Vigyan Pratibha Learning Unit Euclid's Game

Euclid’s Game
wp5s6rflig 601 ellemerwimL_(h
Overview
FrH&H&HLD
Here is a game that is based on the Euclidean algorithm to find the highest common
factor of two natural numbers. In this game, students not only play the game making
moves that correspond to steps of the Euclidean algorithm, but also engage in doing

mathematics by making conjectures, giving counter-examples, refuting conjectures, and
proving the results.

@HS ellemeTUIITL_L.60T eLN6EVLD WhEserfllg Wil] Ll (emmSSBTemeul] LIuleTLI(H &S
@@ @uWe ereorgkerfler WOLQUTH QUTS  IGSH WS  (LO.CILIT.6)
FHE0oTEHHIL6VITD. @)6uauitlpemnmenll Llerumm) &eoors@&GEs Q&GS T
LL(QLD  OToTeUT&HeT BlOSHE QoMeTemTCLITEUSHV6M6). D618 MHIS M6
9 (HEUMEG 6V, QUMM BIrTas e a6y, 6T [J-2_55ITIT600T M1 5>60)61T
QULOMBIGSH), LMHMID (PQelsemeT BlepLilgsey GumeTm GlEFuweuLIm(haerleor
eLP6VLD GH60011BLD QIFUIGUS VLD FF(HNLIRGUTTS6T.

An important idea is that we need to look for counter-examples to find out that a
statement is not true. As a part of this unit, you should talk to the students and try to
differentiate between a true prediction and a mathematical result. Also discuss how in

the case of establishing the correctness of a mathematical result, giving examples is not
enough; while in the case of proving a result wrong, counter-examples are enough.

R oMol QUITUIWTETE 6TeTUNSS Q&HlhaesTaTUSENE 6THIT-

o HMIEOOTRIGEMET BTN Seoor(HMLQ LG (PSHRWLDTET ([H SH(HSHSHTESLD.

QB3 sHme Liflallelr e LGSIWle, e &efls SrallheLd e FHlwimer

el D@D @enlCw 2 6mem  Caumimlenl, WHAFluiser allerss

Geuector(hIlD. GOSYILD, 6[H &H6e00lE Bremeud SFFILUMIHS O STI600THIS6T

GUTHME  6TeOTMID  QLETTEV S QUMTULES  6THT-2_ G MI600ThIH6MT

GUITSILDITEOTEMEY 6T60TLIENSH S GHMISSILD BhIs6T 2_enTulmL Geussor(hLD.

Minimum time: Three sessions of 40 minutes each.

GOMBSLLF GBILD: 40 HILOIL_1860)6IT8 GI&T600TL ELOEIT M) B{LOT6)SH61T.

Type of Learning Unit: Classroom-based.

smmev Lifleller euenss: su@LiLiemmL LIMLLD

Unit-specific objectives

urLUfleller @ evs@& a6

(i) To observe patterns in numbers and articulate the observed pattern clearly

() 6T600T  SeMLDLIL|G606TE  Seleflggl, BhisGeT Seleflss enliemnlis
Qgerfleunms allauflggev.

(ii) To look for counter-examples to refute a conjecture

(il @ oo5:5mM&L  QUTLQWeT  Bleplleks  aTH -2 &Moo hIg606Ts
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CH(HFH6v.

(iii) To understand that examples are not sufficient to prove a conjecture

(i) RF 2e15:56m5 BlepLleGe: 2 HmreormsseT WL (HGWL CUTSTE 6eTLIengL]
LABSI Q& MeTEBSHe.

(iv) To understand that just one counter-example is sufficient to disprove a conjecture

(v @ 2a15:5m&L QUTUQUeT  Bleplilss @F  eHI-2 &mreoorid
GUIMEILDMeTS! 6T6dTLIENG L1 L5 SIS MeTEh&56V.

(v) To come up with a logical argument (i.e. a proof) in support of a conjecture

V) @ 2W1HEHHDG UNCFIHGD BHUHSH GUMSHHEOET (BTG, R
BlermLIeoorLD) GUITE & &6V

(vi) To understand the relation between taking successive differences and the Euclidean
algorithm to find the highest common factor (HCF) of two numbers

(i) Waserfllgwill LIgpemm&SHTemnels Qasmeor(h @) eTevorsserfledr LSLIGILIT(IH
QUIMEl aIGSTH NS FHeooTeHR(HeUSMHEGLD, QSTLIFFILTS 6T600TE 06T
SPILLBHMHGLD @emnL G 2 61T QG TLTemLL Ll BSIQ 8 MeTEensev.

Links to curriculum
LUMTLSHL L SHSIL 6T 2_6T6mT QGTLIJL|SH6T

NCERT Maths Class 6: The concepts of factors, relatively prime (co-prime) numbers and
multiples (Chapter 3)

NCERT Maths Class 6: The concept of Highest Common Factor (HCF)(Chapter 3)
NCERT Maths Class 10: Euclid’s Lemma (Chapter 1)

Materials: Blackboard, chalk and sheets of paper.

G 66U UITEOT QLIMHL_&G6IT: S5(HLOLICVENSs, FITE (chalk), HTHHE SHTETH6T

Introduction

SINPSLD

Playing games is a lot of fun. Today you are going to play a game that involves numbers,
and you will find a way to win the game, always!

allemeTWm(hH&6ev BsSE WIGHS WLHRDLEFFOWLS S 0H QFWEVTEGLD.
CTEOOTHEMETE  Q&Meoor(n)  @eorm BT ellemeTwm GUTHIGMMD. @&H6v
eTLIGUMEIGLD QUMM QLIMIGIS M TeoT o HHenWIULD BraigeT
QaH&HE S TaTET GUITHINTSHET.

Task 1: Play the Euclid’'s game
W56V QFW6L: W,aerfliger allemerwlmL_ ()

1. This is a two-player game.
1. ellemeTwITL @\(H BLITSH6T G606
2. The rules of the game are as follows.

2. elemeTulmL_Lq 60T S &6T LledTeuhLOmmu.
* You can decide who plays first.The first player, say Player 1, writes down a number

that is between 1 and 100, including both. Let us call this number ‘A’. The second
player, say Player 2, can write down another number of his/her choice. Let’s call this
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number ‘B’.

. allememwmlemlL. WMT QSHTLBIGMISG6T 6eTlengd bHhlsCeT (L6
QFWG Q&TETEMEVITLD. (LNFH6V QL L SHEHMTIT (QLLL&EHTTT 1), 1 (LDH6V 100
auemgWley 2 6Tem Iy GrGéchmeoUr;r'; @5&[’5@5@5@5’5 Q&Teoor(h 60D
TS (Semezmr@u) @Lr)g, 6T6O0TEMGO0T ‘A’ 6T60TE Q&METGEUITLD. (@) I600TLITLD
%LLSS&SITUU QL LE&HTTT 2), uﬁ]g;@mm 99 eTevoTss6eTleL ellpLILILILIL L
QE0TEM M 6TLDH GO S TETETEVITLD. @)\ [HS 6T600TEMET0T ‘B’ 6T60Td Q185 METGEUITLD.

* Now, the first player will write the number (A - B) or (B - A), whichever is positive.
Let's call this number ‘C'.

. QUGCUME, P&V L L&EHTIT (A - B) VEVF (B - A S600THEIL
Geuetor(hILD. 6TH6v Lolend: eTevoTem600r SllemL LTS GQILMISMITCTT e
QT qTWHE Qometer  Ceustor(hlD. @\BS  6TE00TEM6EI0T  'C’ 6T60TES
Q& MeTGeUITLD.

* Next, it is the second player's turn. He/she has a choice. He/She can either write the
difference between C and A or the difference between C and B. However, if one of
these differences is already in the list (i.e., if it is A or B or C) then it cannot be
written again. (All differences are taken to be positive.)

«  UletTeorJ, @I60oTLITLD QL L &H&EMTTT AHeUTg &MmmleV (€ - A) J6V6VE (C - B)
-@)6v TN &5 SHE0UTHSHLLIGUITSH T TETLIENSH S
GHIHOSH(H &SI G HTETATEVITLD. 2,60TT6V, 6T600T QGHMGLILIL g Ma6oTGel
316UQaI600T @)L LD QUDMIBHSTEV (BTG, A V6V B DI6V6VSI C &
@ BHSHTV) 3! L6ooT(HILD 6TWSLILIL Hnl M. (HWEE56060 QLIMHM 6Tevor
L6085 GTEO0TEEITITES (positive numbers) S([HSLILI(HLD)

« Similarly, in subsequent turns, the players take turns to write a number which is the
difference between any two numbers in the list, provided the number itself is not
already present in the list.

. @GsGCUMe, 61600 QBTSGLILNL @LIQUMMIBSHGSGID @\(H eTevordserfleor
ANsHWLMFEMS ADSSHES FMHMIV HoTERIL(h L L ESHTTTEH6T
B GOSMETUTIHET.  SLe0TMeY, & Q&ML  gmaserGel
QL LDGLIMITS 6T600T600TM&HLD @) (HdE Geuevor(hLD.

* The game ends when it is not possible to write any new number.

. SPHHT epeulDd, LIFHIGTET 616007 gSID T GHEH61606M6V 6T60TMITEV
QLU LD (W] QUMHMIIL L &T8 &H(HH &6 & TaTem Gausoor(hLD.

* The person who writes the last number will be the winner.

- QUISUWIME  elevoremeoorll UGS Leuismer Sl L &FH0  Qeumn
QUIMHMEUTTEUTH.

Let us look at a sample run of the game.
2 (S SIHEHTL6mL @ LGNS LIMJE&H6VITLD.

* Suppose, the first player writes 12. The second player has 99 choices to choose
his/her number (as the upper limit is 100).

- WHN YL LESTIT 6ot 12-83 CHIBHASHSHMITT  6T60r M)
T(HSHHFHQHTOTCAMD. QUGCUMES  @I60oTLTD QLU L&H&HTIT 99
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eTeoorseflel  etTems CHIHOHHEGEVITID. (100 6T6eooTd6flel  epedTemM
CHITHOH([H &S E6IE00T(HLD 6T60TLISIT6V)

* Suppose, the second player chooses 16, then the first player can only write 4, i.e.
the difference between 16 and 12.

- @U6OTLITID QL L &SI 6T6vor 16-83 GHTHOH(HSHHRMITIT 6T6dTMIT6V, (LNGH6V
QLU LGS 6T600T 4-83 HIT60T 6T(LDS (LOLYUJLD. 6TGI60T6OTMITEV, 16-601(HH &I 12-
o &LOGHEMITLD.

* The second player then writes 8, the difference between 12 and 4. Note that the
player could not have written the difference between 16 and 4, as 12 is already in
the list.

- etteory, 12-0mBS 4-93 SAILSTD @IOTLITID QL L &HSHTTT 889
MWSIBMITY. @6 16 WMHMID 4-@eT NSHULTFSHNS 6IWHUINHES
(AL UITSS) 6T Gl6OTEOT MITEV QBTG LILN60 12 JM&HeTG6)
QL LOLUMHMI(BHHEHB M.

* Now there is no possibility of writing new numbers, so the game ends with the
numbers 4, 8, 12, and 16 appearing in the list (12, 16, 4, 8 in the order of
appearance).

. @QUGCUME LS 6TeooTaConSIlD 6T(LDSI6USMETET GUTUILILIGHET @)6V606V.
LBV, QL L SHH6oT (LNL6II6V 6T600TE6T 4, 8, 12, LOMMILD, 16 QFNLIEDEUS
Q&M LILN60 @)L LDQUMHMIETENS. 6TWS LI L auflemsuiley
6T(H S SIFHCSHITEOOTLITEV 12, 16, 4, 8 QLG LD)

« There are four numbers in the list, and the second player is the winner, as he/she
wrote the last number 8.

¢ QMU QLTSS BTG 6T600T&HET 2 6T6meor. @) JesorLITLD
AL LSESTIT Qeumml QUMMTT, 66T MITY AUTSHTEOT 6T600T 889
@) ST 6T 6OTIT.

Play this game with your partner multiple times. Study the lists of numbers that you got for
each game and record your observations in the table below. For the last column, where
you record the winner, mention whether Player 1 (who chose the first number) won or
Player 2 (who chose the second number) won.

o MIGET BHEOTLUMBLET @b WL LSS Lew wWwenm ellememwm(hhbigser.
R6IGAIMH WL LSEHNID QFTGSGLILIL @LLDQUMDM 6T60oT&HemeT LT MUlBHS,
Praiger 2 MHMIGHTHRLIIMENME FCL QETMH&S&LILIL (heTerT
Sl Lalemeoorwilley LUBN(QmGeT. Qeumn) QUMM 6T  HLLEH6V,
QL L SEHMTTT 1 (LDFH6V 6T600160)600TS CHTHOH(HSHHEUT) V6V LU L SH&HTTT 2
(@) JEOOTLITLD 6T600T6m 60018 CHTHGSHSHEUT) 6T6dT M GMILILIN(HBIGET.
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Initial All the numbers | How many
Numbers |The small.est The Iarge'st in the list numbers .
number in number in . . Winner
the list the list (in ascending are there
Player | Player order) in the list?
1 2
QaMLEs | smraell | srelll |asrelilaear |asma il | Qeumm
6T600T & 61T 6V 6V 6T | METSH S 6V QUMM
T e @LLeUD (@L e e‘rsczsras@jmuj] THSEN60T | Ul
GHTy| samy|  DieTer ) (ggjam‘]@& 91| eTeBors T
71 72 WsFA W | s LIQUSl |6V 6T SIMBIGET) | 2_6iTemeor?
6T600T LI 6T600T

The teacher can also make this table on the board. After all the students finish playing
the game a few times, collect some responses from the students and fill in the table. (It
is fun to play the game the first few times. However, the teacher should stop the game
and start a discussion, when she feels that the students are getting tired or bored of
repeating the game.)

@QBbs I Lalmeoenl  SWFFlLT  SGLUVSWIID  aleTHS
QGBTETETEVITLD.  LOMEOOTEUT 6T eM6TaU(BLD  lememwimly (NG5S  LIleoTeorT,
Fevfledr LHeusemeT el Il Leuemeooruiley LSl eumd. (@4l LD
2 MEFMHESMES efle@Gn aermmald, FeolliLg SLHWLEUTE L L HmG
@eLwley  plmsHNl () omeoTeulsEhLeT  wHAflur 2 emyumL
Geueoor(hLD.)

Please see the section ‘Mathematical and pedagogical explanations’ before recording

students' responses on the board. Ensure that a sufficient number of examples that help
generate some conjectures, are on the board.

LOImeooTeUT&6EITl60T LIGleLaemeLl Lievemasuiley LS eI(BID (pedteory, &\ fluiry
‘Heooflgs  WHmID  SHevallwilwey Fmims  ellatsamiger  eerm  Lliflene
AUTRHGIULY CHL(HSHOSHTETREMITD. CUMHIOMET LISH6&H6T @ IBLILNS
o MIGEF Q&I HRISET. O DO hIG60)6IT o _(HeUTHGSLCLTSI
o sallwefllILgns @ meELD.

The teacher can then invite the students to look for patterns in the filled table. Ask the
students to generalize the patterns and make conjectures. Write down each conjecture

on the board and encourage the students to examine whether it holds, by generating
more examples, or can be refuted by generating a counter-example. Help the students
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see that verifying the conjecture for any number of examples does not amount to a
proof, and that one counter-example is sufficient to disprove a conjecture. Encourage the
students to come up with proofs of their conjectures.

L L_euemevoruilev LIS6L&H6m6IT Biriiuw LN edTeor, 6T600TSH 61TV
IemLLIL&CensIlD QEeTLM&MST 6T60T M) LOITE00TEU [ 8560)6TES
HoT(HLNGHGSDUG  FamIBISHET.  OWDLLEMETL  QUTsSINSHLILGSS
IIUTGHET DEMGEHHIGHENET 2 (HeUTHEH GeueooT(hlD. 6REUGGUT(IH 26T&H ML
LIeuen&sUley  eTEMBISGET. Seumenms  Flumgss, Gauld  Liey
O SIMIE00TTRIGEMET 2 (HEUMTEEGLDLIL LOTEo0TeUJ&HEM6T 2618 @6l RIG6T. 6THI-
2 HMIOHNEHEH &HMeoor(h  QUTLSSHAID  QFUIULEITD.  261&H&H60HL]
QUITHHSIUSHTEH 6T600T600TMM 2 HTTO0THIGHT Q&HTHHSLLIL LTI, S
BlepLeoor TSI LGN FLISTS 6T6ormilD, AHemSHL QUMTULISES @ 6THII-
2 HMJeooTld  GUMTSIDMEOTS  6T60TLIENSU|LD  LOMT6O0T6UT&HED6T 2 600TJE
QEFUIWYMBIGFHET. QUTSH6T FHH 55 2615 56M5 BlemLIE:8 2618 @6 UL hIG6T.

Some of the conjectures that the students might come up with, and the ways to handle
these are discussed in the section 'Mathematical and pedagogical explanations'.
However, it is possible that students come up with conjectures that are not listed here. In

this case, take the conjectures one-by-one, verify, refute or prove the conjecture as the
case may be, and familiarise the students with these processes.

LOITEOOTEUTSET  eflHE&GWD Fleov LEHBIGET WMHMID QUMM  6TeUEUT M)
&M GauetoT(HLD 6TeTLIEN &S GHMISH S Ml ‘Sevofls LommILD &Hevalluilulev
Fribhs lemesmser eerm  Llflenel eumSlumiser. emefleyd, @560
L IQUIEN LTS eT&:mISGHn6T  OmeorelJ&HeT FhFHILULUSD FraSHueD.
@QBHEF FLOWSHH 6V, EMHHIGENET RTQMITETMNES SFEUTISS, 3jeumenm
PriigseT QUTUSES 6Vevgl BlemLl1ss Geuetor(HD. LOMEoTEUTSHEMET Q\H&HE
QFWEN6L CEHTFHGILIM Q& UIUL|HBIGHET.

Task 2: Predict the numbers in the list

QFWIEY 2: LIL_1Q U16916D 2_6T6IT 6T600TSH: 6068 8600115856V
Let us assume that the following are the initial numbers in the game. Based on these, can
you predict the numbers that you will arrive at, while playing the game?

L LGS eor QBTG5S 6T600TE 61T QULOmISLILIL (heTer Blemeuuilev,
allemeTWTHEUTSE 6THQSHHS 6T60oTEHem6TL! GILIMIETTEH6T 6T6drm) &600115HSL
@ UISILOIT?

(Hint: If you are stuck, look at the table you just made. See if there is any relationship
between the initial numbers and the numbers in the list.)

GOILY: B HemL&Haemney  GUITETTeY L L alenemorenulll  LIM(BHhISET.
FVIETET  QSMTLES  6T600THEHHGD, LLIQUIEILLILLL 66008 EhEHELD
Q6L G gJBHEWILD QIGITLTL| 2_6TeTHIT 6T60TLIENHEF GUITF60)60TEF Q& UL hISHEIT)
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Predict all the numbers in the list if:

LNeoTeU(pLD QSITLES 6T600TH6EH&HE, (LNAUTH L &Gl Ul 6T600TH:606TE
60011 5B (D BIGH6T:

1. The initial numbers are 9 and 15.

1. 9 LDMMILD 15

N

. The initial numbers are 20 and 9.
20 LDMMILD 9

n

w

. The initial numbers are 13 and 17.
13 LDMMILD 17

w

S

. The initial numbers are 7 and 35.
7 LDMMILD 35

&

5. How did you predict the numbers for each example? Did you notice any patterns across
the examples?

5. @AIGAUTIH T(HSHBHHHTLIEMEGD  6T600TE6M6T  6TeUITM 560011 5B TEHET?
@)6UGleUETITS 66V FCHEDILD L IL] @) (BLILIENG S S6U60T8HT&HETT?

The teacher then can engage students in a discussion on how they can justify that their
strategy for finding the numbers in the list will always work. Please study the section
‘Mathematical and pedagogical explanations’ for suggestions/ideas on how to lead
this discussion.

LN 60T60TIy, 6Tev0TEEM6TE SevoTL_ MWL LOMeooTeUT86T LiuleTU(hSHU|6TeT 2 55
SaIMmney Flwmer allemLenul jefls@h 6TaTLeNS EUTHET 6TeUIT L)
BWmUlLGSSTD? @emsdds GMsE AUl @F 2 emJwmLemney
BlIEBDSHMD. @60s 6TelalTml 6T(N&SIF QF6VEVEVITID TeTLINSS GHMIHSH
H([HSH S 56T/QUIMTFMEITHEMETL GQILIM ‘Setofls WHmID Sevallulwe FribhHs
ellengsmiger ereorm Liflemey eum&u|misser.

6. Now that you know the strategy for finding the list, can you predict a strategy that will
ensure that one of the players will always win this game? (Which player can adopt this
strategy and always win?)

6 GIEOOTEEETE:  SHeoorLMlWD 2. 58 SOHCUME 2 MSHEh&HEGS Q&IFluLD.

ICHBUMY, @ L LEHTIIHETL @mealCr erlGuUTEID  Gleum

QUMM 2 MIFF QFUISHEHTT RF 2 HHeMUl D _RIFHETTEV 8560011858

WIQULDT? (@ BeUTlev 6T L LESTTT @bg 2 SHenill LwlerU(H &S

eTLIGLIMSID Qeumml QLIMEVITLD?)
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Mathematical and pedagogical explanations

60015 MM Sevalluilwiev FmibHe 6l emd: ssmig 6T

The activity helps the students engage in some fundamental practices of mathematics,
such as observing patterns, making conjectures, verifying or refuting the conjectures,
and so on. The novelty of the activity is in seeing how mathematical ideas emerge in the
context of the game. The game begins with a simple task such as subtraction of two
numbers. At the end of one or two games, the student begins to grasp that the process
leads to a finite sequence of numbers. Moreover, one starts figuring out that the
numbers that emerge in each game depend on the choice of the initial pair of numbers.
After looking for patterns, the students will realize the connection between the HCF of
the initial pair of numbers with the list of numbers obtained.

@B IeMETWITL Q60T eLOGULD LOMEDOTEUTEET Fl6v L LILIGDIL_UIMTE0T 8560011585
QEFWeLIT(RH&H6TL FRHILL6VITD. 6T600T  eMLOLIL|GHem6T 2 MmICHITE G556V,
DG BIGEN6T 2_(HEUTHGH), UMM BleMLISSH0 6L6VE! BITTEHS 560,
GUMTeTmEmEl @606l L LEHTCUMS &He0olE  S(HSSIG6ET  6TeleUT M
QeuefllLM&B MG et AMHEH Q&EMeTICH @BHEH ellemeTwlmL 1960
SIS SHQUDMEGLD. @) T6oor(h 6T600TEHeM6NE  HLOIGH)  6T60TM  6TerflemLnUImeoT
QFWEN6L QSMLMBIGD LOMeoTeUIS6T, Hlev QL L MISEHESGL  LileTery
@& & WwededT eLOGULD (LPLQ.66IT6IT &[] 6T600T QS MG LIL| &
FHeooTSHILLILILIQ@HLILENS 2 60oTTeUTI&H6T. G, HenL &S5  6T600T8H6T
IMETSSIC QSMLEHEH CHIHOHHHSH 6T600TEHEMETLI QILITMIS SIS M0
o 6TeMgl  fTUMSWD QS HBSIQ&TATUTTHET.  ©)6U66U600TEEHE &
36L& G6M&ILD 2 _GTeTSHIT 6T60TLIEN S T 2 mMICHTHGLELMTS,
UMPIDGD QFTLES 6Teoordefledr LGUT.I-S5EGWD 2 6TeT GQSMLIeL
LOIT6O0T6UJ&H6IT 2_600T[J [HS5I G\ & eI &H61T.

To understand the mathematical significance of the students' responses, we consider
below the different ways of thinking that students might exhibit and propose some
conjectures that they might come up with. In the pedagogical discussion column, we
provide explanations for some of the conjectures, and suggestions to lead the
discussion.

LOITeoOTEU T E6IT160T LIGeu&s6rflen 2 66T 5600118 FH(H&SSIsemerTl] LflbSIQ & meTerT,
S|QUTGH6IT QeuefllIL(R & &H &8 1q UL Flev &\ 1H 55 60)60TSH 61T LOMHMILD
O (FAUMESHGHF(HID  2EMHHEIGNETEH  HCp UL QWL (HeTCeTm.  Hlev
OMEHBIGHEHHEG eTHEHMBIGEBL, ADenms: GMIHS 2 MTWITLEM6V
BlI&HLDES CUTEFETEHEHL ‘SMOLIGES 2 Falh SevHSIemTWITLEVSHET 6T60Tm
&L LTV QsMHSSLILL(heTerg!.
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Students’ observations

Possible pedagogical discussion

The largest number in the sequence
is the same as the largest number in
the initial pair of numbers.

Ask for the reason why the Ilarger initial
number remains the largest number in the
list till the end.

Explanation: As we are subtracting numbers
in consecutive steps within the set of positive
integers, the numbers obtained will always
be smaller than the largest number in the
initial pair of numbers.

The list contains only the multiples of
the smallest number in the final list.

Ask to verify with other examples in the
table.

Ask whether they can come up with a
counter-example.

Ask for the reason why this is the case.

In the initial pair of numbers, if one of
the numbers is a multiple of the
other, then the list contains only the
multiples of the smaller initial
number.

E.g.: For the initial numbers, 7 and 35,
the sequence obtained contains only
multiples of 7.

Ask to take a few more initial pairs of
numbers, where one is a multiple of the other
and verify that it works every time.

Look for a counter-example — a set of two
numbers which will refute the above
conjecture. This is an opportunity to discuss
whether not finding a counter-example
amounts to a proof of the conjecture.

If the initial numbers are co-prime
(i.e., 1 is the only common factor),
then the list consists of all the
numbers from 1 to the larger number
in the initial pair of numbers.

Ask to take a few more initial pairs of co-
prime numbers and verify that it works every
time.

Look for a counter-example — a set of two
numbers which will refute the above
conjecture. This is an opportunity to discuss
whether not finding a counter-example
amounts to a proof of the conjecture.

If the initial pair of numbers has a
common factor, d, then the smallest
number in the list is d.

CC-BY-SA 4.0 license, HBCSE

Note that students may not consider 1 as a
common factor, and therefore while testing
this conjecture they might not have co-prime
numbers as the initial pair.

Ask to take a few more examples of a similar
kind and verify that it works every time.

Ask whether the two numbers in the pair
have any other common factor. Ask them
whether they want to modify the conjecture.
(Note that the conjecture in this particular
form is not true. When we start with the
initial numbers 12 and 16, 2 is a common
factor of both numbers, but does not appear
in the final list.)



Vigyan Pratibha Learning Unit

Euclid's Game

Ask them if there is anything special about

the common factor that
number in the list.

is the smallest

Think about why the smallest number in the

list is this particular factor.

If the last three conjectures above have been articulated by the students, encourage
them to come up with one conjecture that will include all these three conjectures.

The smallest number of the sequence| *®
is a common factor of the initial two
numbers. o

Find out if this includes or contradicts any of

the above conjectures.
Refine, verify, or refute the conjecture.

The smallest number of the sequence
is the HCF of the
numbers.

initial pair of

Find out if this includes or contradicts any of

the above conjectures.

LOIT600T6U [7 85 611 60T 2685 16185 61T

&HU&E 2_Fa|ld
FHV[H G600 JUITL6VS6T

6T600T Q& MG LILN6L o 6iTer
NSLIQUIBLD  6TeooTemID, Q&ML
eTeooTSH6TleL 2 _6item QUIflu eTevoTammILD
6260TMIMH @) (H&HGLD.

o 66007 QSMGLILNT @MIF auemT,
6J60T Q&ML 6T600TG600T QILI(HLD
6T600T600T [T&H o _ATegl 6T60T M)
GFHEHMIGHEIT.

o alleTeHsLD: QETLIFRUITS
L& 6TeooT&HEm6E SLOILILIG TV,
He00TSHHL_LILI(BILD 6TE00TSH 61T
6TLIGUIMEILD QBT &8> 6T600TE60)6TT
L AMIWLIS TS TET @) (HEELD.

@ oI erevor QSMEGLILN, L&EFF M
6T600TE00T 60T LOL_MBIEGE6T DL (HLD&S 60T

o Il Leuemeoorwileh 2 6Tem  LOMM
TN &5 S&HETL_(h & EHL_60T

CC-BY-SA 4.0 license, HBCSE

QL LLAUDHMIBSHSLD. FRLTTS GO QFTIEIMHISET.
o @BMSHTET 6THT-2_55TI600THIH6MT
TMSILD  STWIGULDT  6T60T )

CHHEBMISHET.
s @edeurm @ BLILISMDSTET
FHTT6E00TSHNH FoMILDLILG

GHEHMIGHEIT.
Q;r.)m_a'sa? . Greo'vrasaﬂ@@rrmgj « GaLD Flev QBML&&H
LD @M IT60T Ml60T QUMSSHNS [ gresor G LY. 8560761 (6260T M)
B[S GLOMEOTITEY, QUB| hamT® 6T600T6001 | 60T
STETQSTGSLILTIL S eTetorenofledT| QL& sL0TS QBLILSTS)
LOL MBIG &6 LDLBILDSTEOT | 6r(h\& S Q& eiTer
FenL&GLD. QFTELEYIMIGET. ONA )
T600T GF LY U &G LD QbS5
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Vigyan Pratibha Learning Unit

Euclid's Game

QBI85 6T6o0TS6IT160T QLU 6T6v0T
auemTUIev 6T6LGVIT 6T600TE @MHLD
QL LbGLMILD.

THOSSIHETL(): 7 LDHMILD 35 6T60TD|  oergs 66058 FAUMTSGOLIL
CBML&H& 6T600THEDH&H (S [BITLD QFMELAVIMHIGHGIT.
OUDSEgw aBOENEID 1. Gis emspmst CUMLGSS
LOL_TBI@& &6 LOL_ (DD G TedT : - -
8L houDAGsGD 200 @0 asmsams
D_GITJ600T hISHE06IT 2 (HEUMESH
(WWMHFIUMISHET. THIJ-
o GTJevoTLd FenL_H &ML
GLIMeOTITEV 26e1&HLD
BlepLGSUILLL ST
6T(H &SI HG S TETETELITLOMT
CTOTLIENS S GHMISS 2 enTulmL
5E&HS  SOHOULONSE QS
QMBHGLD.
QSML&S  GTO0SHET  FMIUST[ o Goguild Hlev FTTUST (LHWHET6soT
DWETETTSHETTS  (SIFTeUS, 183 GFMeEHmars  CHIHASH S,
LLGGD  CUMSI  QUGETEO0TENTS | EIGAITH (LPOMUID (LOLGESET
QIE&ITEBOTL 6T6T0TH6T) @QBSHGLOMENTN| G RTUMTS S5 GLIM6Y
QUG CTETOHTGSUII, 1 WSV o dramgm 6TEOTLIE S &

FAUMTI&GSLDUL Q& TeVEVHIGHET.

QB WHSHMSHL GUMTLSHSHS
Fo ()LD @\ 6T600T&H60)6ITEF
FES 53 6T -
O_GITJ600T IS 606 o _(HEUTHSH
(WPWMHEWBISET. THIT-
o _GTJevorLd FemL_H &ML
@LIM6oTITEV 2eM&H 1N
plepLlg&slUl el L&ms

6T(H &S &G & ITATEITEVITLOT
CTOTLIENS S GMISS 2 enTulmL
5S&bHS  SHHEUTLONS QI
Q@HEHGLD.

SDILIL: QUIMS! 6)(G;6T600T600TTS 1
Q@LILINS LOIT600T6U [T 6T
HHSTLOEV CLIMEHEVITLD. QFH6VIT6V
QU6 CHIHESHHSHSLD
QBHML&EHSH  6T600T&H6T  FMTLIGIT
(LD(LD6TE00TE6ITITES 3)6LEVITLOG
CUMH&EFa(HLD.

QBML_&5SH 6I600THEHHEG d 6T60TM
QUITEl GUEG6T600T @) (HE>ELDITEOTITEL,
Qo) 6Te0oTQOHTLILNG o L&FFNIIUL

CC-BY-SA 4.0 license, HBCSE

@& Gumerm  GCeaum Hlev
STEOTTH M6 CaIHOSHSHS!,
R6UCIIMDH (LPEMUILD (LPLG6YSH6T
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Euclid's Game

6T600T600T T&H @) (H&H G LD.

THTUMTSSHNGSL] GLImev
9 GITETHIT 6T6OTLIENSH&F
FAUMTIHGLDUL Q& TeVEVRIGHET.
QBTG5S 6T6ooT GF MU D&
CauGmalld  QUME  6U&6T600T
o TS 6T60T M)
LOMevoTeUJE6rflL_LD Goseimal
6T(LDLILIGLITLD. 26N &H60)H
LOTMHMULEDLDE S WITH&HGSLD
N BLILI(LP6TENSSIT 6T60T MILD
3 ap] o) (C3Js) [T
Q&MHEHSHLILILLY (HHGLD
QQAISHEL DETHID  SHEUMITEOTS.
T(HSHSGHHTLLMSH, 12 DOHMID
1682  QBML&ESH  6I600TH6ITTSH
6T(H & &1 &G 8 T600T LTV, 2
SeumnlenieonL L QMg
6)(&H6T600T600T & @ H&HGSLD.
QLE0TITEV @) M) 6T6ooT Q& MG LILIN6V
318 @ L DGLIMeI6V6m6L.)
6T600T Q& MG LILN6L

@LLAUOMBSHEGLD  WOsEFH )
6T6O0TGO0TITE0T  6U(EH6T600T 67 @G EBILD
FOUILULDFSNSHE

Q& MeooT(h6ITET&SIT 6T60T )
LOTevoTEUT&6ITIL_LD B8 @B RIGH6T.
SOIUNLL  eevor WOBFH )
6TGUOTEOOT TS~ 60T @ (HhEHHMS!
CTEOTLIEN & & FHZ &G LDLILY
Q&FMELIMRIGHEIT.

GLosyI6TerT FHLG) eLN6OT M)

6N hIGH6M6TULD LOIT6O0T6U & 6T

HEOTHLINY S LTIHET 6T, @eUmenm 2 6TeML &SR 6
DG 56055 FIHH & @GHLDLILY. 36U [THEN6IT 265G 61U HBIGH6T.

L &HFF m 6T600T QBTG5S
6Teoor Q& TLq U 6oT QUMS!
6)(&H6T600T600T MG LD.

CC-BY-SA 4.0 license, HBCSE

TOMQSTGLILINL @@L QU] -

GLoGsv alleurflsaliur L
DMEHBIGET  gGHEID  @Flev
O GTETLMBIGNISSIT 3|6VEVS)
Sl Mledlbbg!

(LJevoT LIGSE M &ST 6TEOTLIEN G L
LIMTHMBIGHET.

DS H60)H LDMIQL&HELD
QFULIULIGITLD, BlL&H&H6VITLD,

3I6V6VG HEUGME0T SITL_L_GVITLD.
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Vigyan Pratibha Learning Unit Euclid's Game

TOTQSTGLLNL 2 6mer WSBFF M|« GGev alleurfleas Ll L

CTEOOTHMENT  QOFHML &  eleoordherfledl| oagEmgsT gCoHeh  @Hev

LSUIQILIT(IH QLTS 6UG ST WIMGLD. o GTETLBISNUISIT 3|6LEVS)
2jeumMledmHS
(LPJesoTLIGSEM&ST eTEOTLIENGS L
LIMT(HRISH6IT.

Note: When students come up with observations and conjectures, these may not be
articulated clearly enough. The teacher may need to rephrase, and ask clarifying
questions to make the conjectures precise. There cannot be a standard instruction for
this, and the teacher will have to think of ways of clarifying. Once a conjecture is formed,
ask the students to verify, refute, or refine it. The next step is to think of a proof.

GOILIL:  LOMeooTeU&H6T 2 MMIGaIE1SSmel MmN eUTHET FHHHS
DEHBIGHEMENTEH  FaMIDCLME  eeausds Qeflalleueumnel @) [m&&6VITLD.
aumenmd FHlQFLW Lsielsnigeafley alletgswneilsgs, Qsefleu®sss
Falq Wl CHemallsemeT jeuisefl b AT Gl s Galsor(hD. @)enN&HEF
QFWIW QUmgeUTeT @ auldl @) H&HEH aUMUILILN6LEmM6V. HhIFGEHHGIGHET LSl
aNEmeaTsF FBEHHS  WHFWFTHET LmeoTalisHemens  Q&erfla)Lb s s
GeuetoT(HLD. @ 2a151D (LNETenEUSHSLILIL L. LeT 9jemsd BlemLilesss, QUM
VLS DMIGLGSHID  QFWIWDLL  LmeoorelJ&eflLd  SnMIkISET.
I (0&HHGL_L_LDMTE, BT RIGEM6TS G MISSIL LIMT&HE6VITL.

Task 3: Looking for proofs of some conjectures

QFWIA 3: Flev 2anGHIGEN6T BlemLIgE WWMHFES 56V
Some students made these interesting observations after playing a few rounds of the
game:

Flov 9Ll L MIGEHHGL L6, LOMeooTeUJ&HeT Flev] S56U60l1E558 &6l TTeruLOmeoT
a1 BIGET BEL Q&MTHE&SLILL(heTeTs.

Observation 1: The smallest number in the final list is the HCF of the initial pair of
numbers.

2G50 1: @MIF TS TSGLILIL 2 6Tem OIGFFRMIW 6T600TS 60T GSTL &8
6TE0OTS61T160T LO.GILIIT.6) 9y, @&LD.

Observation 2: All and only the multiples of this smallest number up to the largest
number appear in the list.

oarsmld 2: QuUIfll  eTetor  euemMTUIEL 2 6TeT @B LOSFH M eTevorevotleoT

QUBSHR 6T LOL_(HGLD 6T60T Q&S TG LILI6L @)L DL mILD.

1. Can you figure out why this happens for every pair of numbers?

1. SI0ETEHS  6TeooTGFMIQ Saflevld @eualmTm 6T BISBLLBMS  6T6TLINS
9 _MIFHEITITEV Fo M (LOLG UJLOMT?

CC-BY-SA 4.0 license, HBCSE 13



Vigyan Pratibha Learning Unit Euclid's Game

Let us look at the two observations.
@)\ 7600T(h) 26M55MIG606TULD 8560118560l @)LIGLIMEIS LI &56VITLD.
* Observation 1 says the following:
a) The smallest number in the list divides both the initial numbers.

b) The smallest number is not just any common factor, but the HCF of the two
initial numbers.

. 2615510 1-Ml60T LG
a) TS MTGLUIL 2 6Tem  WIHFFRM 66007 QFHTL&HEH  6T600TH6IT
@\ J600Ten L_LL|GLD 6UGHHGSLD.
b) ETEOTQSTGLILNe 2 6Tem  LOGFHM  etevor gCHMT @@ QLTSI
U@ 6T600T600T T8 oL (KD @ (BLILIS6LEM6V, @) [H QBT 6T600TE6I160T
LS.QUIT.6U 84,560 2_6Temg.
* Observation 2 implies the following:
a) All the numbers in the list are multiples of the smallest number in the list,

b) All the multiples of the smallest number up to the largest number appear in the
list.

.« 6M&LD 2-60T LI
a) TS TGLILIL @)L LDOLMHMIGTET 2606015 S 6T600TEEIHLD 2|5 eI6T6r
L858 )1 6160016001607 GILI([HES6TMTE @) (HIEGLD.
b) WISUGQUIHLD  eTevor  euemUWlley 2 6mem  WIBFH M eTevoTev0 60T
QUHEHHSHET IMETSH SN 6T60T QS MEGLILN6L @)L DGLIMILD.
2. We need to prove or justify these observations. Can you think of the ways of doing this?
2. @S EMEHBIGHMET BleBLIGS vevgl FHIUMTHS Cealstor(hld. @)enss
QEFWH (LD 6uLbl5606Td 85600T(HLING.E8 2 _RIGETTEV (LALGLLOMT?

The teacher could use the reasoning given below to guide the discussion with the
students and to help them arrive at a proof .

@eme @uetor(hld HBCL S rmwlILIL (HeTengl. @emsll LWeTUBSS @F
2 MIWMLEMV aUPIBL ST eTEHBIGEM6T  [BlemLlGHs  LOMeTel86hos @
2_SHEU6VITLD.

Observation la: The smallest number in the list divides both the initial
numbers.

2aMGHID 1a: 6TOMQSTGLILN6L 2 6Tem ONHFF M 6T600T, QBITLE8 6T600TS: 6T
@\ JevoremL_U|GLD aUGSHGLD.

Proof for Observation la: For positive numbers, whenever we subtract a number A
from another (larger) number B, the result is less than B. Given that we start with two

initial numbers, and form subsequent numbers by subtracting the smaller from the
larger, all the numbers will be smaller than the largest number in the initial pair.

261510 1a-@) 60T [BleHLIGOTLD: Llem s 6T600TEHEMETL QUIMTIHESSHEUEMT, A 6T 61T
6TEOOTEMED0T, B 6T60TN @)60TGIEOTIT(H (GILIIf85TeoT) 6T6v0T600(160((HH ! SL&HSHTeV B &9

CC-BY-SA 4.0 license, HBCSE 14



Vigyan Pratibha Learning Unit Euclid's Game

Il FIMIW 6TevoTSMeoT HemL_G@GLD. @ T6vor(h) Q&ML 88 660018606 6T(N&SI5
Q& mesor(h), 2eummMlev QLI meoT eTevoTennfle(BBES! S\ 6T6TTEM 60T SL0lG S
CTEOUTHEMETL]  QLIMIQISTES QL LD QFLRMIE. @SN, QS5
eTeoorGamquilevierer  QuUIflul  eTeooremeoor QL. SEMEOTE S 6T600TEEIHLD
FMWSTEH @ HSGLD.

Since we are not allowing negative numbers, the game has to stop at some stage. So
there exists a smallest number in the list, which may be 1 or a number greater than 1.

BITLD G600 6TE00TEHEN6T S ILDFHHHTHEHT, JCHT @(H SHL LEGFH gl L LD

(D9 QUOHMISTET U Geuetor(HlD. BV, 6TTGISMGLILNL  6(H
NsEHML eTevor @ (HSHEHGUTIT(HID. S 1 36VVS SHeVID 2 UlFelTeor
6T600T600T T& @) (H&HGHEVITLD.

Let us call this the smallest number s. If we call the initial numbers as A and B, A being
the larger of the two numbers, observation 1a claims that s divides A and s divides B.

@BSHEF FINIWLI 6T600TEM600T s 6T60T M1 6T(H S HIG\SMTETGEUMLD. QG &8 6T600TSHEM6I
A B et eT(h&HSIHC&ETT(H), GUIFlESTer  6TevoTemeoor A 6T6dTM)
FH(HHHOSTEATCAUTLD. 26M5LD 1()- @) 60T LIL. 6T600TSH6T A LDMHMILD B-83, s UGG LD.
Let us first prove that s divides B.

(56916, B-83 s 6UEGHEGLD 6T60T M) BlemLILIGUITLD.

Let assume s does not divide B.

6T600T B-83 s UG &HHMEI 6T60T M 6T(h&H S &G &HM600T(h Q&ITL_RIGEVITLD.

Then B =ns + kwithk<s - By applying the division algorithm with k as the
remainder.
QLGEVMEY, B = ns + k LOMMID, & < s -— 'QUGSHSHN UM’

LIWeTLI(N & &I6US60T eLN6VLD GQILIMME). @516V, k LAEEFLOMEGLD.

But s belongs to the list. So B - ns will also belong to the list --- we get this by
subtracting s “n times” from B.

QLEOTITEY, 6T600TQISTGLILN6L s @LIDQUMMIETENG. Sh&HEVT6V B — ns 6T60TM
6TeooTemmIlD @ L LDQUMMIBEGD - 6Tevor B-WIemBES 'n (LPEOMSEHET 589
FHPHHHTL &L QUMIGICMITLD.

So B - ns = k also belongs to the list, but kK < s and s is the smallest number in the list.
QLB6VITEY, B — ns = k 6T600TQISTGLILN6L @)L DQUMILD. 4,601V & < s. GLOSYILD, s
GIT60T 6T600T QBTG LILN6L 2 66 LOl&EFE MU 6T600T.

That means our assumption that s does not divide B was wrong so, s divides B.

@)\ &H60T CLOGULD, 6T600T B-83 s QUGSSHEHMG 6leoTMl BTN 6I(h&HHHC&HT6O0TL S
FHUQMET QSFIH M.

Similarly, we can show that s divides A as well.

QLEHEVIMEY, 6T600T B-83 s GUGHGSLD. @CHCLIMED, 6T600T A-83 s 6UGSGHGSLD
6T6OTLI6M & WLD 1Blem LI &6uITLD.

So s is a common factor of A and B.

(LPLY.GUITES, 6TE0OTEREIT A LOMMILD B-UI60T QIS 61(5H6T600T600TITES s ©_6IT6MS).

CC-BY-SA 4.0 license, HBCSE 15
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Observation 1b: The smallest number is not just any common factor, but the HCF of
the two initial numbers.

26150 1b: 6T0OTQSHMTGLILNL 2 aTem WOSBFF M 6letor gCHT @@ QUMSI
6U(GH6TE00TE00TITS: @) (HLILIFIV6m6V, @)[H QST &5 6T6oord6rfledr LO.GILIT.60 95
2 _GT6MS).

Proof for Observation 1b:

26a155L0 1b -@)60T [B)erHLI6GTOTLD:

Let us prove a statement before we proceed with the proof of Observation 1b.

215D 1b - GUISSL LUMTSSD (P& @G FadmleT blehLemTHensL
UIMI&&6VITLO.

Statement (1) : A common factor of two numbers also divides their difference.
Fam () @Uuetor(h eTeor&efledr  QUTE eu@Gereor  jeumndledr
ASHWMFHNS LD 6UE &G LD.

i.e. If g divides C and D and C > D, then g divides C - D.

BTSS!, g 3,601 6T600THET C LOMMILD D-83 aUGHGSLD. GLOGILD, C > D 6T60T M)
6T(H S SIFHQSHTE00T LTV ‘C - D'-3ULD g UGG LD.

Proof of Statement (1): g divides C and D would mean,

S (DI (1)-@)60T [B]erHLI6ToT LD:

g QLE0TE! C LDMMILD D-83 6U(&HEEGH6ILDE0TMIT6V,

Let, c=rq and D=tq for some integers rand t >0

C:rqmmgum D=tqr OMID t > 0 660 HFeV (LNIDSHSHEHHE) 6T60T M)
TS SIHEHTETGRUTLD.

So, C—D=rq—tq=(r—t)xq

%5&)”@' C—D=rq—t q=(r—t)><q

So, q divides C - D and hence is a common factor of the difference between C and D.
(LPIQQUMTE, 6T600T 'C - D-83 ¢ QUGEHEHMS. E6EVMeV, C LOMHMILD D-@)6oT
N SHUIMES T 60T QILIMS! 6)(E6T600T600T TS g 2_6T6MS.

Coming back to observation 1b

21510 1b -2 SNBLOLI LITTE S 6V

Thus, if we start with two initial numbers and g is a common factor of both, it is also a
common factor of their difference. This ensures that is g is a common factor of all the
three numbers in the list after the first step of the game. At every subsequent step, a
pair of numbers is taken from the list and the difference written down as a new number.
Thus if g is a common factor of the existing pair of numbers, it is also a factor of the new
number. This ensures that if a number is a common factor of the initial numbers A and B,
it is a factor of all the numbers in the list, including s. That is, any common factor of A
and B, divides s.

HVM, @ Ieoor(h QFHTLEHS 6Te00IHEHHGID  GLMS  6UE6T600T600T T

CC-BY-SA 4.0 license, HBCSE 16
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O HEBGLD g 3|6UGlaU6TS6T60T NGSHLITFSHMEGSLD 611G 6T600T600T TS @) (HEELD.
L LS (DSMESL_L LD (LGB LN6oTeor, 6Tt & M&GLILN60 2 6Term eLnedT M
CTEOTHEBHGID g QUIMS  GUE6eT6ooTeoorms @ @hLILG 2 MISUITSU6TeTS!.
ADSSHSS SHLLEF, OrQHTGLULN LS @ 6Te00E6l
GBS HSHSLILL(H SeemL W lSHUMFLD 6TWSLILMSRMSEI. 24,5606V,
6TEOOT QST LILINGL 2 _6ITEIT 6T600TSH61T160T G\LIMESI6) (G56T600T600TITS g @) (HEHLOIMTE0TITEV
eummeSmBE &L 560M6L FHE0OTEHHILLILIL L. eTevoTedd MG &
6U(&H6T600T600T THGT6OT @) (H&H@GLD. (LOL6UMSH, A LOMHMILD B 6T60TM @Q(H QST &H5
6TEOOTSHETIEOT QLIS 6L (FH6T600T600TTE 621 6T600T @) (HE>@ELOITEOTTEY, bl L &H6V
FHOoTGEHILLLIRD 0TS TGSGLILID 2 6T6T  S606TEHSE  6T600T86T60T
6U(&6T600T600T THEYLD IS @) (HSHGLD. HTEUSI, 6T600TEH6IT A LDMMILD B-E@)60T 6THS
62(IH QILIMG! 6)U(&H6T600TETNILD, -3 6UEGH&H G LD.

So, if the HCF of the initial numbers A and B is d, then d divides s and d < s. However, we know that s
also is a factor of A and B (Observation 1a). Hence s < d. Therefore, we have s = d.

QLBEVIMTEY, QBT &G 6T600TSHET A LDMHMILD B-M& LO.CILIT.6U d 6T6TMMTEV &l s-69
AG&HGSID. GLOAYILD, d < s.

9L60TITEY, 6T600T&HET A LDMMILD B-@)60T 6U(EH6T600T600T THGLD s ©_6TETSI 6T60TLIENS
BITLD MICEUITLD. (26T85LD 1(i)). 2bGHEVIT6V, s < d.

QLENG IOV, s = d 6T60T M1 QUMISGMITLD.

Observation 2a: All the multiples of the smallest number up to the largest number
appear in the list.

oG 2a: WISGLQLIBLD eTetor  euemUlley 2 6mem  WISFF M eT6vorenot]6or
QUBHSHPFH6T 2J6060TESILD 6T60T Q& MG LILN6L @)L DG mILD.

Proof for Observation 2a: s belongs to the list, and A is a multiple of s.

2aMGH LD 2(i)-@)60T [BlemHLIEuoTLD: 6T6toT QSTGLILI s @)L LDQLMMIETETS WMmILD
6T600T A, 5s-@)60T GILIHEHEMLIGVEOT.

So, A=fs

2, H6VIT6Y, A = fs

Now s and A = fs are both already in the list.

@UIGUIME, s LoMMILD A = fs 6TeooT QSHTGLILNL gFM&60TG6 @)L LDELIMMIETENS.
So, fs - s = (f- 1)sis also in the list.

SIGE0TITEY, fs - s = (f- 1)s 6T6OTMN 6T600TEIRILD QIGMTEGLILN6L @)L DQLIMMIHEELD.
Similarly, (f-1)s - s = (f- 2)s is also in the list.

ICGHBLIMGY, (f- 1)s - 5 = (f- 2)s 2_6T6ITS.

Continuing like this we can see that,

(f-1)s, (f- 2)s, (f-3)s, ..., 3s, 2s also belong to the list.

@QBSHS HIGEHEMES QSTLTHEH G&FW6VL(HE S G6oTTLOMEITT6V,

(F= 1)s, (F= 2)s, (= 3)s, ..., 35, 25 6T60T D|EMETSH G| 6TETOTSEHLD 6T600T QMG LILIN6L
2 GTeTL RIS W6Tend) eTedTLIG QSFHmS.
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Observation 2b: All the numbers in the list are multiples of the smallest number in the
list

MG 2b:  GTOTOSTGLILI @LIDQLMMIGTET 6M60TEHSE  6T600T5EIHLD
21G\svieer LGS M1 6T6v0T6e001160T GILIHERGHETTE @) (HEE5LD.

Proof for Observation 2b:

2615510 2b-@) 60T [BlerHLI6oorLD:

Using the same argument used in the proof of Observation la, we get that the smallest
number, s divides any number in the list.

oamEHID  1a- 0 LwWeTUMSHWeTeT UCH  SIHEHSHETLI,  6T600T
QBTG LILNSVIETAT 6T[HS 6@ 6T600TeM600TU|D LOIGEEF M1 6T600T600T 60T s 6U(GH 5 ELD
6160 BLOGGS Q5HHME!

Relation to the Euclidean algorithm

wp & erflig uwill LIg Wenm&SSHTe]L 6T 2_6Tem QSTLITL:

Imagine you change the rules of the game:

AL L G5FHer allFsemer WMMHNICETTLOMETTEY 6T60T60T [HL& @GN 6T60TLIENSL
LIMI&&H6VITLD:

Instead of subtracting the smaller number from the largest, you could subtract a
multiple of the smaller number from the larger. And then in the next step do the same
with the multiple used and the number remaining after the subtraction. Then that is the

Euclidean algorithm for you! So, can you see why the game and therefore the Euclidean
algorithm works?

Quiflw erevoreonfleOBBS FINJIW eTevoremetoss SLOILILIGMHESG LUSeumss, Sinilw
6TEU0TEOOTI60T  LOL_MI&H&Hemes  Qameoor(h  QuUIflul  eTeooremenords  &LOISSID
UMI&H&HVMD. @&H60TMeV QUMM 6l6o0T, LOMMID  OLMeN&HL QUM
LWeTUMSHW  QUBSReMUIS Q&Moo WL L H0SHSH GSTL(HHBIGSET.
@a&smer  WweefliQull L wenmsSraller  Fplum@sl! @ueLns
2 BIHEHHGS OSHBEBSHGD Waetlquill L WenmsSre| M @\bs
aflemerwmL_(h) eTeUeUT M &FMEHI WL LDTHRM G &H60T M.

Points to ponder

F b5 &8 Ceuesorlq Ulemel

1) Do all pairs of numbers allow for a winning strategy? If not, what kinds of humbers will
allow for a winning strategy?

) SMTHGE  6TeoTCFMLEHEBLD  Qeumml  QUDMSSIQL 2 GHHenl
I|EVILNHEGLDIT? @) 6LEMEVRUIGITMITEV, ETEUAUTMITEN 6T600TE6T QeUMMIGILIMILD
o 5Hem I DILNF & GLND?

2) What happens if you allow for the first three numbers to be random? Say, by making it a
three-player game?

2) (LDGH6V CLNEOT M) 6T600TSR6T SMHCLMESMTEH CHIHOSHHHH NG &HELILIL L M6V
CTEOTEOTEUMGLD? 2 SHMJeoorlonss, el  eflemerwim(ld L L LOMSs
LOMHMNULIENLOLILIG eTeleuTMl(H&ELD?
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Terms to discuss
3, CVMHIE5 Cauetorly Wl &MIEQF TS 6T
Process of mathematics, conjecture, counter example, reporting a conjecture, etc.

FHe00l1E  QULILPEDM, SETEMBIGET, 6TH -2 HTJOOTRIGET, @F 6155605
Silel G860 GLIMETMEDI6L.

Suggested Readings
LIUWI§B)I6TEIT HIT6L& 6T
Euclid's Algorithm I: https://nrich.maths.org/1357/index

Euclid's Algorithm II: https://nrich.maths.org/1728
Euclid's Algorithm IlI: https://www.cut-the-knot.org/blue/Euclid.shtml

References

GLMB&HTETE 6T

e Euclid's Game: https://www.cut-the-knot.org/blue/EuclidAlg.shtml

e The optimal strategy in Euclid's game.

https://math.stackexchange.com/questions/754461/optimal-strategy-in-euclids-game
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