficient to disprove a conjecture. En-
courage the students to come up with proofs of their conjectures.

HeATAR e dedTd ARG AR HE BTe! JMThfade fSaal &1, & Rierdi= fdenegtar faemm, anfor ar
TG AHTRITDHRUT B A ASISAT HRTE. T AFAT HoodTer {8t i 35 IST8xul
% faemeai=T I AeadT JuraT I {har Uf-Seexv S d ATeRdl s oI, & [aar.
Qe AT FAd TURICT fehellgl Sarexol fael a¥t o Rig 819 A8l W 3 TPRIS]
I U fT-IETERV R 31, & faeneai= 1 ucvarrd! Rierami= fqeneaian 9ad o), TR 312,

Some of the conjectures that the students might come up with, and the ways to handle these are dis-
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cussed in the section '"Mathematical and pedagogical explanations'. However, it is possible that stu-
dents come up with conjectures that are not listed here. In this case, take the conjectures one-by-one,
verify, refute or prove the conjecture as the case may be, and familiarise the students with these pro-
cesses.

fereneil SIgAr B HiST AT JFATTIAT B BTG & O AT Sreaasifayaes WElHRoT Il
AR AiTTes 31Te. A1 fenefl aiiEl a1 Aig A, Sl AT I AT8I. 3721 ol Ydbd A1 &I,
I T S dTe 99T, DRI fdhar g HR1. 3130 Hishaiaees faeneaizh == &

Task 2: Predict the numbers in the list

et 2: ATNciics HeTaT ST ey

Let us assume that the following are the initial numbers in the game. Based on these, can you predict
the numbers that you will arrive at, while playing the game?

GO WML GoaTd el T YIS Ted. T WRATINGT Wod Wb JHT TTGId PIvIe]
G TS, AT QTS JFBTAT FiErd A5 eh bl ?

(Hint: If you are stuck, look at the table you just made. See if there is any relationship between the
initial numbers and the numbers in the list.)

(FAT: Wed Wbl ASATH ! dxdescdl ol YgT. FoaTd el HedT o7 Ireleiles Hedm g

D! A 31T BT, < UBT).

Predict all the numbers in the list if:
SEINGRERISICIKCHNECICIRCES

1. The initial numbers are 9 and 15.
AT T T 9 ATHOT 15 IRTTH.

3. The initial numbers are 20 and 9.
godTcirea] T 20 3101 9 RIS,

4. The initial numbers are 13 and 17.
oA T 13 JATOT 17 AT

5. The initial numbers are 7 and 35.
oA T 7 3MfOT 35 AT,

6. How did you predict the numbers for each example? Did you notice any patterns across the exam-
ples?

TP FETERVITATS] BI0TT WRT Aciles, T Il TSl HT dieres] ? AT IaTeRNHe JTh]

BIE] ATHIcTee fawes 1?2
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The teacher then can engage students in a discussion on how they can justify that their strategy for
finding the numbers in the list will always work. Please study the section ‘Mathematical and pedagogi-
cal explanations’ for suggestions/ideas on how to lead this discussion.

IR et reiciies S ngar faeneai<l BIvrd giRer araRes, 1 JeTaR €] e ABId. Taars!
DTS BT ORI ST eI IS TR IBRUI ALY I M. HUAT T SWITH BRI,

7. Now that you know the strategy for finding the list, can you predict a strategy that will ensure that

one of the players will always win this game? (Which player can adopt this strategy and always
win?)

3T, ITeT FGUITATST DIV ERUN ATIRTI 318, B JBT Paves T8, el 3 IR | DI
BT, D AT WA T84l Thd WBrg T (b3 ? (PIVET Weoblg & Gl arae T84l g
Bl ?)

Mathematical and pedagogical explanations

T 3MfoT JreATIAfayTe W th o

The activity helps the students engage in some fundamental practices of mathematics, such as observ-
ing patterns, making conjectures, verifying or refuting the conjectures, and so on. The novelty of the ac-
tivity is in seeing how mathematical ideas emerge in the context of the game. The game begins with a
simple task such as subtraction of two numbers. At the end of one or two games, the student begins to
grasp that the process leads to a finite sequence of numbers. Moreover, one starts figuring out that the
numbers that emerge in each game depend on the choice of the initial pair of numbers. After looking for
patterns, the students will realize the connection between the HCF of the initial pair of numbers with the
list of numbers obtained.

RIS Pl faemegi=r Aivare qoqd Uihar SR sdpiaey NG, STHE Jieo], SFHMrl Fegdl
JUTHYI fohaT AThROT ST 9ed g SadTd. WoTedl ATEHIG O] Hedl SSTSUl, 8 I el
Ry oE. AT Wl goard S Wil aoldid gkl Wa UdHal fdhar el W iR
foemeatr <=ar Irdid BIvTRAT TAT A, TS, T Bl IS S Rrary vren faemeaiar g8
ST AT BT TS WoTd (HBUIIT AT AT WS oISl Fascsed] AT SISIaR facid

AT, AT fTdY AMTIST AR TR , o dTei <] AT S a1 FHTd 37107 AT fesfaese wven
T BIal A1 hlel Hae 3!, Ba! T ohelTd Ad.

To understand the mathematical significance of the students' responses, we consider below the differ-
ent ways of thinking that students might exhibit and propose some conjectures that they might come up
with. In the pedagogical discussion column, we provide explanations for some of the conjectures, and
suggestions to lead the discussion.

fereneat=ar a<q ge soredn Mg ord 7e<a srafquarard!, feneil & arered geR f[aer
B AT AT AT SFAT DY Y ADA, & Y [dores I8, “HHIY eag=fqudsd =i (Possi-

ble pedagogical discussion)’ JT TaAN HTe! AFAFY FWEIBIU AR AR, T a4 g&
HRUYTATS] FATe! hesedT TR,

Students’ observations Possible pedagogical discussion '
foremeai= fAteror AT FeATATITIS T4t
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The largest number in the sequence is the
same as the largest number in the initial
pair of numbers.

Skl AT 91, Sl AR
3Te.

I. Ask for the reason why the larger initial number
remains the largest number in the list till the end.

Goariredl SISIdies AIST W1 &1 Iacudd ATSIIIh
Haid HIST AT BT ITe, & fqeneg = fa=m.

Il. Explanation: As we are subtracting numbers in
consecutive steps within the set of positive integers,
the numbers obtained will always be smaller than the
largest number in the initial pair of numbers.

WEIHT: fT5edT g9 A=<l YU Bad goidTdh!
BRI MBI, Ao ATher IR Goard el AU
TEH T G 3.

The list contains only themultiples of the
smallest number in the final list.

grelcdles dd AT I7 ITdles gdid SgMH

TRT U I AT,

. Ask to verify with other examples in the table.
SENIGI) AN SalexUl U Uleld ol IR

IV. Ask whether they can come up with a counter-
example.

TETS UfT-SETER0l AT I3 &I, o faaR.
V. Ask for the reason why thisis the case.

T RN QT WEART B 31 AhS, d
farm.

In the initial pair of numbers, if one of the
numbers is a multiple of the other, then the
list contains only the multiples of the
smaller initial number.

R Fodrdredl Seid, SR Y HT
A1 SRl UC e, R il e
AT GRS BEM @ U
SISNIGH

E.g.: For the initial numbers, 7 and 35, the
sequence obtained contains only multiples
of 7.

9ql., gedaredl Sieid 7 3for 35
AN, AT AT 7 =1 eI o
DRIGE

VI.Ask to take a few more initial pairs of numbers,
where one is a multiple of the other and verify that it
works every time.

faeneaien, e W1 gEI1 WA UT Blges A
BTE! Godliredl AT Siiedl BTIT Al 3101
I ® U] AT TSl BT, < TSR USRI A

VII.

Look for a counter-example — a set of two
numbers which will refute the above conjecture. This
is an opportunity to discuss whether not finding a
counter-example amounts to a proof of the
conjecture.

fT-SEROT FET: AT STAMIGT ATHRAS, N
SIS AYRST AT, ASSedT IAETAT af-
ISTENY 7 fAeIear™ d g ST 9Mdr 56 @,
I faemeafaRiar ool HRuIrIS! 81 Udh el oTR.

If the initial numbers are co-prime (i.e., 1 is
the only common factor), then the list con-
sists of all the numbers from 1 to the larger
number in the initial pair of numbers.

SR godriredl Wl 9g-qo (co-prime;
AT AHTS S [GHISTD T 1 31! A1
AN I 1 YR gRdlire]
SISl Alcdl S@udd 99 9w
3.

CC-BY-SA 4.0 license, HBCSE

VIIl.  Ask to take a few more initial pairs of co-prime
numbers and verify that it works every time.

oAl SISHed We-Ho AT 3Ies 2T HIet
SireT &1 30T e 981 317 ' I, o Ul

IX. Look for a counter-example — a set of two
numbers which will refute the above conjecture. This
is an opportunity to discuss whether not finding a
counter-example amounts to a proof of the

conjecture.
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IRI-ISTER0T AT AT JAFAMIGT AHRAIS, 37T
Siea AY™ST Wi, Alesedl AMIST Ufd-
IR0 9 @Iy o Rig e 9941 s B,
I} foremeafaRiaR Tl HRUARIS! 81 U el 3Te.

If the initial pair of numbers has a common
factor, d, then the smallest number in the
listis d.

SR LAl SISikiles Aeaial AHIg S
fIUTSTd o 3T, O ITETe Fdid &a™

TRT ¢ 3T

X.Note that students may not consider 1 as a common
factor, and therefore while testing this conjecture they
might not have co-prime numbers as the initial pair.

e =1, 1 81 AHTs e [quToTeh 3-ies © fqenetzar
@& Js3d, A el WUH I AFAFTE! e
AT el geard SIS wuH We-go del
HUIR ATEI.

XI.

Ask to take a few more examples of a similar
kind and verify that it works every time.

I YHRT! UG BIal SSTERUT BT AT T dodt
I TS BT, I ULT.

XIl. Ask whether the two numbers in the pair have

any other common factor. Ask them whether they
want to modify the conjecture (Note that the
conjecture in this particular form is not true. When we
start with the initial numbers 12 and 16, 2 is a
common factor of both numbers, but does not appear
in the final list)
SIS GIval AATET 375 DIVl WSS fAHTSTdh
31T T, < [IaRT. SITAFME B8] da3 BRI ATS
B, I AT =R (Serd &1, 8 379 | ATl
30T FHATITST 12 3707 16 IT HT Tcied, I el
I AHTsd [A9TSTd 2 gedla TR, W &
e 3 araid fodd e,

X, Ask them if there is anything special about the
common factor that is the smallest number in the list.

foemeatar, Irdidear Jafd oe AT B SISl
TG TS H fA9TSTd 1 6T AT T ATES
PTe! WK FRTAT s &I, o fa=amT.

XIV.  Think about why the smallest number in the list
is this particular factor.

I Fald oed 9l 8 U 9N IS
fauTsTe @1 3R, ITa faaR B

IERIIBIRISIRSEE R

If the last three conjectures above have been articulated by the students, encourage them to come
up with one conjecture that will include all these three conjectures.

@D 2Agedl O A fenediHl il ar e IgaM W Udba rgH Alsuardre!

The smallest number of the sequence is a

CC-BY-SA 4.0 license, HBCSE
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common factor of the initial two numbers.

IS Fald e A&l 81 goawie]
S A AHIS P [qHTSTe TR

above conjectures.
g faem™ aR=a1 AR Sod B el A

g1 S, d vl
XVI.  Refine, verify, or refute the conjecture.
&jHI"I YTY eqld HiSI, &jHI"IItI“I AT Ysdlodl

IEEICHEIEEICINS

The smallest number of the sequence is
the HCF of the initial pair of numbers.

IEiies Fald SeM A&l 8 goaia]

XVII.  Find out if this includes or contradicts any of the
above conjectures.

g T9uM 9= TR J@d & aR=T SIHII
gaId SR, d Yal.

Note: When students come up with observations and conjectures, these may not be articulated clearly
enough. The teacher may need to rephrase, and ask clarifying questions to make the conjectures pre-
cise. There cannot be a standard instruction for this, and the teacher will have to think of ways of clarify-
ing. Once a conjecture is formed, ask the students to verify, refute, or refine it. The next step is to think

of a proof.

ig: Siegl feeneft @i FRleror fhar A Aiedrd deel I=IrEs] Y &1 Hied ATeld. Ao

AT T BIUATATS! (e =T o U2 faRd d I AEHE AISUl IR A, ATATS! DIURITET

T2 g 8. A WE IS HISUVATATS! &b M T DRI B, Thal AT

WEYY HiSes Bl [qenegi=r @ qoad U] fdhar o Wigd dlerdel Wi, Jiged! Rl &

A TG B BT U5, TR IR HRUGTT 3.

Task 3: Looking for proofs of some conjectures

el 3: BIET STFATIAN g aTgol

Some students made these interesting observations after playing a few rounds of the game:

BTl fIemegi= 81 W BIel 9o WcdTHdR I fhdl 3T Id Tl fARI.T0T Aigdelt JMTed.

Observation 1: The smallest number in the final list is the HCF of the initial pair of numbers.

o teror 1: ATk WAl Bar W1 81 oAl SIS kiles STl FH1fd 314,

Observation 2: All and only the multiples of this smallest number up to the largest number appear in

the list.

fAteror 2: Ficles wd W1 A1 QAT S8 Ged] Ul 3ied. a9 ATEHL S8 S&IURLT HIc

AT S ST 99 eIl IR,

1. Can you figure out why this happens for every pair of numbers?
AT YD SITSIATST 314 BT 3w, ARG JFRTA BIe! Il U5 Dl?

Let us look at the two observations.

U3l I FRIEvTEEe gl & 2.
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I. Observation 1 says the following:

180T 1 319 AT,

a. The smallest number in the list divides both the initial numbers.

31) AT Hald Sl S+ Goard =gl al-al WA 9T <ol Adl.

b. The smallest number is not just any common factor, but the HCF of the two initial numbers.
9) qaid S8 I &1 Bhad ATHTs & [a9ToTd dIS‘\I,ﬂ—\’ngIdﬁlwl T AR AT ST,

Il. Observation 2 implies the following:

0T 2 31 AT,

a. All the numbers in the list are multiples of the smallest number in the list,
3) AR Fd W1 IT FaTd S T U] ST,

b. All the multiples of the smallest number up to the largest number appear in the list.
9) RKie 94 G A1 Gald S8 A<l yct Jled. d9d Aaied Sel GG FIcT

2. We need to prove or justify these observations. Can you think of the ways of doing this?

JAMIITAT &1 FRIET0] RAg BRIIE! 3T d. TSl Blel A1 Fadrd, 61 < fo5al.

The teacher could use the reasoning given below to guide the discussion with the students and to help
them arrive at a proof.

Breres faemeaiaRiar =@l HRvAE! Ye fAoyall BRU ara=s i 10T fagm Rig euamare! dad
A B,

Observation 1a: The smallest number in the list divides both the initial numbers.
teror 1 of: IS AT S TR AT =T GIva! AT 9T ST A,

Proof for Observation 1a:

ferdteror 1 31 <t Rigan:

For positive numbers, whenever we subtract a number A from another (larger) number B, the result is
less than B. Given that we start with two initial numbers, and form subsequent numbers by subtracting
the smaller from the larger, all the numbers will be smaller than the largest number in the initial pair.

g IRTATST, SiegT 3Tqv] TS ! 6T ‘A’ G-I HIST W1 ‘B’ AL Il (B—A) B, & Haeses]
TR ‘B’ UelT BB . 3MIVT G AT B Godld BRal 3NN A ARG Gl AT ao]
BT TS AT AT, e Adved] Jd W1 Geardir=l SISkiies AlGd &IUe] BEM
SRRICH

Since we are not allowing negative numbers, the game has to stop at some stage. So there exists a
smallest number in the list, which may be 1 or a number greater than 1.

T WA AT 0 WY [IRIT o THRT, Yol SWITIR Wb AU Higal. AT ATS e
Hald SeT HET 1319 e bl 1 Y&l HIST 317G bl
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Let us call this the smallest number s. If we call the initial numbers as A and B, A being the larger of the
two numbers, observation 1a claims that s divides A and s divides B.

RIS Faid BEF W1 s A1, FRIET07 1 37) AT, s T AR A 3701 B AT G181 AT HIT <l
34T

Let us first prove that s divides B.
YUH YT s = TRAT ‘B’ ST AT 914, § SRITIUIARITST ThRIHS Rigaal TR $a.

Let assume s does not divide B.
ST B &R, s AT HR ‘B’ ST 9T ST AT, AT B BT s 7 W (S k qrab! A,

ThenB=ns+ kwithk<s - By applying the division algorithm with k as the remainder.
TR B = ns + k; k<s ..... TRTTHRTAT IId aTIE 3MTches THIBRUT, TTd k Bl 9T 31T,

But s belongs to the list. So B — ns will also belong to the list --- we get this by subtracting s “n times”
from B.

IR s B AT AEI 312, A ‘B-ns’ UG (H@Tesoh! TR ATGIT ... s AT ARIST ‘n’ b UL
3Tosod! AT B HY IoT] hodTdR YT a¥les FHIhRT fHed.

So B — ns = k also belongs to the list, but k < s and s is the smallest number in the list.

U B—ns = k G&1 JIGTd A UTfEol, U k<s 3N s Bl ATEIIS Fald BBl A= 3178,

That means our assumption that s does not divide B was wrong so, s divides B.
T 32, s 71 B &1 HIT S A1 3 315 TP Gobd 2. TOrord s 1 A B 3T AT o<l Al

Similarly, we can show that s divides A as well.
So sis a common factor of A and B.

TIYHTO, s IT W& A ST HRT <1 T, B8l IMIRITAT SRGad] U, T s 81 A 3101 B IiET AHIS D
ELISCASIE

Observation 1b: The smallest number is not just any common factor, but the HCF of the two initial
numbers.

fteror 1 9: 9ala S8 W1 8 B IS S [GHISTD 181, TR Godld =l QIF Sedi<l HaTd 31z,

Proof for Observation 1b:

ferdteror 1 9 =N Rrgan:

Let us prove a statement before we proceed with the proof of Observation 1b.

g HRugYEl o gdies faer g &,

Statement (l): A common factor of two numbers also divides their difference.
g (1): T19 ARG AT S [GHSTD S ARG oAb I HdTesed AT [GHRTl.

i. e. If g divides C and D and C > D, then q divides C — D.
OO, SR g 1 W& C AT D IT T7e! [FiH1 9T <l Id e MM C > D, IR C AYA D i
P! AT (C—D) AT BT ERIST g 7 W STl

Proof of Statement (l): g divides C and D would mean,

fremarht Rygar (1): ¢ =1 <= ¢ @n1fdT D Ii=T 9T ST
Let, and for some integers rand ¢ >0
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T 37, C = rg 3T D = tq; rd t 2 YUlieh ATl AT rd £> 0

So,C-D=rg-tg=(r-t) X q

U C—D =rq—tq = (r—t)Xq

So, g divides C — D and hence is a common factor of the difference between C and D.

A g7 (C—D) &1 9N <1 dil febaT el 2T C 3TV D Ii<dT BRBTATE! g BT WSS [AHTSTh
3.

Coming back to observation 1b

31t 3ot fr et 1 9) B 1A

Thus, if we start with two initial numbers and g is a common factor of both, it is also a common factor of
their difference. This ensures that is q is a common factor of all the three numbers in the list after the
first step of the game. At every subsequent step, a pair of numbers is taken from the list and the differ -
ence written down as a new number. Thus if q is a common factor of the existing pair of numbers, it is
also a factor of the new number. This ensures that if a number is a common factor of the initial numbers
A and B, it is a factor of all the numbers in the list, including s. That is, any common factor of A and B,
divides s.

313 YhIR, AU G HET HH Gald bodl M1 AT Slve] A&l Mg D [GHISTE g 3/, dR g 1
AT GO IGA AT FRIST AT <l Yl A 81 a1 Rig B D1 Wosred] Uleed] qraRI=eiR
I fos! SRt aed fA9STd g 3RT4l. e URRKIAGR, ATSNTS BIVR a1 U I STt
qIIRG! ST AT AT FoTaTDbIge T4 AT fad. SR g 1 91 J1 Seai<d] Sirerdl AFlsd
AT 3, TR g B 419 S [quroie 3. ATeaRe] Goarii=ar A T B AT W& GETe
A AT ST 3, I T AR KIS, 3R] s Weld, Jd WRGi1 AR Sl ardt et e,
Irama 31, A 101 B AT AMTS 6 [AYTSTd s Tme! fauTsTe 3RTal.

So, if the HCF of the initial numbers A and B is d, then d divides s and d < s. However, we know that s
also is a factor of A and B (Observation 1a). Hence s < d. Therefore, we have s = d.

U, GoAd=T A 311101 B IT A&7 A d ST, TR d 7 s BT 4RI Sl WU d <'s. HTH, s BT A
31T B ATATGE IS WSS fAHTSIS 3118, & IITAT ATeld 3 (FRIeToT 1.37). ®U[ s < ¢ arard a1 s
=d.

Observation 2a: All the multiples of the smallest number up to the largest number appear in the list.
rietor 2 o1: ATl Hd =T A7 Wald el A< U 3MTed.

Proof for Observation 2a: s belongs to the list, and A is a multiple of s.

ferdteror 2 31 =t Rigdr: s ) s ardiged e 3nfor A 8 s = ue IR,
So,A="fs
BUT,A=1s

Now s and A = fs are both already in the list.

3T, s 3MMOT A = fs, Tl-ala! JTEI 3T,

So, fs—s=(f- 1)sis also in the list.

YA fs—s = (f—1) s g1 TTGId TS,
Similarly, (f- 1)s — s = (f- 2)s is also in the list.
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YA (f—1)s — s = (—2) s G ITaId 3Tz,

Continuing like this we can see that,
(f—1)s, (f- 2)s, (f- 3)s, ..., 3s, 2s also belong to the list.
M IR (F—1)s, (f—2)s, (—3)s,.......3s, 25 GT ATEI AN

Observation 2b: All the numbers in the list are multiples of the smallest number in the list
fAteror 2 9: IS Aicw ARG G A= 9d ue fag Iard.

Proof for Observation 2b:
Using the same argument used in the proof of Observation 1a, we get that the smallest number, s di-
vides any number in the list.

forfteror 2 T |t Rigarn: Feror 12 =1 Rigaard! koo AU a19ed MUITST s & Jdid B8
IReyT fHed IMfoT o AT Tl RS fa9TT.

Relation to the Euclidean algorithm

fraszan At (GrRTadtan) ddg

Imagine you change the rules of the game:

Instead of subtracting the smaller number from the largest, you could subtract a multiple of the smaller
number from the larger. And then in the next step do the same with the multiple used and the number

remaining after the subtraction. Then that is the Euclidean algorithm for you! So, can you see why the
game and therefore the Euclidean algorithm works?

HHS, ATV WS {10 qacses. AISAT ARG Gel[ HRAT Ioll HRUGGSI, AT JISAT TR
GBI AT BIVRIE! YT Ioll B el ANV Y&l YRIRIER, SiT Ue qTaRes! 3Te AT TSI
ST IR A1 3iTed, iR A1 fohal &% 3dd]. AT Ylassdl Braide! B, ATl 8 Wo
T Yol A (BRI B3l B DR, O AMTATST FHSIe) B2

Points to ponder
ICEING R LS CIC] B

1) Do all pairs of numbers allow for a winning strategy? If not, what kinds of numbers will allow for
a winning strategy?

TR d STl araRa+ RThdT I B17? THITH, ST DT STre! arasa+ fihdl Tscs ?

2) What happens if you allow for the first three numbers to be random? Say, by making it a three-
player game?

FHT BT S <1 SIUTT 3 WA S7TOT < T 891 GoaTd Bhodl ok BT Bl ?

Terms to discuss:
Yo Astiqrad =i B

Process of mathematics, conjecture, counter example, reporting a conjecture, etc.

IO UfshaT, ST, Ui -SaTeR0T, JIFATT AiRide Arfac oI,

Suggested Readings:
Ip arEFTHRr

l. Euclid's Algorithm I: https://nrich.maths.org/1357/index
Il. Euclid's Algorithm II: https://nrich.maths.org/1728
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| . Euclid's Algorithm IlI: https://www.cut-the-knot.org/blue/Euclid.shtml
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