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Euclid’'s Game
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Introduction

Mg

Playing games is a lot of fun. Today you are going to play a game that involves numbers, and you will
find a way to win the game, always!
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Materials Required : Blackboard, chalk and sheets of paper
AIEE: BT, &g, B

Task 1: Play the Euclid’'s game

Pl 1: W1 e W
1. This is a two-player game.

IT W1 g1 faemelt urT O rhdrd.

2. The rules of the game are as follows.
T FIH YIAYHT0T 3MTed.

I.  You can decide who plays first. The first player, say Player 1, writes down a number that is
between 1 and 100, including both. Let us call this number ‘A’. The second player, say Player
2, can write down another number of his/her choice. Let’s call this number ‘B’.

YBTSHT AT TIH HI0 PRUIR, T Jrel 819 DT, AT Walg-17 1 100 TdHT HIoiE! Uh
T T (T 3lle. AT ARAST JATI0T ‘A’ 3], ATTIR Weblg-2 AT IaS €l 1 100
Yol aRl BIvIiTe! e fesgies. AT AT A9 ‘B’ #8],

II.  Now, the first player will write the number (A — B) or (B — A), whichever is positive. Let's call
this number ‘C'.
3T faemedi-1 (A-B) fdar (B-A) 311 I IoiEId] e, SIS IR O AT IS,
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lll. Next, it is the second player's turn. He/she has a choice. He/She can either write the
difference between C and A or the difference between C and B. However, if one of these
differences is already in the list (i.e., if it is A or B or C) then it cannot be written again. (All
differences are taken to be positive.)

J7ar faenfd Woe. fiares wrel valy smed. o) ‘¢’ 3ffor ‘A” I aoTeTdh! e 3rhd fhal
"C’ 3MfYT B’ Il goIETh] dha b, A 3MTeses IR ITald eI (SR A, B bl ©)),
feremefiil <t Tven gea1 fo3g ST U ATE) (Hd SR & A1 841, © S3efd o).

IV. Similarly, in subsequent turns, the players take turns to write a number which is the difference
between any two numbers in the list, provided the number itself is not already present in the
list.
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V.

VI.

The game ends when it is not possible to write any new number.
SIET BIvTdIs! Tl I fg ol 37 I, I 8 Wod WU,

The person who writes the last number will be the winner.

oIl WaTg 2Agedl G fadles, it Wes foTdhas.

Let us look at a sample run of the game.
ST IATYUT BT Wb Yhql W3 UTg.

Suppose, the first player writes 12. The second player has 99 choices to choose his/her num-
ber (as the upper limit is 100).

A, WoTg-1 12 B T [FBTor!, IR Wablg-2 Bl SRe5edT 99 WAL TR fHrag 3rhdl.

Suppose, the second player chooses 16, then the first player can only write 4, i.e. the differ-
ence between 16 and 12.

A WRTg-2 7 16 B WA Mase!, TR WRTg-1 & 4 &1 G fo5gles, IR 16 AT 12 A=
TTETDT 4 A

The second player then writes 8, the difference between 12 and 4. Note that the player could
not have written the difference between 16 and 4, as 12 is already in the list.

TR Walg-2 B 8 B WRAT fo5gTes. BRI 12 ATMOT 4 FTel ISTETD] BedTd 8 IR Idl. el
BT, WRTG-2 7 16 3107 4 ATAT THTETDBIGA JUTRT 12 B AT fFETores] ATET, BIROT 12 B Fe
SMETITRET AT 32,

Now there is no possibility of writing new numbers, so the game ends with the numbers 4, 8,
12, and 16 appearing in the list (12, 16, 4, 8 in the order of appearance).

3T, I PIVATE! T TR AR [GHT ATE]. Ao 81 WS 4, 8, 12, 16 T ARIGRIER
AU (AR 12, 16, 4, 8 IT SHHT AT I ).

There are four numbers in the list, and the second player is the winner, as he/she wrote the
last number 8.

¥l ATaI IR AT 3Med AT Woblg-2 7 8 Weo NThesadl e, BRI IacT! 8 & L]
ferT fosgladt are.

Play this game with your partner multiple times. Study the lists of numbers that you got for each game
and record your observations in the table below. For the last column, where you record the winner,
mention whether Player 1 (who chose the first number) won or Player 2 (who chose the second
number) won.

AT EATERIER 8T Wob Y81g8] W TAh dodl WA TR STeredT ATeral T DR 307
JHE! FRIeTT geies daedra fosel. rae B oiYf el faoiedrd 1d fogTes, d Walg-1 (S
Uit HeT sl e fhar Warg-2 (SaM ga=yial 4@l fase!) e, d fosr.

Initial Numbers The smallest| The largest|All the numbers|How many | Winner
number in the|number in the|in the list (in|numbers are
list list ascending order) |there in the
list?

A= T |geidis gafa|adidie  gaid | areidie ad|ardid ygur| o

@B T HIST He= o= (Feddn|fadt v
HH) JATEd?

Player 1 | Player 2
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HABIg-1 | WBIg-2

Task 2: Predict the numbers in the list

elt 2: FTeiclies wegtaT 3iaTor el

Let us assume that the following are the initial numbers in the game. Based on these, can you predict
the numbers that you will arrive at, while playing the game?

ST WM Godlded] AT YSIsyHTl Ted. IT WRFTIRIT Wod WosedI™ AT ATald BIuTe]
T YIS, I STl JFRTAT el U5 e Pl ?

(Hint: If you are stuck, look at the table you just made. See if there is any relationship between the
initial numbers and the numbers in the list.)

(AT: WS Wb SN ! qTaoye] Tedl UBT. JodTei el AT 01 AT ciles HAT ATl

PTE! He 31T BT, < TET).

Predict all the numbers in the list if:
A qd AT QTS ST oI

1. The initial numbers are 9 and 15.
AT T 9 JTHOT 15 IRTTH.

3. The initial numbers are 20 and 9.
GO AT T 20 3AT0T 9 ST,

4. The initial numbers are 13 and 17.

godTci el AT 13 AT 17 F T

5. The initial numbers are 7 and 35.

oI T 7 301 35 AT,

6. How did you predict the numbers for each example? Did you notice any patterns across the exam-
ples?

TR IETERUTATS] hIuTT HRT AciTes, T Jeel TSl HAT GieTes] ? AT IQTSRUNHE a1 ]
BIET TP fceer faeres Br?
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7. Now that you know the strategy for finding the list, can you predict a strategy that will ensure that

one of the players will always win this game? (Which player can adopt this strategy and always
win?)

3ITT, ITaT FATUITATS] DIV €N ATIRTI 312, B JHBTAT Dhades 8. Jre! A G FiY DI
BT, S YT WS TeH! Tbd Wolg el (ST ? (I Wablg & "Rl arg<ad J84! 51

TAHAT?)

Task 3: Looking for proofs of some conjectures
Fell 3: PRI A Rigam argon
Some students made these interesting observations after playing a few rounds of the game:

P! fIEmIT= 8T Wb BIel dob WBeATHdR I fehaT ST Id ool FRI.T0T Aigdelt JMTed.

Observation 1: The smallest number in the final list is the HCF of the initial pair of numbers.

Frteror 1: Ariiss wafa e vl 81 o=l SIS ikiies Seare! FH1fd 314,

Observation 2: All and only the multiples of this smallest number up to the largest number appear in
the list.

fteror 2: Ficles a1 A1 Qaid S8 Geded] Uch 3iTed. a9 ATEHL S8l S&IURIT HIT

AR S ST 99 eIl IR .

1. Can you figure out why this happens for every pair of numbers?

AT Ud SISIATS! 3T &1 S, ARG TRT1 STl Rl IS B2

Let us look at the two observations.

U@ QI RIS 9ai & 3T,

I. Observation 1 says the following:

18107 1 1 AT,

a. The smallest number in the list divides both the initial numbers.

3) AT Haid Sl S Goard =gl alwal A& 9T Sl Adl.

b. The smallest number is not just any common factor, but the HCF of the two initial numbers.
9) Haid S I &1 had ATHTs & [a9ToTdh ATEl, IR goardire] T AR AT ST,

Il. Observation 2 implies the following:

70T 2 31 T,

a. All the numbers in the list are multiples of the smallest number in the list,
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31) IEKITS d T IT Fad S AT U] SR,

b. All the multiples of the smallest number up to the largest number appear in the list.
9) IEKiS qd G I Gaid SeM A<l gl ATed. q9d e Sel GG HIc

AR ST ST 9d e ledled g d.

2. We need to prove or justify these observations. Can you think of the ways of doing this?

STTACATHT & T+RIeT0] g DRI ST, JReTT HIel /Y G, ol < foral.

Points to ponder

framTa gvaT= T

1) Do all pairs of numbers allow for a winning strategy? If not, what kinds of numbers will allow for
a winning strategy?

IR Fd STre! aTaRa+ RThdT I B17? TTITH, TR DT STre! arasa+ fihdl Tscs ?

2) What happens if you allow for the first three numbers to be random? Say, by making it a three-
player game?
GHSIT BT WS <1 STOT1 31 WesesT AT <1 T T FodTel bodl TR DI BIges ?
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